A.T. MOPRROBHY, 7. B. CEMENOB

'
I
\_J RNace

Foary wacvan

Yacts 1

YYEBHHE

L9 14:0 - a Ol

1 F1-:0BDa30BaTEAbHLIX YUPERASHWR

Peromendosano

u HayKu
Pocculickol Pedepayuu

12-e uananme, cTepeoTENHOE

.48 )l

B mckmzen
Creaany



YIK 373.167.1:512
BBK 22.141a721

M79

Ha yueGHMK nony4yeHbl NONOXKUTESNbHbIE 3aKNIOHEeHUR
Poccuiickoil akagemum Hayk (N¢ 10106—5215/9 or 31.10.2007)

u Poccuiickoit akagemun o6pasoBatus (N2 01—659/5/7a ot 29.10.2007)

M79

Mopaxosuu A, T'.

Aurebpa. 9 knace. B 2 4. Y. 1. YueOHUK AJId yUalIuxcs oo1me-
oOpasoBaTeabHEIX yupexennii / A. I'. Mopakosnu, II. B. Ceme-
HOB. — 12-e m3j., crep. — M. : Muemosuna, 2010. — 224 c. : u.

ISBN 978-5-346-01420-1

YueGHHK COAEPHUT 3aBePIIAION[MI TeOPETHYECKHIT MaTEPHAT Kypca aareGphl
OCHOBHOI 06ieo6pasoBarenbHoil mMKONE, OH Gasupyercda Ha IPUHIUIKANLHO HO-
BOM KOHIENITNM, KJIIOUEBRIMH ITOHATHAMY KOTOPOL SBIAIOTCA MATeMATHUeCKMLk
A3BIK ¥ MATEMATHYECKAS MOJEJb, 8 IPHOPUTETHOM COAEPKATEIbHO-METOAUIECKOM
nuaBeil — GyHKnuoHaAMLHO-rpadmieckad. BKIOYeHO G60JBIIOe THCIO IPIMEPOB C
JeTaIbABIMEA ¥ 06CTOATENLHEIMI DEINEHUAME, YIPaXKHEHUS JJIS CAMOCTOSTEIh-
HOI1 paGOTEI NOMeEIEHEI BO BTOPOil JacTu (B 3agauHuke). JlocTynHoe u mogpobHoe
H3J0XKEeHNe MaTepuaa IPpHyYaeT ITKOJLHUKOB K YTeHNIO yueOHOM JINTepaTyphl U
CaMOCTOATEJIBHOMY IIOMCKY MHGOPMAIIAHK.

YAK 373.167.1:512
BBK 22.141a721

© «Muemosuna», 1999
© «Muemosuna», 2010

ISBN 978-5-346-01420-1 (u.1) © Odopmuenne. «MueMosura», 2010
ISBN 978-5-346-01419-5 (o61w.) Bce npapa salALEeHE



Or NABJNEHME

IIDEANCIIOBHE HJIA YUMTEIIM 1eveerresessrsncacarerarsosesarerossnsasasssrsossassoransns 3

o o wn U
W N =

§ 9.
§ 10.
§ 11.
§ 12.
§ 13.
§ 14.

§ 15.
§ 16.

222

Ffnasa 1. PAUMOHAJIbHbIE HEPABEHCTBA U MX CHUCTEMbI

. JIuHeHHBIE M KBAJAPATHBIE HEPABEHCTBA ¢vvrereersernssercossorssosssssance 5
. PallOHANIBHEIE HEPABEHCTBA +cvvoerarersasescersnrsrsarsssessnonrsnssraassss 12
. MHo’KecTBa ¥ OIEPAIIUM HAK HUMH +icceoerseercorscnsoansesscrscsssonsanss 23
. CHCTEMEL HEPABEHCTB «veceescetersrsssersrorsocasssscnssssssnsoassansasssonnsans 40

OcCHOGHbLE Pe3YSbMAMDbL ..uve... Cetrerrersaratisatassaratausnnsasnane cerenennes 48

fnasa 2. CUCTEMbl YPABHEHWM

§ 5. OCHOBHBIE IIOHATHMA ..covevennens Cetesrererecasatetsesaentetetareatttsrtnsaratoes 49
§ 6. MeTOABl PELICHUA CHCTEM YPABHEHHI ...evvererererronenroncecansoscasnnes 68
§ 7. Cucrembl ypaBHeHMI KaKk MaTEMATHUYECKHWE MOJEJHU
PEANBHBIX CHUTYALMM .ecveeerecenes Ceteererantecenenantesansanenesrnsacnaracenan 75
OCHOGHbLE PEIYNOIMAIMDBL vevevererereraririasanenes Ceeeerserinsnssasesennnaans . 82

Fnasa 3. YACJIOBbIE DYHKLIMMU

. Onpenenenne yucaosoll pyHKIun. O6aaCTh ONpeaeIeHUT,

00J1aCTh 3HAUCHUH QDYHKIIMH .vvevicrrenrinosrssiossossssestoransssossnasssces 83
CriocoObL 3aAHNA DYHKITHM 11eerareierersnoasessssssosasesssarossnsnsoracnse 91
CBOMCTBA DYHKIIMM +1vveeeinieresensresesssssssrsesssnsssncesssarersnsnsesssnes 97
YeTHBIE U HEYETHBIE DYHKITHM «.eceerierronrcessrercascaessassonssassercensne 110
Dyagnun y = x* (n € N), ux cBoficTBa U rpadUKH ......... cesenanians 115
DyHKUH Yy = x* (n € N), ux ¢Bo#cTBA H I'PAPHKH ..ouvveirrnnnarnss 122
DyHKROUA Y = ‘i”/; , €€ CBOMCTBA M TPAMHEK «ivvirerrieririererentonrensnans 128
OCHOGHDLE PEZYNLDIMAIMDL cvvvueiirersrssasiorersrerarssstsacssscsrasssssssercase 135

Fnasa 4. NPOI'PECCMH

YHCJIOBBIE MOCEHOBATETBHOCTH «vuerrsercanssoscarsrasaanrosssassoscsssannas 136
ApPUDMETHYECKAA IPOTPECCH turerriererescssacarosasersnsanasasssasasasans 145



§ 17.

TeOMETPUYECKAA IIPOIPECCHA covererssieresearessanssoassonnnssonntansansatses 156
OCHOBHDLE PEIYNDIMANMIBL 1vreriersrerersrssrsesserststssesssssessssessrssssssnes 171

Fnasa 5. 3JIEMEHTbI KOMBUHATOPUKH, CTATUCTUKM
U TEOPMMU BEPOSTHOCTEM

§ 18. KOMOUHATODHDBIE BAMAMI cvvererererasrateserssssssossssssassssssssasocssososnss 173
§ 19. CrarucTurka — AM3AUH HHQPODMAIIMH cuiuvererseisierarrssssssssensesesens 182
§ 20. Ilpocreiiliie BEPOATHOCTHBIE BAMAUM +everreruensssssssssorcrnnsasnssnssens 196
§ 21. DxcoepuMeHTANbHEIE JAHHBIE U BEPOATHOCTH COOBITHH ..ovvevvnnrnes 209

OCHOBHBLE PESYLDIMAMDBL +evvrerrenriresssnnens Cetreressarentteiteeetatanantes 216
IIpiMepHOE TEMATHUECKOE MJIAHMPOBAHME cveererrsroesroronsasssnsansossnonsnnen 218

IIpEeAMETHBIN YKABATEMD «evvrivrreersantsossascasssassestssssessnsassasessssnsonsanne 220



MPEOUCINOBUE ONA YYUTENA
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Y Bac B pyKax nepsas KHMra yKasaHHOro komnnekta. Xotmm obpaturb
SHMMAHME HA TO, YTO OHA CYLLECTBEHHO OTIMYaeTcs OT magaHuid 1999—
2007 rr. AHan13 mHoroneTtHero onbiTa PaboThl yurTenei No NpeabifyLLMm
M3AAHMAM BbIHYAMN ABTOPOB B PAAE CNy4YaeB M3MEHMTb NMOPALOK CnepoBa-
HMg naparpacoe U BHECTM HEKOTOpblE PEAAKUMOHHbIE M CTMIMCTMHECKME
NpaBKH.

ABTOpbI HagetoTCR, YTO YueBHMK BYRYT YMTATb M YUEHUKM, M yunTens,
W poguTeny, NOCKONbKY M3NOMEHWe marepuana BoCTynHOe, 3a4acTylo
COTMPOBOMAAEMOE HEMNPHBLIMHLIMM A1 MATEMATHMHECKOM PYTHHHOM NEKCHKK
obopoTamu. BbinensioTcs OCHOBHbIE 3TaNLl PACCYXAEHWN C doMKcaumeit Ha
HMX BHMMaHMA umTatens. Hanpumep, pelueHue NpaKTHMUYECKH BCeX TaK Ha-
WIBAEMbIX TEKCTOBbLIX 3agay oopmneHo B yuyebHuxe (Kak u B yuebHu-
Kax gna 7-ro v 8-ro KNAaccoe) B BMAE Tpex 3Tanos: COCTaBNeHuWe mare-
maTH4eckoit mopenu; pabota ¢ nony4YeHHOIt MOAQENbIO; OTBET Ha BONPOC
1apaum.

* Bonee moxpobHy0 nHbopmanuio 06 YMK MoxHO moayuurs Ha cailtax
www.mnemozina.ru u www.ziimag.narod.ru



Ha ypokax matematmku yumtenb Bcerga couvertaer obbigeHHbIN f3biK
(73bIK O6LLEHMA, A3bIK NUTEPaTYPHOro NOBECTBOBaHWA) C MPeAMETHbIM
A3bIKOM — CTPOrMM, CYXHMM, NAKOHWUHbIM, CTPOSILUMMCA MO NPUHATLIM B
MATEMAaTHKE 3aKOHam. TaK HanMCaH M BaHHbIM y4yebHUK, npeacTaBnaroWwMi
coboii KHMIy He ANs 3ayuvBaHMs, a AN M3YYEHWs, T. €. BNA YTEHUs K
NOHKUMAHMKS.

Onupasch Ha y4eBHMK, yuuTenb npeKkpacHo pasbepertcs B Tom, 4td
Hafo paccKasaTb y4alMMC Ha ypoKe, 4TO peKOMEeHOoBaTb MM 3anom-
HUTb, @ 4TS NPepnoXuTb NPOCTO NpovecTb AOMAa (M, BO3MOXKHO, obcy-
AMTb B KNAcce Ha cregylollem ypoKe B xaHpe Geceppl).

B HekoTOpbIX cny4asx TeKcT HabpaH neTMTom. DTO maTtepman, He obs-
33TENbHLIM ANA M3YHEHWA BCEMM YYBLUMMMCH, OH OPMEHTMPOBAH Ha Tex,
KTO MHTEpPECYeTCA MaTeMaTHKOM.

M3 OCHOBHbIX COAEPKATENLHO-METOAMUECKMX NMHWIA LUKONbHOrO Kypca
anrebpbl B KadecTBe NpMOPHTETHOM BbiBpaHa yHKUMOHanbHO-rpadmye-
cKas NuHus. DTO BbIPAXKAETCHA NPEXAE BCEro B TOM, YTO, Kakok Bbl Knacc
QYHKLUMM, YPaABHEHMH, BbIPAXKEHMIt HWM M3Y4ancs, NoCTpoeHWe matepuana
NPaKTUYECKM BCErga OCYLUECTBNAETCH MO MECTKOH cXeme:

hyHKUMA — ypaBHeHus — npeobpazosaHus.

Ons nonHoueHHOM peanu3aumu (bYHKLMOHANbHO-rPadiMHEeCKON NuHMK
ocobeHHO BaXKHbIM sBnseTca Kypc anrebpbt 9-ro knacca. Onupascb Ha
OnbIT M3yyeHns pyHKLUMH, MX CBOMCTB M rpadomkos B 7—8-m knaccax, pac-
CMOTpPEB B YKa3aHHbIX KNAacCax BCE OCHOBHbIE MOHATHS, CBA3aHHblE C dOYHK-
UMAMM, HA HArNAKHO-MHTYMTHBHOM M pabouyem ypoOBHsX, B 9-m Knacce mbl
BbIXOAMM Ha YPOBEHb TEOPETMHECKOro OCMbICNEHMA.

B yyebHuke npueeneHO MHOro nMpumepos ¢ NOAPOGHLIMM peLLeHnamy.
Ha okoHuaHue pewienns npumepa yKasbieaet nubo cnoso «otser», nubo
3Ha4oK (.

ABTOpBI



TRABA
PALUMOHAIJIbHbIE HEPABEHCTBA

M UX CUCTEMbDI

§ 1. JluHeiiHbie n KBagpatHbie HepaBeHCTBA
§ 2. PauynoHanbHeie HepaseHcTBa
§ 3. MHoxecTBa u onepauun Hah HHUMM
§ 4. Cuctemsbl HepaBeHCTs
OcHosHbie pesynsTartsl

§ 1. NMHEAHDIE M KBAAPATHBIE HEPABEHCTBA

IIpouurap HasBaHue naparpada, Bel, HaBepPHOE, CIIPOCHTE:

«[Touemy MBI TOTUEeMCA HaA MecTe?» B caMoM gese, auHeiHbBIe U KBaj-
paTHBle HEPaBeHCTBA C OJHOI NMepeMeHHOH BBl HAYYHMJHCH peIIaTh
B Kypce ajre0pnl 8-ro wJjacca — 3T0 ObLIa OZHA M3 NOCAEJHHX TEM
Kypca. [eiicTBHTENBLHO, IOYTH HHYET0 HOBOT'Q BBl M3 ATOT0 Iaparpa-
(pa me ysHaere, GoJjiee TOro, o0OHaApPy)XKHTe, YTO HEKOTOPLIE NPHMEPEI
3AMMCTBOBAHBL U3 yueGHUKA «Asnrebpa—8». PaccmarpusaiiTe aroT na-
parpad Kax BO3MOMXHOCTb NOBTOPEHHHA, KOTOPOE IIO3BOJIUT BaM ILIAB-
110 Iepe#iTH K M3yYeHMIO HOBOHM TeMH (B CJIEAYIOIeM Ilaparpade).

HanoMHEM, UYTO IHHEHLIM HEPABEHCTBOM C OAHOH IIepeMeHHOIl X
183BIBAIOT HEPABEHCTBO BUAA ax + b > 0 (BMecTo 3HAKa > MOXKeT OhITh,
pasymeercd, Ji000i APYroii 3HAK HEPaBEeHCTBA), I'le a4 U b — JeiCTBH-
resapHEle uncaa (¢ # 0). KBagpaTHEIM HepaBeHCTBOM C OXHOI mepe-
MeHHOl x HasbIBAIOT HEePaBeHCTBO BuAa ax® +bx+c¢>0,rne a, b, ¢ —
aeficTBuTENbHEIE yKcaa (KpoMe a = 0).

3HaueHue nepeMeHHO X, KOTopoe o0pamiaer HepaBeHCTBO f(x) > 0
B BePHOE UYHCJOBOE HEPABEHCTBO, HA3LIBAIOT pellleHHEeM HepaBeHCTBa
(u1m gacTHBIM pemieHMeM). MHOKECTBO BCEeX UaACTHBIX pelleHUH
IfepaBeHCTBA HA3HIBAIOT OOMIMM pelieHNMeM (MJIH IIPOCTO pelIeHHeM)
HEepaBeHCTBA.

3ameuanne 1. Kak supute, TepMHH «peLLeHme» ynoTpebnsioT 1 8 CMbic-
ne obuero, 1 B cMbiCne 4acTHOro peLueHus HepaseHcTBa. bonee toro, cam
NPOUECC OTICKAHMS PELUEHMIt HEPABEHCTBA TOXKE HA3bIBAIOT PELLEHHUEM HE-
paseHcTBa. OB6bIMHO NO cMbiCNy ObIBAET ACHO, KAKOE MMEHHO NOHWMaHKE
TEPMHHA KpELLEHHE» UMEETCA B BURY.



1 - PAUMOHATbHbBIE HEPABEHCTBA U UX CUCTEMbI

JIIBa HepaBencrsa f(x) < g(x) u r(x) < s(x) HasLIBAIOT PABHOCHIIb-
HBIMH, €CIM OHHM MMEIOT OJWHAKOBEIE pelleHndA (B YaCTHOCTH, €CJIN
o0a HepaBeHCTBA He MMeIOT pemleHuit). MOXHO cKasaTb M TakK: ABAa
HepPaBeHCTBA PaBHOCHJBLHBI, €CJH Ji000e YacTHOe pelleHHe IIepBOro
HepaBeHCTBA ABJAETCS YACTHBIM pellleHHeM BTOPOro, H 06paTHO, JIo-
06oe 4acTHOe pellleHMe BTODPOTO HEPABEHCTBA ABJAETCA YACTHBIM pe-
LIeHNueM IIEPBOTO.

OGBIYHO IIpM pPeIlleHHH HepaBEHCTBA CTAapaloTCA 3aMEeHHTH NaH-
HOe HepapBeHCTBO 0oJee IPOCTHIM, HO PABHOCHJIBLHEIM eMy. Takyio aa-
MEHY HA3LIBAIOT PABHOCHJIBLHBIM Ipeo(pasoBaHMeM HepaBEeHCTEBA.
9ru npeobpasoBanuA YKa3aHBl B COPMYJIHPOBAHHBIX HU)Ke NPaBH-
max 1—3.

Hpaeuao 1. JI1060t wnen HepaseHCMea MONHCHO NepeHecmu U3
00HOU wacmu Hepagencmea 6 dpyzyio c nPOMUBONONONCHBLM HA-
KOM, He MeHAR NPU IMOM 3HAKL HepaseHcmaa.

Bonee Tounasa ¢opMyJIHPOBKA TaKOBa: €CHH KaKOi-ambo djeH
HepaBeHCTBA [IE€PEHECTH M3 OAHOM YacTH HEePaBeHCTBA B APYLYIO C
IPOTHBONOJIOXKHEIM 3HAKOM U €CJIH IIPH 5TOM COXPAaHHTL 3HAK Hepa-
BEHCTBA, TO MOJYYHUTCA HEPABEHCTBO, PABHOCHJILHOE AAHHOMY.

HanpuMmep, HepaBeHCTBO 3x + 5 < x? paBHOCHUJBHO HEPABEHCTBY
—x%+ 3x + 5 < 0: uneH x* NepeHeC)H U3 NPaBOil YaCTH HEPABEHCTBA
B JIEBYIO C IPOTHBOIOJOKHEIM 3HAKOM, & 3HAK HEPABEHCTBA OCTABHU-
JY HEeM3MEHHBIM.

IIpasuno 2. OGe wacmu HepaseHCMEa MONCHO YMHONUME UL
pa3denumv Ha OOHO W MO Jie NONON UMENLLHOE HUCHO,
He MeHAA Npu IMOM 3HAKA HEPAGEHCMEA.

Hanpumep, HepaBeHcTBO 8x — 4 > 12x? paBHOCHIBHO HEpaBeH-
ctBy 2x — 1 > 3x% ofe YacTH IePBOr0 HEPABEHCTBA PA3ZEJaMJH HA
OJIO}KHUTEJILHOE YHUCJIO 4, 8 3HAK HEPABEHCTBA OCTABMJIN HEM3MEHHEIM.

IIpaBuao 3. O6e wacmu HepaseHCcMEa MONCHO YMHONCUMD ULU
pa3dearums Ha 00HO U MO e OmpPpuyamenLbHOeE LUCLO,
U3MeEHUGE npU IMOM 3HAK HEPABEHCMEA HA NPOMUGONONOHC-
Holtl (< Ha >, € Ha 2).




1 - PAUMOHANDBHBIE HEPABEHCTBA U UX CHUCTEMbI

Hanpumep, nepasenctso —2x% — 3x + 1 < 0 paBmocmibHO Hepa-
neHeTBy 2x2 + 3x — 1 > 0: 0Ge yacTH IEPBOr0 HEPABEHCTBA YMHOMKH-
Ny Ha OTpPHIATE]bHOE YHMCIO —1, N3MeHHWB IIpM 9TOM 3HAK HepaBeH-
*1Ba HA IIPOTHBONOJIOMKHBIH.

IIpasuia 2 u 3 AonycKaoOT ciaegyioiue 00o0ieHna (COOTBETCTBYIO-
1ijue yTBEP:KACHUA IPeACTaBAAIOT co00il TeopeMbl, HO MBI, pajgu
yi00cTBa unTarTensa, obopMUM X B BUAE IIPABHII).

rleauwmo 2%, Ecau o6e wacmu HepaséeHcmeéa ¢ nepemeHHou x\
ymroxcums unu paszdenums Ha 00HO U MO e bipaicerue p(x),
RONONHCUMENbHOE NPU 6CeX SHALEHUAX X, U COXDAHUMDb 3HAK UC-
x001020 HepaGeHCcmMEa, MO NOAYHUMCR HEPABEHCME0, PAGHO-

Lcunbnoe dannomy. )

(~ - )
IIpaBuno 3%, Ecau o6e wacmu nepasencmea ¢ nepemennod x
YMHOYCUMb unu paszdenums Ha 0dHO U Mo ce 6vipaxcenue p(x),
ompuyamenbHoe LPU 6cex 3HAYEHUAX X, U UIMEeHUMb 3HAK UcC-
onauozo Hepasencmea Ha NPOMUGONONLOKCHBLYE, MO NOAYHUMCA

HEpaGeHCcme60, PAGHOCULbHOE OaAHHOMY. y

JokaxeM s IIpuMepa Ipasmwio 3%.

Jdano uepaBeHCTBO f(x) > g(x) m BeIpaxkenme p(x), OTPHUIIATEND-
Hoe IpH J00bIX 3HaueHUAX X. I[IycTh X = @ — uacTHOe pellleHHe He-
pasenctBa f(x) > g(x). 9ro suauyur, uto f(a) > g(a) — BepHOE YHCIO-
BOE HEPABEHCTBO. Y MHOXHB 00e ero 4acTu Ha OTPHLIATEJIbHOE UHCJIO
p(a), monyuum: f(a)p(a) < g(a)p(a) — BepHOe UMCIAOBOE HEPABEHCTEBO.
9r0 3HAYUT, UTO X = @ — YACTHOE pellieHme HepaBeHCTBa f(x)p(x) <

g(x)p(x). Urak, MBI JOKa3aJIu, YTO J1000€ YacTHOE pelleHue Hepa-
seHCTBA f(x) > g(x) ABAAETCA YACTHBIM pelleHHEM HEPaBEHCTBA
[(x)p(x) < g(x)p(x).

IIycTe, 0o6paTHO, X = b — yacTHOe pellleHue HepaBeHCTBa f(x)p(x) <
© g(x)p(x). Oro smauur, uro f(b)p(b) < g(b)p(b) — BepHOE UHCIOBOE
HepaBeHCTBO. Paspnenus o06e ero yacTH Ha oTpHuaTeJbHoe 4nuciao p(b),
noxyuum: f(b) > g(b) — BepHOe UHCI0BOE HEPABEHCTBO. OTO 3HAYHUT,
yto x = b — uyacrtHoe peltenue HepaBencTea f(x) > g(x). Urax, Mur
JOoKasanu, 4TO Jqi00oe dacTHOe pelneHme HepaseHCTBA f(x)p(x) <
+ g(x)p(x) ABndeTcsa YacTHBHIM pelneHNEM HepaBeHCTBa f(x) > g(x).

Brisoa: nepasenctea f(x) > g(x) z f(x)p(x) < g(x)p(x), rae p(x) <0,
PaBHOCHJIBHEI,



1 . PALUMOHATbHbLIE HEPABEHCTBA U UX CUCTEMbI

Hanpumep, HepaBencTso (2x + 1)(x? + 2) > 0 paBHOCHJILHO Hepa-
BeHCTBY 2x + 1 > 0: o0e HacTH HMCXOZHOr0 HEPABEHCTBA DPA3AEIHIA
Ha BBRIpA)KeHHe X2 + 2, MOJOKHUTEJLHOE IOPH JIOOLIX 3HAUEHHUAX X
OpHU 3TOM 3HAK MCXOZHOTO HEPABEHCTBA OCTABMJM 03 M3MEHEHHS.

3x—-4

HepaBencrso —1 7 -1 < 0 paBHOCHIABHO HepaBeHCTBY 3x — 4 2 0:

ofe 4acTH MCXOMHOTO HEPABEHCTBA YMHOMHJIM HA Bhipaykenme -x! — 1,

OTpHIATEJbHOE IIDHU JIO0BIX 3HAYEHHUAX X; IIPpA 3TOM 3HAK HCXOAHOTO
HEpaBEHCTBA M3MEHHUJIH HA HpOTKBOI’IOJIOJKHI:IfI.

IIpunmep 1. Peuuts HepaBeHCTBO

3 5 15

Pewme nue YMBOXNM 00€ 4ACTH HepaBEHCTBA HA IIOJOXKHUTEIb-
Hoe uncjio 15, ocTaBuB 3HAaK HepaBeHCTBA Ge3 mameHeHnd (IpaBHIO 2).
9T0 MO3BOJHAT HAM OCBOOOAHTHCHA OT 3HaMeHarenell, T.e. mepeiiTu
K Oosee mpocTOMY HEepaBEeHCTBY, PABHOCHJIBHOMY TaHHOMY:

x 2x-1 1
15(—é—+ 5 )>15(2 _E)’

5x + 3(2x - 1) > 30x - 1;
11x - 3 > 30x - 1.

Bocnoab3oBaBIINCH TPABUIOM 1 pellleHus HePaBeHCTB, IIepeHeceM
yaen 30x mM3 IDpaBoil YACTH HEPABEHCTBA B JIEBYIO, & WIEH —3 — H3
JieBoil YacTH B IIPaBYIO (C IPOTHBONOJOKHLEIMEU 3Hakamu). Ilonyuum:

11x - 30x > -1 + 3;
-17x > 2.

2
Haxonen, npuMennB npaBmiao 3, DOJIYUYHM: X < ETA

3amevaHmue 2. NHorpa ucnonb3yioT Jpyryto 3anvcb OTBETa — B BUae
2
YMCNOBOrO NPOMENYTKA | —O0; 37 I Ha Haw B3rnsg, oTBET NPH pelleHwn
HepaBeHCTBa NpeQnoYTUTENBHEE 3aNMCbIBAaTh MMEHHO B BUAE NPOCTENLLIEro
2
HepaBeHcTBa: X < _ﬁ'
8



1 . PALUMOHAJIbHBIE HEPABEHCTBA M UX CUCTEMbI

Puc. 1

Ipumep 2. Pemurs HepaBeHCTBO 3x + 9 < 2x2,
Pemenue. 1) IIpeo6pasyem HepaBeHCTBO K BHAY 3x + 9 —
2x% < O (BBHINOJHHJIN PABHOCHJILHOE IIpeo0pasoBaHHEe HEPABEHCTBA
no npasmiy 1). HalileM KOpHE KBagpaTHOro TpexuieHa —2x° + 3x + 9;
AJIFL DTOrO pellmM KBaapaTHOe ypaBHeHme —2x2 + 3x + 9 = 0:
x, =3; x, =-1,5.

2) Iapa6oaa, cry:xaujas rpadukomM pyEKumn y = —2x% + 3x + 9,
lirpeceKaeT och X B TOYKax 3 u —1,5, a BeTBH napaboJibl HAIPABJACHBI
NIKU3, MOCKOJBKY cTapmuii KoaddHUIHeHT KBAZPATHOIO TPEXUJeHa

2x2+ 3x + 9 paBeH —2, T.e. ABAAETCHA OTPHULATEILHBIM YMCIOM.
tla puc. 1 faHO cCXeMAaTHUYECKOe MIpeACTaBaeHue 0 rpaduKe HYHKIHUH.

3) ¥y < 0 Ha Tex NPOMEXYTKAaX OCH X, rie rpaduK pacIoJIOKeH
HWXKe OCH X, T.€. HAa OTKPHITOM Jyue (—°°; —1,5) MM Ha OTKPEITOM
nyue (3; +0).

OrBeT x<-1,5; x > 3.

Tlome3Ho BCIIOMHHTL ABa YTBEP)KIAEHWHA, KOTOpPhIe OBLIN AOKA3AHBI
# Kypce aare0psi 8-To Kjacca ¥ He pa3 MOHao0ATCA HAM B AajIbHeiImeM.

1. Ecau xeadpammuutii mpexuien ax? + bx + ¢ He umeem KOpHeil
{m.e. ezo Ouckpumunaum D — ompuyamenvHoe HUCA0) U eCaAU NPU
amom a > 0, mo npu 8cex 3HAYEHUAX X BLINOAHACMCA HEPABEHCMEO

ax®*+bx+c>0.

Hupivu ciaoBamu, ecnu D < 0, a > 0, To mepaBeHcTBO ax? + bx +
t ¢ > 0 BBINOJHAETCA IPH BCeX X; HAIPOTHB, HEPABEHCTBO ax? + bx +
t ¢ £ 0 B aTOM CciyYyae He MMEET PeEIleHHil.

2. Ecau xkeadpamruuiit mpexyuien ax? + bx + ¢ He umeem Kopmeil
(m.e. ezo Quckpumunanm D — ompuyamevHoe YUCIO) U eCAU NpU
inom a < 0, mo npu 8cex 3HAYEHUAX X BLINOAHAEMCA HEPAGEHCME0

ax?+bx+c¢<0.



1. PAUMOHANbHBIE HEPABEHCTBA U UX CHUCTEMbI

Huaue rosops, ecau D < 0, a < 0, To HepaBeHcTBO ax? + bx +
+ ¢ < 0 BHNOJHAETCA UPH BCEX X; HANPOTUB, HEPABEHCTBO ax? + bx +
+ ¢ 2 0 B aTOM ciyuae He MMeeT PelleHUi.,

OTH YTBEP/KAEHHA — YACTHBIE CJIyYaH cJeAyIOmiell TeopeMEl.

Ecau xeadpamnviii mpexynen ax’ + bx + ¢ umeem
ompuyamenvrdiil duckpumunanm, mo npu nw6om x
3naveHue mPeXiNena uMmeem 3LaAK CmapuLe2o Koag-
duyuenma a.

Teopema

IIpumep 3. Pemmurhs HepaBeHCTBO:

a)2x2—-x+4>0; 6)x2+3x-820.

P e wm e H u e. a) HaligeM aAuCKPHMHUHAHT KBaJpPATHOrO TPEXUJeHA
2x*- x + 4. Hmeem: D=(-1)2-4-2 -4 =-31 < 0. Crapmmuit Koadh-
dunzesT TPexuieHa (YHCHO 2) MOJOKUTENIEH, SHAUHT, 0 TeopeMe NpH
J1060M X BEINOJHAETCA HepaBeHCTBO 2x2 — x + 4 > 0, T. e. peluleHHeM
3aSAaHHOTO HEPABEHCTBA CJAYIKHT BCS YHCJOBaA IpaMas (—oo; 4-09),

6) Haiisem AMCKPDEMHHAHT KBaApPaTHOro TpexujeHa —x% + 3x — 8.
Nmeem: D = 32 — 4-(-1)-(-8) = —23 < 0. Crapmmii xo3¢pduIHEHT
TpexuiaeHa (4mcyo —1) orpunareneH. CieoBaTeILHO, 110 TeOpPeEME IIPH
J1060M X BBIMOJHAETCA HepaBeHCTBO —xZ + 3x — 8 < 0, 9To 3HAUHUT,
uTO 3aJaHHOE HEPaBeHCTBO —x? + 3x — 8 > ( He BHINOJHAETCA HHU IDHU
KaKOM 3HAYEeHHH X, T. €. HE MMEET pPelieHuil.

O T BerT: a)(—00; +0); 0) HeT pellleHHUI.

3amevaHme 3. ViHorga BMECTO CNOBOCOYETAHUA «HeT peLleHMit» MCNOonb-
3YIOT 3Ha4OK & — CMMBON NyCTOro mHoXectsa (noapobHee 06 3Tom Mbi
norosopum NosgHee — cm. c. 26).

B creayroomeM mpumepe HAaIIOMHHM ellle OGHH CIIOCO0 paccyskje-
HUM, KOTODHIM MOXKHO IPHMEHATH IIPK PElIeHHM HepaBEeHCTB.

INpumep 4. Peminte HepaBeHCTBO X% — 6x + 8 > 0.

Peu e u u e, Pagjoxxkum KBagpaTHblit Tpexusied x?2 — 6x + 8 ua
JuHefHbIe MHOKHUTEeIH., KOPpHAMY TpexujieHa ABAAITCA uncia 2 u 4.
Bocnosb3oBaBlINCch H3BECTHOI U3 Kypca aiare6psl aid 8-ro Kiaaca ¢op-
mynoit ax? + bx + ¢ = a(x — x,)(x — x,), noIyIHM:

x2-6x + 8 =(x-2)(x - 4).
OTMeTHM HA YHCJIO0BOM NpaMoil KOopuH TpexuieHa: 2 u 4 (puc. 2). Bur-
ACHMM, Korga mpomsBegeHue (x — 2)(x — 4) IOJ0KHUTEIHHO, & KOra —



1 . PAUMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMBI

+ — o s » x
4

Puc. 2

N o

orpunaresisHo. Ecaim x > 4, To x -2 >0wu x — 4 > 0, 3uayur,
(+-2)(x—4)>0.Eciu2<x<4,Tox-2>0,ax—-4 <0, sauauur,
(v — 2)(x — 4) < 0. Ecanm, HakoHel, x <2, ToR X~ 2<0,mx—-4<0,
nrotomy (x — 2)(x — 4) > 0. Hac uHTEpecyOT Bce Te 3HAYEHUA Iepe-
MEeHHOI X, IPH KOTOPHIX AAHHEIY KBALPATHHIN TpexusieH x* — 6x + 8
IPHHHMAET II0JIO)KHUTEJbHEIE 3HAUCHHA, JTO MeeT MECTO Ha JBYX OT-
KPBITBIX Jydax: (—o0; 2), (4; +00),

OrBeT x<2;x>4.

Merop paccy:kZeHnil, KOTOPHIA MBI IPEMEHUIK B IpuMepe 4, Haski-
BAIOT OOBIYHO MemoOoM UHMEPEanoé (UIH Memodom Npomexcymxos).
()H aKTHBHO HUCIIOJb3YETCHA B MATeMaTHKE JJIf PelIeHUHA DAIMOHAJIBHBIX
licpaBeHCTB., B ciegyromeM maparpade MBI W3YYMM METOZ MHTEPBAJIOB
fiuJiee KETABHO, a 9TOT maparpad, yToOkl He OrPaHMYKUBATLCA B HEM TOJIb-
K0 HAIIOMHHAHWEM H3BECTHOIO, 3aBEPIIMM IPHMEPOM, B KOTODPOM Pedub
WJeT O PeIleHNM TAaK HA3HKIBAEMEIX HEPABEHCTB ¢ MOAYJIAMU.

NDpumep 5. Pemruth HepaBeHCTBO:

a) lx-2/<3 6)lx+3,2|l <2 ) l102] > 27

Pem e uue, HamoMaum reomerpuyecKkoe HCTOJKOBaHWE BEHIpa-
AcCHUA |x -a | — 3TO pacCTOAHHE Ha KOOPAUHATHOM (UHMCJIOBOH) Ips-
MOt MeKIY TOUKAMHU X M @, KoTopoe o6o3uauaor p (x; a) (p — OykBa
1 pegeckoro andaBuTa «po»):

|x -al= p(x; a).

Humnpumep,

|x - 2] =p(x; 2); lx+3,2|=p(x; -3,2); |x| =p(x;0).

a) HepaBencrtBo | x- 2| < 3 MOXXHO HCTOJIKOBATH TaK: HyKHO Hali-
‘it HA KOODAMHATHOM mpsAMoil Bce TaKMe TOUKH X, KOTODhIie YAOBJIETBO-
psitoT yesoBHIo p(x; 2) < 3, T. e. yEajJeHsl OT TOUKH 2 Ha paccTOAHUe,
meHbIee 3. 3TO Bce TOUKHM, NPHHALjexallue uHrepsaay (-1; 5), u
101bK0 oHH (puc. 3). UuTepBan (-1; 5) — pereHne 3aZaHHOrO Hepa-
IHCTBA.

11



1 . PALIMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMbI

x
-5,2 -3,2 -1,2
Puc. 4
iy ollillilil X
-2,7 0 2,7
Puc. 5

6) HepaBenctBo |x + 3,2|< 2 MOMHO HCTOJKOBATH TaK: HY)KHO
HaliTH Ha KOOPAWHATHOH NpPAMOI Bce TakWe TOUKH X, KOTODHIE YAOB-
JIeTBOPAIOT yCJ0BHIO p(x; —3,2) < 2, T. e. yAajieHbl OT TOUKH —3,2 Ha
paccTosiHue, MeHbIIee UK paBHOe 2, ITO Bce TOUKH, IPUHALJIEKAIIHE
orpesky [-5,2; —1,2], u Tombko oHu (puc. 4). Orpesok [-5,2; —1,2] —
pPenieHMe 3aZaHHOTO HEPABEHCTBA.

B) CHavuasia pasjgenuMm obe YaCTH HepaBeHCTBa Ha OHO U TO Ke
TOJIOKHUTEJbHOE YHcJo 10; momryunm: |x| > 2,7. HepaBeHCTBO |x| > 2,7
MOKHO MCTOJIKOBATh TaK: HYKHO HAHTH Ha KOOPAMHATHOH NPAMOR
BCe TaKHe TOYKH X, KOTODHEIEe YAOBJETBOPAIOT ycaoBuio p (x; 0) > 2,7,
T. e. yAaJeHkE! oT ToukH 0 Ha paccTosHue, Gosnlaee 2,7. ITO Bce TOU-
K¥, NpHHALJIEeKAINKe OTKPLITHM JydaM (—o0; —2,7) mam (2,7; +0), u
TOJILKO OHH (pHc. 5).

OrBema)-1<x<5;0)-5,2<x<-1,2;B) x <-2,7; x> 2,7,

§ 2. PAUMOHATLHBIE HEPABEHCTBA

PanuoHaJIbHOE HEPaBEHCTBO ¢ OTHOH NmepeMeHHOH x —
3T0 HepaBeHCTBO BuAaa h(x) > g(x), rae h(x) 1 q(x¥) — panuoOHANbLHBIE
BEIDA)KEHUA, T. €. aare0paniecKne BIPDAKEHHA, COCTABJIEHHBIE U3 UH-
ceJl M NepPeMEeHHOH X ¢ IIOMOINBIO ONEePalUil CJI0KeHNdA, BEIYUTAHUA,
YMHO)KEHUA, AeJICHUA U BO3BeAeHH:A B HATYPaJIbHYIO CTelleHb., Pasy-
MeeTcs, IIepeMeHHAaA MOKEeT OBITh 0003HAUeHa JI000M Ipyroi OyKBOIt.

IIpm pemenun panpOHAJBLHBIX HEPABEHCTB HCIOAb3YIOTCA T IPaBU-
Jia, KoTophle Obiim chopMyaupoBansl Belme B § 1. C moMoImbio aTUX
IpaBusi OOBIYHO IPecOPas’yIoT 3afaHHOE DAIlMOHAIBHOE HEDAaBEHCTBO K
Bugy f(x) > 0 (< 0), rae f(x) — anrebpamiueckas gpodb (MJIM MHOTOUJIEH).
Hasee pasjaraioT YNCANTENb ¥ 3HAMEHATENb APO0H f(X) Ha MHOMKHTEIH
BHZAa X — a (ecsiu, KOHEYHO, 9TO BO3MOKHO) M IIPUMEHAIOT Memod UH-
mepea.sios, KOTOPHIiI MBI yiKe YIOMMHAAM BEILIE (CM. B IPEILIZYIEM
naparpade npumep 4) u mogpobHee MOKaKeM Ha psjge IPHMePOB.

12



1 . PALUMOHAIJIbHBIE HEPABEHCTBA U UX CUCTEMbI

) ’ » x
-1 1 2
Puc. 6

IIpumep 1. Pemursh HEPaBEeHCTBO
(x-Dx+1D)(x-2)>0.
P e m e H u e. PaccMoTpuM BHIpaskeHme
fx) = (x — 1)(x + 1)(x — 2).

Ono ob6pamaerca B 0 B Toukax 1, —1, 2; orMeTHM 9TH TOUKH HA YHC-
noBol mpamoii. UncnoBaa npaMas pasGHBaeTcs YKasaHHBIMH TOYKa-
MM Ha 4YeThipe MpoMexXyTKa (puc. 6), Ha Ka’KJ0OM M3 KOTOPBIX BBIDA-
Keane f(x) coxpaHaeT IMOCTOAHHBIH 3HaK. UTOOEI B 3TOM yOeAUThCA,
IIPOBEZIeM YeThIpe paccy’kAeHMA (A KayKJOro M3 YKasaHHBIX NPO-
MEKYTKOB B OTZEJIbHOCTH).

1) BossMeM JII06YIO TOUKY X M3 IMPOMeKyTKa (2; +00), Ora ToY-
Ka paclioJioKeHa HA YMCJIOBOM IpAMOM IpaBee TOYKHM —1, IpaBee
rouku 1 u mpaBee Touku 2 (puc. 7). ITo 3HAYHUT, uTOo X > —1, x > 1,
v 2. Hororgax+1>0,x—1>0, x—2>0, asHauur, u f(x) >0
(kaK Impom3BeficHHe TPeX NOJIOKHUTEAbHBIX yuceis). UTak, Ha BceM IIpo-
MeKyTKe (2; +00) BRIMONIHSAETCA HepaBeHCTBO f(x) > O.

o, > » X
-1 1 2 x

Puc. 7

2) BossMmem J106yi0 TOUKY X M3 mHTepBaja (1; 2). dra Touka pac-
1OJIOKEeHa Ha 4YHCJOBOi mpsaMoil mpaBee TOUKH —1, mpaBee ToukH 1,
no jgesee Toukm 2 (puc. 8). 3HaumT, ¥ > -1, x > 1, HOo x < 2, a
moromy x +1>0, x —1>0, x - 2 < 0. Ho toraa f(x) < 0 (xak
npousBeJeHNe BYX HOJOKHUTEILHBIX M OJHOIO OTPHIIATEJILHOrO YHC-
nn). Urak, Ha Bcem mpomexyTke (1; 2) BHINOJHAETCA HEPaBEHCTBO
fx) < 0.

*~—O— » x
-1 1 x 2
Puc. 8

3) BosnMeM Jr00yi0 ToOuKy x m3 mHTepBaJja (—1; 1). Dra Touka
|ICIIOJIOMKEHA Ha YHCJIOBOH mpaMoil mpaBee TOYKM —1, jeBee Touku 1

13



1 - PAUMOHAJIbHBIE HEPABEHCTBA U X CUCTEMbI

o, » x
-1 x 1 2

Puc. 9

u Jjesee Touky 2 (puc. 9). 3nauurt, x > -1, Ho ¥ < 1, x < 2, a moTomMy
x+1>0,x-1<0, x -2 <0. Ho Torza f(x) > 0 (kax mpousBeneHye
ABYX OTPHIATENBHBEIX H OJHOIO MOJOXKHTEJLHOrO umcJia). UTak, Ha
BceM mpomesxyTke (-1; 1) BeImosmHsAeTcs HepaBeHCTBO f(x) > 0.

4) Bosymem, HaKOHeI, JI00YI0 TOUKY X M3 OTKPHITOTO Jy4a (—o0; ~1).
JTa TOUKa pacIoJioXKeHa Ha UHCIOBOH IPAMOl JeBee TOYKM —1,
JeBee TOUkH 1 m Jesee Toukm 2 (puc. 10). Iro 3Hauur, uTo x < -1,
x<l,x<2. Hororgax+1<0,x-1<0, x-2<0, a 3HauuT, "
f(x) < 0 (xax mpousBemeHMe Tpex OTpHMIATENbHBIX uuces). UTak, Ha
BCEM IpOMexyTKe (—°0; —1) BRIDOJMHseTCS HepaBeHCTEO f(x) < 0.

® » x
x -1 1 2

Puc. 10

Iloxsesem mrTorn. 3HaKK BHDAKEHHUA f(X) B BEIAEICHHHIX IpOMe-
JKYTKAX TaxKoBHl, KaK MOKas3aHo Ha puc. 11. Hac untepecyior Te mpo-
MEXYTKH, Ha KOTOPBHIX BEHIIIOJHAETCA HepaBeHCTBO f(x) > 0; oHm
3alITPEXOBaHbl Ha puc. 11. 3uauur, HepasencTso f(x) > 0 BBHImOJ-
HAeTcA Ha uHTepBaye (—1; 1) uiuM Ha OTKDHITOM Jyde (2; +9).

Puc. 11
Orsem-1<x<1;x>2.

Ilpumep 2. PemuTh HepaBeHCTBO
(x-Dx+1D(x-2)<0.

Pem e n u e. Kax u B mpeasiAylneM IpuMepe, H3BaedeM HE0GX0-
AUMYI0 HHGopManuio U3 puc. 11, Ho ¢ AByMs M3MEHEHHAMH II0 CPaB-
HEHHIO C npuMepoM 1. Bo-mepBEIX, IIOCKOJIBKY HAC HMHTEpecyeT, IPHU
KAKMX 3HaYeHHWAX X BHINOJIHSETCA HepaBeHCTBO f(x) < 0, HaM mpw-
AeTCA BBIOpaTh mpoMeKyTKH (—°; —1) u (1; 2). Bo-BTODPBIX, Bac ycT-
PauBaT ¥ Te TOUKH, B KOTOPHIX BHINOJHAETCA paBeHCTBO f(x) = 0. 9T0
TOYKH -1, 1, 2, oTMeTHM HX Ha PHCYHKE TEMHBIMH KDPY/KOUKAMH M
BKJAIOYKEM B oTBeT. Ha puc. 12 mpeacrasieHa reoMerpuueckas
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1 . PALUMOHAJIbHBbIE HEPABEHCTBA U UX CUCTEMDb!

~ + - +
[ B B B B T ———— = o o B x
-1 1 2
Puc. 12

MILTIOCTPAIUSA PellleHUs HePaBeHCTBa, OT KOTOPOil HEeTPYAHO Iepeii-
TH K aHAJIUTHYECKOH 3allHCcH.

OrBemx<-1; 1<x<2.
INIpumep 3. Pemurhk HepaBeHCTBO
x2-x
x2-5x-6
Peme H ue. PasjioxuM Ha MHOXHUTENIH YHUCJIHUTENL U 3HAMEHA-

reJib aJgredpaumdeckoit apobu f(x), cozepsxamieiica B JIeBOH uYacTH
liepaBeHCTBa. B umcnurene uMeeM:

< 0.

x2—x=x(x-1).
‘Iro0Bl Pa3NOKUTE HA MHOMKHTEIN KBaAPaTHLIM TpexuineH x? — 5x — 6,
cojep:alnuiica B 3HaMeHareJle ApoOu, Haitzem ero KopHu. W3 ypas-
nenua x2 — 5x — 6 = 0 maxoxum: x, =-1, x, = 6. 3nauur,
x2-b5x—-6=(x+ 1)(x - 6)
(MBI CHOBa, KaK 3T0 yxe Ownlyio B § 1, Bocmosb3oBanmuchk ¢opMyaoi
PUSTIOKEHNA HAa MHOMKHTEJIH KBaZPaTHOrO TpexdieHna: axi + bx + ¢ =
a(x — x)(x — x,).
Tem caMeIM MBI IpeoOpa3oBajiy 3aJaHHOe HEPABEHCTBO K BHIY
x(x-1)

(x + 1)(x - 6) <0.

‘Iucauresns apobu _Hx=D o6pamaerca B 0 B roukax O m 1, a
(x + 1)(x - 6) ’
sHaMeHaTenb obpamaercs B 0 B Touxax —1 u 6. OTMeTHM 5TH TOYKH
na 4yucjoBoil npamoit (puc. 13). UucioBaa npamaa paséuBaeTca yka-
MHHBIMHM TOYKaMH{ Ha IATHh NPOMEKYTKOB. Paccy:kjas Tak ke, Kak B
npumMepe 1, IPEXOAUM K BBIBOAY, UTO Ha KaXXJOM IIPOMEXKYTKe BHIpa-
»erue f(x) coxpansAer IMOCTOAHHEIN 3HAK, MPUYEM 3HAKH BHIPDAYKEHHUA
[(v) B BBIZIeJIEHHBIX NMIPOMEXKYTKAX TAKOBHI, KAK ITOKAsaHO Ha puc. 13.
+ - + - +

gt
Ty 77777 rrrrrrrrrrrrrrr7rry X

-1 0 1 6
Puc. 13
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1 . PAUMOHAJIbHBIE HEPABEHCTBA W X CUCTEMbI

Hac mHTepecyeT, I'ie BLIIOJHAETCA HepaBeHCTBO f(x) < 0. 3to umeer
MecTo Ha mHTepsaje (-1; 0) mam Ha maTepBase (1; 6).
OrBem-1<x<0;1<x<86.

IIpumep 4. Pemnts HepaBeHCTBO
6x2~5x+4

z
6x2—x -2 L.

Peme nue. [Ipn pemieHuy panuoHAJLHBIX HEPABEHCTB, KaK
TIPABHJIO, IIPEAIIOUHTAIOT MMETEL B IPaBoil YacTH HepaBeHCTBa 4HCio 0:
6x2—-5x +4

-1 2= 0
6x%2~-x-2 0

6x2 ~5x+4-6x2+x+2
6x2 -~x-2 Z

-4x+ 6 S
6x2-x-2°""

Ecnu B mpaBoil 4aCTH HepaBeHCTBA COAEPIKUTCA JHUIIL yucio O,
yao0Hee IPOBOAMTE PacCyKAeHHA, KOrJa B JIeBOHM YaCTH HEPaBEHCTBA
H YHCJIUTEJ b H 3HAMEHATEIb MMEIOT ITOJOKUTENbHEBIH cTapmInil Koad-
unuenT. A uro y Hac? ¥ Hac B 3HaMeHaTese APOOM B 3TOM CMEICJIE
BCe B HmOpAZKe (crapmmit Koo(pPHIHMEHT, T. e. KO3DOHUIUEHT OpH xZ,
paBeH 6 — NOJIO}KHTEJILHOE YHCJIO), a B UHCIUTeNe CTapmuil Koaddu-
nueHT (KoaddHnueHT IPH x) paBeH —4 (OTPHUIATENIBLHOE YHCJIO0). ¥ MHO-
JKHB 00e 4aCTH HepaBeHCTBa Ha —1 M M3MeHHUB IPH ITOM 3HAK HEpaBeH-
CTBA HA MPOTHBONOJIOMHBIA, [TOJYUYNM DABHOCIJIBHOE HEDABEHCTBO

4x-6
6x2-x-2 <0.

Yucauresas apodu npeobpasyeM K BUAY 4( x - -g—) Y1008l PABTIOHKHUTE
Ha MHOXKHITEJIM COAep Kaluiica B 3HaMeHaTesie Zpo0HM KBagpaTHBIA Tpex-
wren 6x* — x — 2, Haiizem ero Kopuu. W3 ypasrenns 6x* —x — 2 =0

_ 2 1
1= 30 xz——E. 3Hayur,

6x2-x-2= 6[x— E)(x+l)
3 2

HaXoauM:. X

16



1 . PAUMOHANBHBIE HEPABEHCTBA U UX CUCTEMbI

TeM caMBIM 3afaHHOEe HEPABEHCTBO MLl IPeoGpasoBaiy K BUAY

4
(o6e uacTu HepPpaBEeHCTBA pa3aeJqnJaN Ha IIOJOXHUTEJIbHOE YHNCJ0 E ).

-

3
{ucauresin 3ToM Apobu obpamaerca B 0 B Touke 3 8 3HAMEHaTelIb —

2 1 .
h TOUKAX = K 3 OTMeruM 9TH TOUKY Ha YKMCIOBOM mpamoii (puc. 14);

PaccmorpuM BrIpa)xeHue

oHa pasbuBaeTCHd YKA3aHHBIMHY TOYKAMH Ha YEeTHIpe IIPOMEKYTKA, IIPK-
ueM Ha KaKAOM IIPOMEXKYTKe BhipakeHue f(x) coxpaHser NMOCTOAH-
UL 3HAK — OSTH 3HAKH yKasaHHI Ha puc. 14. Hac mHTepecyoT Te
HPOMEKYTKHE, Ha KOTOPHIX BHIIIOJHAETCH HepaBeHCTBO f(x) < 0; atm
HPOMEKYTKHM BBIAEJNEeHBbI INTPHXOBKOH Ha puc. 15. Ilo ycaoBuio Hac
MHTEPECYIOT ¥ Te TOUKU X, B KOTOPBIX anomme'rga paBencTBo f(x) = 0.

‘I'nkad TOYKA TOJBKO OAHA — BTO TOYKA X = 5 » TIOCKOJBKY JIMIIEL

NPH 3TOM 3HAYEHUHM YKCJIUTENb Apobu f(x) oOpaiaerca B Hyab. Touka

3
A = 5 OTMedYeHa Ha pHC. 15 remuBEIM KpyKoukoMm. Taxum oGpasom,

na puc. 15 mpescrasiieHa reoMeTPHYECKAadA HUJLIIOCTPALMSA peIleHUA

- + - +
O O- O » X
1 2 3
2 3 2
Puc. 14
- + _
rrrTrTTR rrrrrrrrr—p X
1 2 3
2 3 2
Puc. 15
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1 . PAUMOHANBHLIE HEPABEHCTBA M WX CUCTEMbI

3aJaHHOTO HEpPaBEHCTBA, OT KOTOpPOiI HETPYAHO MepeiiTH K AHAIHTH-
yecKolf 3amucH.
1 2 3

OrBemx< 35 3 <x< R

B xamgomM M3 pacCMOTPEHHHX IPHMEPOB MEI IIPeo6pasoBLIBAIK
3a7aHHOe HEPaBeHCTBO TaK, YTOOLI [OMydYMIIOCh PABHOCIILHOE €My Hepa-
BeHcTBO BuAa f(x) > 0 mum f(x) < 0, rae

x-a)(x-b)
fx) = (x-c)(x-d)

3areM oTMeuaJy Ha ocH X (Ha 4mMciroBo# mpAMoil) ToukM a, b, ¢, d U
onpeAenany 3HAKK BRIPAXKEHUA f(x) HAa BHIZENEHHBLIX HPOMEKYTKAX.
SaMeTHJIH, 4TO HA CAMOM IIPaBOM M3 BLIJEJEHHBIX IIPOMEKYTKOB Bbi-
HOJHAETCA HepaBeHCTBO f(x) > 0, a gajee mo MpoMeXyTKaM (IpH yc-
JIOBHM, YTO YMCNA 4, b, ¢, d HONAapHO Pa3/IMYEL]) 3HAKH BHIPAYKCHHS
f(x) wepexnyiorca (puc. 16a). 310 uepegoBanue yA0OHO HIMIOCTPHPO-
BaTb C MOMOIbIO BONHOOOpa3HOM KpuBoif, KOTOpas YepTHUTCA cIOpaBa
HaJIeBO ¥ CBepXy BHU3 (pHC. 166). Ha Tex mpoMexXyTKax, Ille 3Ta KpPH-
Bas (ee MHOr/Ja HA3LIBAIOT KPUGOIL 3HAK0E) PACIIONOMKEHA BhIIIE OCHU X,
BBHIIIOJIHSAETCA HepaBeHCTBO f(x) > 0; Ha Tex IPOMEXKYTKAX, Ife JTa
KpHBafA PacloJIo/KeHa HMXKe OCH X, BHIMOJHAETCH HepaBeHCTBO f(x) < 0.

3aMeTHM, UTO KOJHYECTBO MHOKHTeNelH B YHCIUTeNe ¥ 3HAMeHa-
Tese APOOH MoKeT GhITh JIOOBIM (He 06A3aTeAbLHO IO ABA B YHCIH-
Tele U 3HaMeHaTeJe).

IIpumep 5. Pemurs HepaBeHCTBO
X% —Tx S
@x+3)@x-8 ~ O

Pem e nue. Nmeem:

Puc. 166
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1. PAUMOHAJIbHBIE HEPABEHCTBA U UX CHUCTEMbBI

x(x = VT) (x +7)

20
3 8) =
x+ = |lx-=
2 3
(o0e yacTH HmpeALIAYINEr0 HEPABEHCTBA YMHOMKHJ/IN HA IIOJOMKHUTE/b-
Hoe uucio 6).
YT0o0hI BOCIIOJb30BATLCS METOJOM HHTEPBAJIOB, OTMETHM HA YHC-

JmBoﬁ npamoii Touku 0, V7, —+/7 (B 9THX TOUKAxX UHMCIMTEIb APO-
4 “ »
6, comepixaleiics B JieBoil YaCTH HepaBeHCTBa, oOpamjaercda B 0) u

3 8 o
TOUKH — 3 u 3 (B 3THX TOYKAX 3HAMEHATEJb YKas3aHHOI1 Apobu obpa-

maerca B 0). OGBIYHO TOYKH OTMEYAIOT CX€MATHUYECKH, YUYHUTLIBaA
TOJABKO HOPANOK HX cJeAoBaHmHs (Kakas IpaBee, KaKadA JieBee) M He
ocobeHHO oOpamias BHMMaHMA Ha cobmaiogeHme Mmacimuraba. ficHo, urTo

3
-7 < -3 < 0. Cunosxnee (ecam Ioj PYyKOH HeT KaabKyJaaTopa) 06-

8
CTOHUT JeJI0 C YNCJIAMH 7 H 3 ITocTrynmM Tak: paccMOTpMM KBag-

paThbl 3THUX YHCEJI.

2 2
HMmeem: (ﬁ)"’ =17, (%) = %— = 7—51;. 3Hauwur, («/’7)2 <[-:—) ,

a JIOTOMY VT < %

HUrax,
3 8
- 7<—E<0<\/7<§.

OTMeTHM YKas3aHHBIE IIATH TOYEK B YKA3AHHOM MOPAAKEe HA UHC-
JoBo# nmpamoii (puc. 17a). PaccTaBHM 3HAKH BhIPaKeHUS

_x(x—«ﬁ)(x+«ﬁ)

R

Ha MIOJIYYEHHBIX MPOMEXYTKAX: Ha CAMOM IIDABOM — 3HAK «+», a Jajee
snaku uepeayiorca (puc. 176). HaueprnM KPHBYIO 3HAKOB M BhIZe-
4nM (IITPUXOBKOII) Te IPOMEXYTKH, Ha KOTOPEIX BEINIOJHAETCA MHTE-
pecyloiee Hac HepaBeHCTBO f(x) > 0 (pmc. 17B). YureM, HaKOHeI,




1 . PAUMOHAJbHBIE HEPABEHCTBA U UX CUCTEMbI

OO O OO —» x
3 8
-7 - 0 J7 3
Puc. 17a
- + - + - +
—ne Q) O O~ — X
3 8
-7 -3 0 V7 3
Puc. 176
3 8
Puc. 178

YTO peub HAET O Hecmpozom HepaseHcmée [(x) 2 0, sHauuT, HAC
WHTeDeCcylOT M Te TOYKM, B KOTOPLIX BhIpa)keHue f(x) obpainaercs

B HyJab. JTO KOPHH YHCauUTens apodn f(x), T.e. Touxkn 0, JTu - ﬁ;

OTMeTHM WX Ha puC. 17B TeMHBIMH KPYKouKaMmu (¥, eCTECTBEHHO,
BKJIOUYMM B OTBeT). BoT Temeps puc. 17B gaer moJiHyl0 reoMeTpHye-
CKYI0 MJIIIOCTPAUMIO PellleHud 3aJaHHOI'0 HEPABEHCTBA.

3
OrBerT: —xﬁ<x<—§; 0<x<7; x>§.

O6painiaeM Ballle BHUMaHME Ha TO, YTO BCTPEYAIOTCA DPalMOHANb-
Hble HEDABEHCTBA, NPH DEIlleHUM KOTOPHIX METOJ MHTEPBAJIOB CJEAYeT
NPHMEHATL ¢ OCTOPOMXHOCTLIO, ¢ HEKOTODLIMM MONPABKAMH, JTO MbI
o0cynum B ocTaJbHEIX IpuMepax maparpada.

IIpumep 6. Pemurs nepaBeHCTBO
(x-1¥(x+2)<0.

P e m e n m e. PaccmorpuMm Bripaxxenme f(x) = (x — 1)2 (x + 2),
OTMeTuM TOUKH 1 M —2 Ha uuciaoBol npaAMoi (puc. 18) u onpeenum
3Haku f(x) Ha KaXXIOM M3 Tpex NOJAYYEHHLIX IPOMEXYTKOB.

- + +

FrTTTTTTT TR > i

-2 1
Puc. 18
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1 . PALUMOHADBHLIE HEPABEHCTBA U UX CUCTEMbI

Ecmm x e (1; +), r.e. x> 1, 10 (x — 1)2 > 0, x + 2 > (. Buauur,
(x — 1)*(x + 2) > 0. CienoBaresbHO, HA OTKPEITOM Jyue (1; +00) BBI-
HOJIHAETCS HepaBeHCTBO f(x) > 0.

Ecm x € (-2; 1), Te.-2<x<1l,T0(x-1)*)>0,x +2> 0.
3mauwmt, (x — 1)%(x + 2) > 0. Takum obpasom, Ha urTepBajie (—2; 1)
BRIOJIHAETCA HepaBeHCTBO f(x) > 0.

Ecmu x € (—90; -2), r.e. x < -2, To(x — 12> 0, x + 2 < 0.
3aaunT, (x — 1)%(x + 2) < 0. Arax, Ha oTKpLITOM Jyde (—o0; —2) BEI-
110JIHAETCA HepaBeHCTBO f(x) < 0.

3Haku BEIpaxeHHA f(X) CXeMaTHUYeCKH IpeACTaBJeHbl Ha puc. 18.
HepasencTso f(x) < 0 BEIDOJIHAETCA HA OTKPBITOM Jyue (—o0; —2).

OrBerT x<-2,

3ameuanue 1. B npumepe 6 He 6bino Toro YepenoBaHus 3HaKOB, Ha
KOTOpPOE Mbl 06pPaTHIM BHMMAHWE Bbille, @ NOTOMY M KPUBYIO 3HAKOB Mbl
3AECh H4EPTUTL He cTanu. [IpuBbIYHAs KapTHHA HapYLLEHa u3-33 TOro, YTO B
sbipaxenmm f(x) ecte mHOMXMTENL (x — 1)2. MpumuTe coser: ecnu nocne pas-
NOMEHUS HAa MHOXHTENW YMCTIUTENS M 3HameHaTens anrebpanueckoit Apobu
f(x) Bb1 06Hapy MMM MHOXMTENb BMaa (x— a)", rae n=2, 3, 4, ..., He NoNb3Yyit-
recb KPMBOM 3HaKOB, a ONpefernsiTe 3Haku BbipaXKeHus f(x) B KaXKAOM M3
sbigEereHHbIX NPOMEYTKOB MO OTAENBHOCTH, KaK B Npumepe 6.

3amevanme 2. Ecnm 661 3apanHoe B npumepe 6 HepaBeHcTBO GbINo He-
cTporum, T. e. umeno sug (x — 1)2(x + 2) < 0, To reomeTpu4eckas MANIOCT-
paums peweHus uamexunack 6bi: Toukn 1 u —2 cnepoBano oTMeTHTL 3a-
KPaLleHHbIMM KPYXOUKamm 1 BKMounTb B oteeT (puc. 19). Pewenune Hepa-
seHcTBa umeno Bbl Torpa cnepytowmii eug: x < —2; x=1,

llllllf : »x
-2 1
Puc. 19

IIpumep 7. Pemnrs HepaBeHCTBO

19 — x2 - 4x 3
< .
49 — x? T+x

Pemenue. IIpeobpasyeM HepaBeHCTBO K BHIY

19 - x2-4x _ 38
49 - x? 7T+x

<0
it 11opaboTaeM C JIeBOM YACTHIO0 HOJYUMBIIErocs HepaBeHCTBA:
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PAUMOHATIbHBIE HEPABEHCTBA U UX CUCTEMBI

19-x2"-4x 3 19-x2-4x 3
49 - «* T+x  (T-x0+x) T+x
- 19-#-4x-30 -y —x2-x -2 ¥+ x+2
- = =
(T -2)(7 +x) T-0T+x) @E-Dx+T7

(umciurenb U 3HAMEHaTe L APOGH VMHOMHJIA Ha —1, 3TO TOKIECTBEH-
Hoe npeo0pasBanue Ipo6u).

TaxuM 06pasoM, sajaua ceopuTcs K pelIeHHIO HEDABEHCTBA
2
x*+x+2
(x-NDx+7

TloneiTaemes PA3JIOKHUTE HA MHOMHUTENN UUCIUTEND anrebpande-
CKOH Apo6u, copepmaieiicsa B JIEBOo¥ YacTH HepaBeHCTBAa, T. €. BbIpa-
xenue x° + x + 2. Ho quckpumunant 510ro KBAAPATHOrO TPEXUIeHA
orpunarenes: D =12 -4 .1 .2 = _7. 3HAUHUT, KOpPHEH y TpexujieHa
HET, & NOTOMY (POpMyna ax? + bx + ¢ = a(x - x,)(x — x,) agech Hempm-
menuma. Kax xe Gwirp?

OTser Ha aTOT Bompoc KaeT Teopema u3 § 1: ecim y KBagpaTHOro
TpexujeHa ax® + bx + ¢ OTPHIATEeJIbHBIN AUCKPHUMUHAHT U ITOJOIKH-
TEJIbHBIH CTAPIINIT Koapdurment, o TPEXUJeH N OJ O X U Te Jde H
Ipn BCEX 3HAYEHMAX x. Ho TOr4a Ha Hero MOXKHO PasfeauTh obe
4acTH HEDABEHCTBA, He MeHAA 3HaKa HepaBeHCTRa (cM. B § 1 mpa-
Bujo 2%). Ilomyumm:

1

(x-Dx+7 <0

BocnonbsoaBues MerogoM umrepsanos (puc. 20), monyuaeM B

KavecTse pelieHus IIOCJIe;IHeI"O (a S3HAYHUT, U 3a‘anH01‘0) HepaBeHCTBa
uHTepBa) (—T7; 7).

OrBsem-T<x<T,

\}Ll—Lllllllll:,::::/ -

o = T+ ¥

Puc. 20
22



1 . PALUMOHANBHBIE HEPABEHCTBA U UX CHUCTEMbI

3 2
3x° - 2x —2x<0.

IIpumep 8. Pemurs HePaBeHCTBO .

X3 -22-2) .32 9y _2<q

(upu yciosmuu, uro x # 0). HalizeMm KOpHM KBagpaTHOIO ypaBHEHHSA
Mf-2x- 2=0:
‘= 1+J12 - (=28 _ 1+J7

L2 3 3
_1efT 1=
3 ’ )

Pemre nue. Nmeem:

x2= 3

KoHeuHO, MOXXHO, IPUMEHUB GHOPMYIy
8x? ~2x - 2=3(x - x)(x ~- x,),

PCIIETH 3aJaHHOe HepPaBeHCTBO METOAOM HHTepBasioB. Ho aasa pemre-
N KBAJPATHLIX HEPABEHCTB ¥ HAC MMeeTCHA [IPOBEPEHHLIH M HaJex-
N1t METOR, KOTOPBIH MBI BCIIOMHWJIN B mpeAbIAyIieM naparpade. Or-
MCTHM KODHH X, B X, Ha OCH X, YYTA OPH 3TOM, UTO X, < X,, M IIOCTPO-
™ (cxemaTuueckn) napabony y = 3x2 — 2x — 2; riiaBHOE — YY€CTb, 9TO
nerBu 3TOH mapaboJsisl HANpPaBJEHEL
nucpx (puc. 21). Beibupaem npomexy-
10K, Ha KOTOPOM rpaduK PacloJOXeH
10/\ OCBIO X, — 9TO MHTEPBAJ (X,; X,).
Hiuze MBI OTMETHIIH, UTO X # 0, mpuaer-
1 TouyKy X = 0 «BBIKOJIOTH». BoT Te-
teps puc. 21 gaeT HOJHYIO reOMeTPH-
MeCKYIO MIJIIOCTPAIlHI0 DellleHus 3a-
ANIHOTO HEpaBeHCTBA.

1

OrBer: 1——3‘/—?-<::c<0; 0<x<1+3‘ﬁ.

§ 3. MHOMECTBA M ONEPALMM HAZ HUMM

1. NoHATHME MHOXKecCTBa

3HaMeHUTHIH HTANbAHCKHN (DHUSUK, MEXaHHK, ACTPOHOM
n matematuk lanuneo Tanmieit (1564—1642) nucan: «Beaukasn
wuura [Ipupoasr HanwcaHa A3LIKOM MaTeMaTHKH». 38 MHOTOBEKOBYIO
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1 - PAUMOHANbHbIE HEPABEHCTBA U UX CUCTEMDI

———

HCTOPHIO PA3BUTHS YEJOBEUECTBA HE TOJbKO H3MEHSJINCH 3HAHUA JII0-
Aeif 0 3aKoOHaxX MPHUPOALI, HO M CAMEIM CYINECTBEHHEIM 00pasoM Me-
Hajcsi s3BIK, HA KOTOPOM B pasHbIe BpeMeHa OBLIM 3amHCaHBI dTHU
8aKOHBI, — CaM A3BIK MAaTEMATHKH.

Bor, sanpumep, nurara u3 paborsl «Kurab anb-g:kedp Baab-
Myxabasa» cpegHeasumaTcKoro yueHoro Myxammeza ubm Mychr aj-
Xopesmu (mepBaa mososuHa IX B. H. 3.), KOTOPEI, IO CYIECTBY, II€p-
BRIM BBEJI CAM TEPMUH <«ajredpas:

«..UTo KacaeTcs KBagpaTOB W KOpPHEH, PaBHBEIX UHUCJIY, TO €CJH,
HampuMmep, THl CKa)Kellb: KBaJApaT ¥ AECATH €ro KOpPHeH pPaBHBI
39 nupxeMaM, TO 9TO O3HAU&eT, YTO, €CJIH J0GABHTb K HEKOTODOMY
KBaJpaTy TO, YTO PABHO AECATH KOpPHAM, noayuurcsa 39. IIpasumo ra-
KOBO: pas3ABoOil YHMCJIO KOpPHEI, HMOJYYHTCS B 9TOM 3ajave NAThb,
YMHOKB 3TO Ha paBHOe eMy, Oyzer 25. Ilpubasn ato Kk 39, Gyner 64.
HWspnexu u3 5TOr0 KOpeHb, OyJeT 8, M BEIYTH U3 3TOTO MOJOBUHY YHCJIA
KopHeit, T. e. b, ocTamercd 3: 9To UM OGygeT KOpeHb KBajgpaTa, KOTO-
PBIH THI MCKaJ, a KBagpaT ecThb 9...»

C 3aMeTHHM TPYAOM COBDEMEHHBIH UHTATENL IIOHMET, UTO pPedb
HUJer 0 pelleHUH KBaAPATHOIO ypasHeHusa x? + 10x = 39 u maxoxie-
HHUH ero KOpHA: X = -5 + 25 + 89 = -5 + \/EZ = 3 (xopeHs x =-13
BooOIIje He paccMaTPHBaJICH).

CoBpeMeHHBIA MaTeMaTHUYECKHI A3bIK 00Jjiee KPATOK ¥ B IEPBYIO
oYyepeab 3aMEHAET €CTECTBEHHE!IH, Pa3roBOPHBIN A3BIK CIIEUATLHEIMY
OYKBeHHEIMH M CHMBOJBLHBIMHU BhIpaskenusamu. OH Gojee GopMagnso-
BaH B yHHGUOUDPOBAH, T. €. HOAXOAHUT K PACCMOTPEHHIO Cpas3y MHO-
IHX OFHOTHIOHBIX Cay4aeB. Eimre Gosee dhopManu3oBaHHLI, HAIPHUMED,
PasauvHLIE A3LIKY IPOIPAaMMHPOBAHNA. B HHX yiKe MaTeMaTHYeCKHil
#ABBIK IO JKECTKHM M 3apaHee OMMCAHHLIM NPaBHIAM IIEPEBOJHUTCHA Ha
ASLIK KOMIIBIOTEPA.

B atom maparpacde MBI paccMOTpHM HpocTeiflve HOHATHS K 000-
3HAUEHUA A3biKA MeOPUU MHOJMCecme, KOTOPHIH BOT yxke Oojee
100 ner cocrasaser GyHAAMEHT COBPEMEHHOTO MATEMATHYECKOTO A3LIKA.

MHOXKeCTBO COCTOUT U3 3/IeMEHTOB. Ec/ii 9THX 2/1eMeHTOB HEeMHOIo,
TO y400HO BCe 3JIEMEHTH! IIPOCTO IE€PEUHC/IHUTHL B KaKoM-HHOYIb II0-
paake. UroOnl He 3a0BITE, YTO IIEPEUHCIIAEMBIE JJIEMEHTHI O00heJHHEHE
BMecTe B HEKOTOPOe MHOMECTBO, TAKO€ IepevHCJeHNe IIPOHU3BOLAT
BHYTPU (UrypHBIX CKOG0K { , }. BoT HexkoTopble mpuMepsI.
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1 . PALIMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMbI

3aaHMe MHOMECTBA

CnoBecHoe onuMcaHue IIoaxemenTHOE
HepeumcaeHHeM
MHOKEeCTBA ONMCaHHe MHOKECTBA
€ro JJeMeHTOB
ITudps! gecaTuuHoM MmnoxecrBo cocrour | {0,1,2,3,4,5,6,7,
CHCTE€MEI CUMCJICHUHA n3 oudp 0, 1, 2, 3, 4, 8, 9}
5,6,7,8,9
T'nacurie 6yKBEI Mnoxectso coctout | {4, E, E, H, 0, ¥, bl,
pycckoro andaBuTa u3 6ykxB A, E, E, H, 3, 10, A}
0,¥,bl,3,/0, 4
Kopuu ypasHeHHus Mu02KecTBO COCTOHT {-13; 3}
x? +10x = 39 3 gueea 3 u —13
IlepBrIit 1 BTOPOIL MHosXecTBO COCTOHUT {Enpuuu, ITyTnn}
IIpesunerTH! M3 ABYX JIOAe:

Poccuiickoit Pemepanun | Ensnuea m Ilytuma

OJIeMEeHTEI MHOKECTBA MOXKHO IEPEeUUCIATh B MPOH3BOJLHOM IIO-
psgre. OT U3MEHEHHA NOPAAKa IEePeUNCIeHUA IJIeMEeHTOB CAMO MHO-
»ecTBO He MeHaerca. Hanpuwmep, {A, E, E, 4,0, ¥, bI, 3, IO, A} u
\¥f, H, BI, 3, IO, E, O, ¥, A, E} — 3T0 OfHO U TO K€ MHOKECTBO,
roCTOAIIee U3 BCeX IVIACHBIX GVKB PYCCKOro ai(aBHTA.

3ameyaHmue 1. Ecniv MHOXECTBO COCTOMUT U3 UMCEn, TO NPHU X NepeYmc-
neHum uHoraa ypobHee Mcnonb3oBaTb He 3anNATYIO, @ 3HAK NPEnuHaHusA
« ; » — TOUKY C 3anaToi. BoT TunMuHbIl npumep. 3anmcs {—13; 3} acHo
YKa3blBaeT, YTO MHOXECTBO COCTOMT U3 AByx uvucen —13 u 3, a B 3anmcu
{-13, 3} «nepeuncnuTencHylo» 3aNATYIO MOMXHO CMYTaTh C «OECATMHHOMNY
3ANATOM M MOJYMATb, YTO MHOMKECTBO COCTOMT U3 OGHOrO OTPHLLATENLHOrO
wicna —13,3.

Yame Bcero Mel OyAeM 3aHHMATBCA YUCLOGbIMU MHOXKECTBAMU,
T. €. MHOYKECTBAMH, 9JIeMeHTaMH KOTODEIX ABAAIOTCA yucyua. s uyme-
JOBBIX MHOJKECTB €CTh €CTECTBeHHBLIHM IIOPANOK IepPeuYucJIeHHA HX
AMIEMEHTOB OT MEHBIIErQ0 YAC]A K 00JLIIEeMY YHCIY.

IIpumep 1. MHOXeCTBO A COCTOHUT M3 BCeX KOPHell ypaBHEeHUA
v+ x2 - 6x=0,

a) PeminTs 3TO ypaBHEHHE.

6) 3amaTs MHOMKECTBO A IlepeuncJIeHUEeM ero 3JeMeHTOB.

B) 3anucarTb BCe BO3MOXKHBIE CIIOCOOLI NEpPeYHCIeHHA 2JIeMEeHTOB
mioxKecTBa A.
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1 . PALIMOHANbHBIE HEPABEHCTBA U UX CUCTEMbI

r) CKoJIbKO BCEro mMeeTCs CHOCO0OB IEPEYUCEeHHS IJIEMEHTOB
MHOXKecTBa A?

Pemenwue.a)x®+ x2—6x=0;

x(x*+ x — 6)=0;
x=0nmu x*+x-6=0;
x,=0,x,=-3, x,=2.

0) IlepeunciuM KOpHU, HanpEMeD B IOPAAKe Bo3dpacraHudA. Ilo-
ayuum: A = {-3, 0, 2}.

B) HaMm cieayer Tpu pasHBIX YKCJ4 PACCTABHUTH II0 TPEM Da3HBLIM
mecraM. Ecjiu Ha IepBOM MeCTe CTOHMT —3, TO AJA ABYX OCTABIIMXCA
ympcesl M ABYX OCTABIIMXCA MECT ecTh ABa Bapuanra: {—3, 0, 2} u
{-3, 2, 0}. Ecnu na nmepsom mecte crout 0, TO TakKe mMeercs ABa
sapuanrTa: {0, 2, —3} u {0, -3, 2}. Eciu Ha nmepeoM mecTe CTOHUT 2, TO
HMeeTCA elle aBa Bapmanra: {2, —3, 0} u {2, 0, —-3}.

Takum o0Opas3om, moJydaem 6 BapuHaHTOB 3allMCH MHOXKeCTBa A:
{-8, 0, 2}, {-8, 2, 0}, {0, -3, 2}, {0, 2, -3}, {2, -3, 0}, {2, 0, —3}.

r) Bce ciocoGrI nepeunciieHnd yiKe HalieHbl B MyHKTe B). X 6.

Homyctum, 4T0 B mpumepe 1 peun mieT He 00 ypasHeHum x° +
+ x?* — 6x = 0, a 06 ypaBHenun x2% 4+ 2008 = 0. Tax kax x200 +
+ 2008 > 2008 > 0 mas m060r0 X, TO B NYHKTE &) CAELYET OTBETHTD,
YTO KOpPHei HeT. A Kak OwbITh ¢ myHKTOM 6)? Beap mepeumciaarb TyT
Heuero. s paspeluenus 9TOi CHUTYallM¥ MaTEMATHKH BBEJH CIEIH-
anbHOe oboa3Hauenue J. Tax o6o3HaYAETCS NYCMoe MHONECME0, T. €.
MHOKECTBO, He cozepsKaliiee Hu OFHOIO 3JIeMeHTa., PUrypHBIE CKOO-
KH y 8Haka & He CTaBAT, TAK KaK HMUKAKOIO IEPEYHCJICHHA dJIeMEeH-
TOB IyCTOr0 MHOJKECTBA He MPOMCXOAUT: 3THX 3JIEMEHTOB IIPOCTO HET.

Ecnu 4uciio s1eMeHTOB MHOKECTBA AOCTATOYHO BEJIWKO (HAIpH-
Mep, HECKOJIBKO RECATKOB, COTEH M T. A.) HJM eCIN MHOXKeCTBO OecKo-
HeYHO (HanpuMep, MHOYKECTBO BCeX HATYPAJIbHBIX MJIM MHOMKECTBO BCEX
LEeJLIX YHCeN), TO ABHOE IIE€peUYHuCJIeHNe 3JIEMEHTOB TAKOr0 MHOYKECTBA
HeBO3MOKHO., CrocoOnI 3ajjaHNsA, ONHCAHHA TAKHX MHOMECTB BeChbMa
pasHOOOpasHH. BOT HEKOTOpHIE H3 HHUX.

MuoXecTBO CioBecHOe onMCaHNe MHOMKECTBA

1) | {10, 15, 20, ..., 90, 95} | MHOXeCTBO BCeX ABY3HAUHEIX UMCEJ, KpaT-
HBIX 5

2) | {1, 4, 9, 16, 25, 36, ...} | MHOKeCTBO BCeX KBAApPaTOB HaTYPaJbLHHX
umces
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1 . PAUMOHANBHLIE HEPABEHCTBA U UX CUCTEMbI

Oxonuanue maba.

MpBoxecTBO CroBecHOe ONMMCABHE MHOMKECTBA
3) N MHuoKecTBO HaTypaJdbHBIX YHCE]
4) Q MHoKecTBO PAaMOHANBHBEIX UHCEN
5) fxl2<x<T MHuosxecTBO Bcex umucel, KoTopble GoJibine
2 u menbme 7
6) 27 MHuosecTBO Bcex umces, KOTOphle GoJblie
L 2 u menbme 7

B cnayuasx 1) u 2) mo HeCKONBKMM NPeNBHABJICHHBIM 3JI€MEHTAM
MHOKECTBa MBI II0 aHAJIOrMM 00zadviéaemcs 0 TOM, KAK YCTDOEHO BCe
MHOJKECTBO IIeINKOM. JTOT CIoco0 B TOM HJIM MHOM BHJE HCHOJIL3YET
CJIOBECHBIHI 0GOPOT «..H TaK Jajiee».

HexoTopsle YHCIIOBbIE MHOMKECTBA CTOJIb YaCTO BCTPEYAIOTCA B pas-
AMYHBIX pasAeiaX MaTeMaTHKH, YTO AJAA HHUX BBEIH CleluajbHEIe
odo3HaYeHNA. IMeHHO TaK OOCTOHT ZeJio B caydasaXx 3) u 4), a Takxe,
HHTIPHMED, AJIA MHOKECTBA IIeJIbIX YHCeJ, KOTOpoe 0003HAYAIOT Z, M
VI MHOXKECTBa AeHCTBUTENLHLIX YHCeJ, KoTopoe obo3navaior R.

B cayuae 5) MHOXeCTBO 3aJaHO C IOMOIIBLIO €r0 XAPaAKmMepucmu-
Y¢CK020 C80iicmea. ITO OAUH U3 CaMBIX PACHPOCTPAHEHHHX CIOCOGOB
smJaHus MHOXKecTBa. CHMBOI « | » BHYTPH (QUTYPHBIX CKOGOK ABJIA-
ercl 3aMeHOl KOMOMHAIMK CJAOB «..TAKUX, YTO..». MOXKHO mpouu-
TATb 3aIIHUCh {X |12 <x< 7} mar sa miarom:

Cumeon Kax uuraerca
{...} MHO0XecCTBO...
{x...} MHOKeCTBO BCEX X...
{x1...} M=Ho0XKeCcTBO BCeX X TAKHMX, YTO...
xl2<x<m} MHosKeCTBO BCEX X TaKHX, 4To 2 < x < 7

Haxonen, B cay4dae 6), Kak u B caydaax 3) u 4), MHOKECTBO
WHIAHO C IIOMONILI0 CIeIHAJLHOI0 0003HAYEHHA. 3JeCh MBI HMeeM
AeJIO ¢ OgHMM u3 HamboJjee THIHYHLBIX NPHMEPOB UMCJIOBBIX MHO-
wecTB — ¢ uHTepBajoM. Hapany ¢ mHTepBaJaMM MBI O4Y€HB YacTo
neTpedaeMcsa ¥ C IPYTHMH ZUCA08biMU npomexcymrxamu. Hanpumep,
{t]a < x < b} = [a; b] — oTpesok ¢ xoumamu a u b; {x|x < b} =

{ ©0; b) — OTKPHITHIH JIyU C KOHIIOM B TOUKeE b.
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1. PALMOHAJIbHbIE HEPABEHCTBA U UX CUCTEMbI

II pumep 2 Ilo ykasanHOMy 3aZaHWIO MHOJKECTBA AAaTh €ro
CJIOBECHOE OIMCAHUE:

a) {0, 2, 4, 6, 8}; 6){2,4,6,...,18, 20}; B=){l12, 22, 32, ..., 92};

r) {1, 8, 27, 64, 125, ...}.

P e wm e H u e. CioBeCHBIE ONMMCAHHSA OJHOI'O M TOro e MHOMKe-
CTBa MOTYT BRINIAZETH IIO-pasHOMY. Bexb B ecTecTBeHHOM, PasroBop-
HOM A3BIKE OZHY M Ty )K€ MBICJb, MZEI U T. . MOKHO BBIPA3HTDH II0-
pasHomy. ITosToMy B cKOGKAax mpHBeAeM U ADYTHEe BO3MOYKHBLIE BapH-
AHTH OTBETOB,

a) MHoKecTBO Bcex 4eTHHIX muOp (Bce mudppri, kpome mudp 1,
3,5, 7, 9);

6) MHOKeCTBO BCEX UETHLIX HATYPaJbHEIX YMCEJ, KOTOPhl€ MEHb-
me 21 (Bce umcia, HOJIyYeHERE U3 yucea 1, 2, ..., 9, 10 ymHOXKeHHEM
Ha 2);

B) MHOJKECTBO BC€X [BY3HAYHBIX YHCEJ, OKAaHYMBAIOHIUXCHA mud-
poii 2 (Bce uucia Buza 10x + 2, rae x HeHyJeBas nmudpa);

I') MHOKECTBO BCe€X Ky0OB HaTypPaJIbHBEIX Yyuces (MHOXKECTBO 3HA-
yeHuM QYyHKIUY y = x® A1A HATYPAJbHLIX 3HAUEHHII apryMeHTa X).

Il pumep 3. PernuB cooTBeTCTBYIONIEE HEPABEHCTBO, 3AIIHCAThL
3a/laHHOE YMCJIOBOE MHOXKECTBO B BHJE UHMCJIOBOIO MPOMEKYTKA:

a) {x|x*+1>0} B){xl>0};
X
x, 2x -1 _ 14, 2 < +
6) {x s> 2x 15}, r) {x |35x2 < 24x + 35}.

Pem e H u e. a) [Ipourem samucs {x |x2 + 1 > 0} mar sa marom.
Crexgyer HaiiTH MHOJKECTBO BCEX X TaKHX, uto x2 + 1 > 0. 9ro Hepa-
BEHCTBO BEPHO IJIA BCeX AeHCTBHTENBbHBIX umceld. Ilogyuyaem oTser:
BCA YHCJIOBaA IpsMasi; B CHMBOJILHON sammcu: (—o°; +00) uau R.

6) Ciexyer HaliTM MHOXKECTBO BCEX X TaKHX, UTO

zy2x-1 59,1
3 5 15

T. €. PELINTL 3TO HepaBeHCTBO. Ero Mul yixe pemuyn (cm. § 1, npu-

Mep 1) u moayYmin OTBET: (—oo; _Tz’i )
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1 . PALUMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMbI

B) Cresyer HaliTH MHOKECTBO pellIeHHH (MOKHO F'OBOPHUTL KOpPO-

1
ye! pelieHNe) HePaBeHCTBA ; > 1. Umeem:

o, 150,122,509, 221,
X X X X

Bocnosn3oBaBiiuck METOLOM HHTEpPBANOB (puc. 22), mojaydaeMm B
KauecTBe pellleHHA HepaseHCTBa uHTepBai (0; 1).

r) 35x2 < 24x + 35; 35x% — 24x — 85 < 0;

_ 12+ 128 + 35 _ 1241369 _ 12+ 37,

X1,2 =

35 35 35
= ___—25 = _é = é-9- = 1
T 7° T 35 5’

Bersu napabouni y = 35x2 — 24x — 35 Hanpasnens: eepx. Ilostomy
MHOJKECTBO pelieHu# HepasexcTsa 35x% — 24x — 35 < 0 — aro oTpe-

5 7
30K MEXKAY KODHAMH X, = R X, = 5 (puc. 23).

OrserT a)R; 0) (-00; —1—27); B) (0; 1); r) [—%; g]

Puc. 22 Puc. 23

Takue cjaoBecHbIE 0GOPOTHI, KAK «3JIEMEHT X NPUHAXJIEIKHT MHO-
MKECTBY A» WM «X SBISETCHA SJIEMEHTOM MHOXKECTBA A», HOCTATOYHO
JAJIIHHEL B He BCerZa yAoOHbI B 3alKCH DelleHWH KOHKPEeTHHIX 3aJad.
B maremaTHKe 5TH BhIpa)keHUA 60Jiee KPATKO 3aIIACHIBAIOT TaK: X € A
(MBI yiKe HOJBL30BAJIUCH 3THM 00osHaueHmem). CMEICH 3HAKA NpuHad-
ACHCHOCMU € JIETKO 3alOMHWTB: € — 3TO IlepesepHyTasa Gyksa «3J»,
r, €. 6yKBa, ¢ KOTOpPO# KaK pa3 M HaUWHAETCA CJIOBO «dJieMeHT». Ha-
pALY CO BHAKOM IIPHHAMJIEIKHOCTH € HCIIOJNb3YIOT 1 €0 «OTPHIIAHUE» —
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1 . PALIMOHATNBHBLIE HEPABEHCTBA U UX CUCTEMbI

8HAK €. 3aINuCh X ¢ A 03HAYAeT, UYTO X He ABJJETCHA 3JEMEHTOM MHO-
sxectBa A. IIpuBeseM nmpuMepsl MCHOJL30BAHUA ITUX SHAKOB:

3€{1,38,5,7,9},al13¢ {1, 3,5, 7, 9

Yel{A,E,E, H,0,¥,bI,3,I0, A}, s0be {A, E, E, U,0,V,
bl, 3, IO, A};

2007 € N, toraa kaxk 200,7 ¢ N;

Oc{x[85x2< 24x + 35}, a 2 ¢ {x 18522 < 24x + 85} m . m.

3ameTHM, YTO €CJIU HEBEPHO, UTO X € A, To BepHo, uto x ¢ A. Ha-
obopor, ecaqu BEpHO, UYTO X € A, TO HEBEPHO, 4YTO X &€ A.

[Ipuwmep 4. BepHo ju, uro:
a)0eN; 6)0eZ; 3B)le{x|x’—6x8+3x3+1<0}

r)le {x|m > 30}?

Peme s ue. a) Her, 0 He sBAeTCA HATYPAJILHEIM YHCJIOM. 3HA-
yut, 0 ¢ N.

0) 1a. Bonee Toro, camo o6o3HaueHne Z MHOXKECTBA MEJBIX UHCe
IOJIY4EeHO OT IIepBoil 6YKBEI ClI0Ba <«Zero» — HYJIE.

B) Ila. Iloacrasum x = 1 B HepasencTso x7 — 6x° + 3x® + 1 < 0.
ITonyunm BepHOe umci0OBOe HepaBeHCTBO —1 < 0.

r) Her. IIpu x = 1 He ompejeJieHa JieBag 4acTh HEPABEHCTBA

Jx2 -2 > 80. @

3ameuanme 2. MyHKTbI B) 1 r) npumepa 4 NoKasbiBatoT, KaK NpoBepsTb
CNpaBepNUBOCTL YTBEPAEHHUS X € A B TE€X CNyHasnX, KOraa MHOXeCTBo A
3a0,aHO C NOMOLLBIO XapaKTepucTMHeckoro ceoicTea. CnegyeT npocTo npo-
BEPUTb, BEPHO 3TO CBOMCTBO AfIl KOHKPETHOro uucna X unm Het. OTBeT «ga»
03Ha4aeT, YTo X € A, a OTBeT «HeT» O3Ha4aeT, YToO X € A.

2. NoamHoMtecTBO

dnemMeHTH, 06pasyoolINe JaHHOE MHOXKECTBO A, MOXKHO obbenu-
HATH He CPa3y BCEe BMECTE, a TPYNNHEDPYA UX B PA3HEIX KOMOMHAITHAX.
Tax MOXKHO IOJIYYaTh PasJMYHEIE NOGMHONCECMEE JAaHHOTO MHOKECTBA.

Hanpumep, ecqu MHOKECTBO COCTOMT M3 dJieMeHTOB 1, +, @,
MOJKHO COCTABHTH POBHO TPH IOAMHOKECTBA, KOTOPEIE COCTOAT H3
OByX asiemeHToB. Ito {0, +}, {0, @} u {+, ). PaccmorpumM mpumep
MOCJIOMKHEE,

IIpumep 5. Hamose B cocraBe QyT6onbHOM KOMaHABL JOJIKHBI
BHIATH [JBOe HANMAJAIOIUX, 4 YV TPeHepa KOMAaHALI €CTh YeThIpe KaH-
pujara X, Y, 2 1 t Ha 9TH IIO3UIHU.
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1 . PAUMOHAJIbHBIE HEPABEHCTBA U UX CUCTEMbI

a) !z cKOJMBKUX BapMaHTOB IIPUAETCA BHIOMpATH TpeHepy?

6) Kak maMenuTcs oTseT B a), €CJIM UIrPOK X HE MOJKET HIpaTh
sMecTe C UTPOKOM y?

B) Kax nsMeHHTCS OTBET B a), €CJIM UI'POK 2 MOXKET UI'PATH TOJILKO
IMecTe C UTPOKoM ¢?

r) Kax mameHuTCcA OTBET B a), €CJH HA [OJ€ AOJIKHH BHIATH
Tpoe Hanagaiomux?

P e m e 1 u e. CHauasIa MBI HOJIKHEI IIOHATH, IIPH UeM 37eCh MHO-
WecTBa, 9JIEMEHTHl M HOAMHOMKecTBa. A = {X, y, 2, t} — 370 MHOXMKe-
("I'80, B3 KOTOPOI'0 TPEHEPY CJeLyeT BRIOpaTh ABONX HaNagaloliux, T. €.
suIGparTh ZiBa djeMeHTa. 3HAYHT, 3aJayua CBeJAachk K BhIOOPY PA3IMYHEIX
ABYX3JIEMEHTHHIX IIOZMHOKECTB HAHHOTO MHOMecTBa A = {x, y, 2, t}.

a) IlepeunciuM BapMaHTEI, B KOTOPEIX Y4YacCTBYeT HIPOK X. ITO
{vs y}, {x, 2}, {x, t}. na urpoxa y oguH BapuaHT {X, y} yKe yuTeH,
\WTJIACh BapuaHTH {y, 2} & {y, t}. [lna urpoxa z xBa Bapmuanra {x, 2}
u {y, 2} y’Ke yUTeHEI, OcTaJICA OOUH BapHaHT {2, t}. us urpoxa ¢ Bce
MAPHAHTH BBIXOZA HA UIPY yiKe yKaszaHml. Urtak, TpeHepy mIpHieTcs
nWOHpaTs M3 MieCTH BapuaHTOB: {x, y}, {x, 2}, {x, t}, {y, 2}, {y, t},
{¢y t}.

6) U3 nepeumncsieHHEIX BapuHaHTOB cjaeayer yb6pars {x, y}. Ocra-
IeTCH IATL BAPHAHTOB.

B) U3 mepeunciieHHBIX BapHaHTOB cjaexyer ybparts {x, z} u {y, z}.
{k-raHeTCH UeTHIPE BapHaHTA.

r) TyT cjieiyer IOCUHTAThL BCE TPEX3JEeMEHTHEHIE IIOAMHOKECTBa
AnHOrO MHOMecTBa A = {x, y, 2, t}. Bor oum: {x, y, z} (orcyrcreyer t),
{«. y, t} (orcyrcTRyer 2), {x, 2, t} (orcyrcrByer y), {y, 2, t} (orcyr-
ersyer x). Becero uersipe Bapmuanrta (puc. 24).

O T BerT: a) 6; 6) 5; B) 4; 1) 4.

A CKOJBKO BCEr0 MMEeTCHS HOAMHOKECTB Y UeTHIPEX3JIeMEeHTHOrO
muokecrBa? Bygem paccysxgate Kax B nmpumepe 5. CoGepeM Bce cBe-
Acligg B Tabauny.

{x, y, 2}
{x, y, t}
ey 2 t) {x, 2, t}
{y, 2z, t}
Puc. 24
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Yucsio HaNaZaromux

0 1 2 3 4
Bapumamtet  |Hanagaroomux | {x}, {y}, | {x, y}, {x, 2} | {x, y, 2}, | {x, ¥, 2, B}
COCTABOB Her coscem | {z}, {t} | {x, t}, {y, 2} | {x, y, t},
HamaJZaronyx {y, t}; {2, t} | {x, 2, t},
{y, 2, t}
KonmuecTso 1 4 6 4 1
BapHMaHTOB

Hrak, y 4eTHIPeX3/ieMeHTHOTO MHOJKECTBa €CTb 4 OAHOJIJIEMEHT-
HBIX IOAMHOJKECTBa, 6 ABYXBJIEMEHTHBIX IIOAMHOKECTB, 4 TpexaJe-
MEHTHEIX MOAMHOYKECTBA, 1 YeThIpex3jieMeHTHOEe NOAMHOXMKECTBO
u 1 IOAMHOMKECTBO, B KOTOPOM BOOOIE HET 3JEMEHTOB, T. €. MyCTOe
MHOKecTB0. Becero monyuunocs 1 + 4 + 6 + 4 + 1 = 16 pasusix mog-
MHOMECTB.

B ofmeM Buae ompejesieHue IIOAMHOMKECTBA BBITAALUT TaK.

Onpegenenme 1. Ecau kaxAbiii aneMeHT MHOecTBa B sipns-
eTCs 3JeMEHTOM MHOMKECTBA A, TO MHOXKeCTBO B HAa3BIBAIOT IOAMHO-
axecTBOM MHOXKecTBa A. O0osnauenme: B ¢ A. 3HaK «C» Ha3BLIBAIOT
3HAKOM BKJIIOYEHUS.

Ecnn MuoMecTBa A v B ABAAIOTCA NNOCKEMU (purypamu (TouHee,
MHOKECTBAMH TOYEK, M3 KOTOPHIX cocToaT Gurypst A u B), To BKJIO-
yeHue B ¢ A osHauaer, uTo ¢urypa B menuroMm pacrojsioxeHa B du-
rype A (puc. 25).

IIpumep 6. Ha puc. 26 uzobpaykeHbl YeThIpe IJIOCKHE QUIYpEI:
KpyT A, OpAMOYTroJbHUK B, Tpeyroasauk C u D — yacThb IIJIOCKOCTH,

A

[ D
A B

Puc. 25 Puc. 26

A

BcA
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Q’JBA‘L ;

CcA DcB CcB

Puc. 27

orpapnueHHas opajioM. Kakwme us Briuouermit A c B,C c A, D c B,
AcD,CcB,DcA:
a) BepHBI; 0) HEBEpPHHI?

Peme H u e. a) Bkmouenna C c A, D c B, C c B Bepasl. M
usobpasuM ux nomapHo (pmc. 27).

6) Bxmouenna A c B, A c D, D c A HeBepHbI. MH Tak »ke nzobpa-
3MM X IOINAPHO ¥ B KaXKJOM CAy4Yae OTAEeJIbLHO OTMETHM HEKOTOPYIO
TOYKY, KOTOpad NPHHAILJEKHUT JIeBOM YacTH BKJIIOUEHHsd, HO He IpH-
HAJJIEKHUT IpaBoi vactu (puc. 28). @

3ameyanme 3. 3HaKM NPUHARNEIKHOCTM € W BKIOUEHUA C HECKOMBKO
noxoXu apyr Ha gpyra. OgHako 3TO NPMHUMNMANbLHO PasHble 3HaKK M KX
He cnepgyeT nytate. Hanpumep, 3anuce 1 C {1, 2, 3} ownbouHa, TaKk Kak
® ee NeBOM 4acTh HAaXOGUTCA He MHOXEeCTBO. B To e spema ¢ 3anuceio
1e {1, 2, 3} sces nopsgKke: oHa O3Ha4aeTt, 4To 4Yucno 1 aensercs
memeHTOM mHOXecTea {1, 2, 3}. 3anmcs [1; 2] € (0; 3) ownbouHa, Tak Kak

A A A
o
B
\/ D D
Hesepro, uTro A c B Hepepro, wrto Ac D Hepepno, uto D c A

Puc. 28

’ Mopaxosud, 9 k., 4. 1 33
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Puc. 29

B €e NeBOM 4aCTM HaXOAUTCS HE INEMEHT MHOMKECTBA, @ HEKOTOPOE MHOXEe-
ctBO. A BOT 3anuchk [1; 2] = (0; 3), Kak roBopAT, KOPPEKTHA; FreoMETPUHECKH
OHa O3Ha4aeT, 4To oTpe3ok [1; 2] uenukom copeprwmnrca B untepeane (0; 3)
{pvc. 29).

3. Mepecevenme u O6'beAHHeHHe MHOYKeCTB

HN306pakeEre MHOMKECTB B BHAE ILUIOCKHX (UT'Yp O4YeHL yA00HO
I HaTJIAAHONO OOBSCHEHUA Pas/IMYHBIX Onepayuil Had MHOJCeCmaamu.,
OOBIYHO MHOXKECTBA IIPH 9TOM H300paskaloT B BUJEe HEKOTOPHIX KPy-
roB. Taxue Kpyru HasbIBAIOT Kpyzamu IJilaepa B YecTb BEJINKOrO IIBeii-
mapckoro maremaruxa Jleonappa Jitnepa (1707—1783), KoTophlit
Joaroe spems paboran B Poccum. Haunem ¢ omeparmuu nepecevenus
MHOJKECTB.

Onpegenenune 2. Ilepeceuennem MHO#xeCTB A 1 B Ha3HBaIOT
MHOJKECTBO, COCTOSIIIEE U3 BCeX OOIUX 3jIeMeHTOB MHOKecTB A u B,
T. €. U3 BCEX 3JIEMEHTOB, KOTOPLIE IPHHAAJIEKAT M MHOMECTBY A, U
mHOXKecTBY B (puc. 30). Ilepeceuenne MHOMXKecTB A 1 B 0603Ha4Ya0T
TaK: A N B,

Hcnonpsys y:ke M3BECTHBIE CIIOCOOBI 3ajaHUA MHOMKECTB, 3TO OH-
pefelleHye MOMKHO IEePEeBeCTH M3 CJIOBECHOH (opmMbl 3anmucu B (op-
MYJBbHYIO:

(AﬂB={x|xeAnxeB}.)

A

ANB

Puc. 30
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-y

II pumep 7. Halfitw nepeceuenne MHOKecTB A u B, ecin:

a)A={11, 22, ..., 88,99}, B={3,6, 9, ...};

6) A — MHO0KeCTBO PasIMUYHEIX OYKE, HCIIOJL3YEMEIX B CJIOBE «Iie-
pepacnpeneenues, B — MHOKECTBO Da3IWYHBIX OYKB, HCIIOJL3yE-
MLIX B CJIOBE «Ded)OpPMHPOBAHHUE».

B)A=(1; V10), B=N.

Pemeuue. a) A — 9T0 MHOKECTBO BCEX ABY3HAUHBIX YHCEJI,
xpaTtHeIX 11, B — 3TO MHOKECTBO BCEX HATYPAJLHEIX 4YHCEJI, KpaT-
nuix 3. Yucesao x mpuHAANEKHAT 1 MHOMKECTBY A, 1 MHOXECTBY B, ecau
OHO ABY3HAUYHO M KparTHO Kak 11, tak m 3, T.e. KpatHo 33. Takux
"Y1ces mMeeTcsl poBHO Tpu: 33, 66 u 99.

Hrak, A N B = {33, 66, 99}.

6) BrimmnieM Bce BCTpEUAKIIMECHd B YKA3AHHBIX CJI0BaX OYKBEI IIO
(YIHOMY pasy: A= {II, e p,a,c na,J, H, I/I}, B= {P, e, ¢,0,™M, 1,8, a, H}'
P’ncCMOTPHM 1O OUEpPeAy BCE 9JIEMEHTHI IIEPBOrO MHOKeCcTBa. Tak Kak
ne A, Ho 1 ¢ B, To OykBa «I1» He ABJisieTcAa o6GLIeH AJs MHOXKecTB A
» B. 3uaunr, n ¢ A N B, Tak Kkak e € A u € € B, To OyKBa «e» ABIA-
erea obmei ana MHOKecTB A m B, 3maunt, e € A N B. Ilepebupas
TWKHM xe 00pa3oM ocrajbHBle OYKBBEI MHOKecTB A u B, nmoaydaem:
ANB={e p, a, H, u.

B) Yucsno 1 mpuuamie:kur MHOMxecTsBy B = N, HO He mpuHajje-
weur MHOKecTBY A = (1; \/ﬁ ): KOHen MHTEPBAJa He BXOAUT B CaM
wirepsad. 3uaunrt, 1 € A N B, Tak Kak 3 < J10 <4, Touncna 2 u 3
HPMHAAJEKAT ¥ MHOKECTBY A, 1 MHOKecTBY B. 3uauutr, 2e AN Bn
d « AN B. Bce HaTypajJbHEIE YHCJIa, HAUYMHAA ¢ 4, JIe)KAT BHE MUHTED-
snsa (1; «/16 ). 3HauuT, BCe 3TH YKUCIA HE IPHHALJEKAT liepecede-
w0 A N B,

Hrax, A N B = {2; 3} (puc. 31).

B
. PAANN
10
—F——M — } & ® ° P x
0 1 2 3 4 0 1 2 3 4

T 7///77 71717771,
0 1 2 310

AN B={2; 3}
Puc. 31
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1 . PAUUOHAJbHLIE HEPABEHCTBA U UX CUCTEMbL

A

ANBNC

Cc

Puc. 32

MokHO paccMaTpHuBaTh EpPeceYeHuss He TOJIbKO ABYX, HO U Tpex,
YeThIpeX W T. A. MHOKeCcTB. Hampumep, nepecevenuem mHoxecTB A, B
n C Has3sIBAIOT MHOJKECTBO, COCTOAILIEE U3 BCEX 3JEMEHTOB, KOTODHIE
NIPEHAAJIEMKAT ¥ MHOYKECTBY A, 1 MHO)XKecTBY B, u MaOKecTBY C (puc. 32).
ITepeceuenue muoxkecTB A, B m C obosnauaror Tak: A N B N C,

3ameuanme 4. BoT KnaccMueckuin npumep M3 PYCCKOW nMTEparypbl,
CBSI3aHHBIM C OAHOBPEMEHHbIM BbiNONHEHWEM HECKONbKUX YCI‘IOBHﬁ. B kome-
awm H. B, Torona «X¥eHute6a» rnasHas repouts, Hesecta Aracpbs TuxoHoOB-
Ha, paccyaaeT TaK: «...Ecnu 6bi rybel Hukanopa UeaHosuua ga npuctaents
K Hocy MeaHa Ky3bmuua, pa B3aTb CKONbKO-HMOYAb PasBA3HOCTH, KaKas y
banTtaszapa bantazapbiua, ga, noXanyi, NpMbaeuTb K aTOMY eLle AOPOgHO-
ct1 Meana Masnoeuua — s 661 TOrga ToTHac 6b1 pewmnace. ..»

Y yeTbipex pasHbiX XEHUMXOB eCTb YeTbipe Pa3HbIX CBOMCTBA, M HeBecTa
meuTaeTt o Tom, 4Tobbl monopoi yenosek obnapan cpasy BCemW CBOWCT-
Bamu. C Toukm 3peHus Teopum mHoxecTs Aradbs TuxoHOBHa uccnepyet Bon-
pOC O HernycToTe NepeceyeHUs YeTbipex Pa3NMUHbIX MHOMECTB.

HcnonpsoBaHue onepanydu IepeceueHnsa MHOXKECTB B MaTeMaTHKe
COOTBETCTBYET HCIIOJNb30BAHMUIO COI03a «H» B DYCCKOM A3RIKe. Pox-
CTBEHHBIH €My COIO3 «HJH» CBA3AH C APYroil omepanmeil Hax MHOMKe-
CTBAMHU — onepayueil 00zedurnenus.

Onpegenenne 3. O6penuHenHeM MHONECTE A U B Ha3LIBAIOT
MHOKECTBO, COCTOSINEEe M3 BCeX 3JIEMEHTOB, KOTODHIE NPHHAAJEMKAT
XO0Tda 6B OZHOMY H3 3THX MHOMECTB — HJIM MHOMECTBY A, U
MHOKecTBy B (puc. 33). O0reguHenne MHOMXKeCTE A 1 B 0603nauaoT
Tak: A U B,

36



1 . PALUMOHANbHBLIE HEPABEHCTBA U UX CUCTEMDI

AUB

Puc. 33

Kax u B ciyuae mepeceueHns, 3T0 OIpeJesieHNEe MOXMKHO mepesec-
T U3 CJIOBECHOH (POpMBI 3amucu B (DOPMYJIBHYIO:

(AUB:{xlxeAmmxeB}.)

II pumep 8 Haiitu oobenmnenue Maoxects A u B, eciu:

a) A — MHOXKecTBO genureneil uncna 105, B — MHOKeECTBO JeJH-
reseil uncna 55;

6) A — mMuOMKecTBO Iudp 3anucu yucaa 3°, B — MHOKecTBO HuPp
annucx uyucaa 29

B) A= (1; V10), B =[2; 4);

r) A — MHOKECTBO TOYEK KOODAHMHATHOM IJIOCKOCTH, ¥ KOTOPBIX
afciucca Gospme 3, B — MHOMECTBO TOYEK KOODAMHATHOM ILJIOCKO-
0TH, Y KOTOPBEIX OpAMHATA He GoJablie 2.

Pemexnue.

a) Paznoxxum Ha mpocrehie MuEOMKUTeqH ukcaa 105 u 55. Tak xax
h=38-5-7,ab6=5-11,70A={1, 3,5, 7, 15, 21, 35, 105}, a
8 -{1, 5, 11, 55}. BoabMeM Bce 3JeMEHTHI MHOXKECTBA A, a 3aTeM Te
»/ICMEHTHI MHOXKecTBa B, KOTOphle He BCTpPeYaJuCh B A, T.e. moba-
aum 11 u 55. 3uauwmr,

AUB={1,3,5, 7,11, 15, 21, 35, 55, 105}.
6) 3% = 243, 2'° = 1024. 3uauur, A = {2, 3, 4}, B ={0, 1, 2, 4}.
llocrynuM Kax # B iyHKTe a). [Toxyuum: A U B={0, 1, 2, 3, 4}.
B) Tyr yaoGHee paGorarh ¢ uucaOBO#l mpamoii. [laBHBIE MHOMe-
rna (umcsoBble mpoMexkyTKE) A = (1; «/16 ) u B = [2; 4] nepecekaioT-
¢31, HO HA OZHO M3 HUX He COAEPyKHUTCHA IEJHKOM B ApPyroM (puc. 34).
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1 . PALUMOHANBHBIE HEPABEHCTBA U MX CHUCTEMbI

—

AUB

Puc. 35

HcnonbayeM il 3THX MHOJKECTE DA3JMYHEBIE LITPEXOBKH M 3a-
TEM IIOCMOTPHM, KaK0O€ UHCJOBO€ MHOJKECTBO B MTOTe MBI SaIITPHXO-
sasmm: A U B = (1; 4] (puc. 35).

r) 3gech TOXKe ygoOHee MCIOJIb30BaTh depTesk. MHOKecTBO A —
3TO MHOKECTBO BCEX TOUEK, JIEKAIIUX IpaBee BePTUKAJIbHON MPAMOIi
x = 3 (puc. 36). MuOoKecTBO B — 3T0 MHOMKECTBO BCEX TOUYEK, JIEIKA-
WX HHUMKE MOPH30HTAJLHOM npaMoOM y = 2 Wi Ha caMoi aTo#i mpa-
Moii (puc. 37).
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1 . PAUMOHANBHBIE HEPABEHCTBA U UMX CUCTEMbBI
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Puc. 39

Torga A U B — 3T0 MHOKECTBO BCeX TE€X TOYEK ILIOCKOCTH, KOTO-
puie MBI 3aIITPUXOBAJIK IEPBBRIM WM BTOPHIM cmocobom (puc. 38).
(OrMeTuM A IpuMepa, uTo ToukKa (3; 2) npuHagjiexur ob6neguHe-
nuw A U B, a Touxku (2; 3) u (3; 5) emy He npunazaexar. @

Kak u gna nepeceueHnii, MOXKHO PacCMaTpHBaTh 00beJHHEHH A HE
TOJBKO ABYX, HO M TPeX, 4YeTHpexX u T. . MHOXKecTB. Hampumep,
of0vedunernuem MHOMXKeCTB A, B n C HaspIBalOT MHOYKECTBO, COCTOf-
liee U3 BCEX BJIEMEHTOB, KOTOPHIE€ IPMHANJEIKAT HJAU MHOMKECTBY A,
Wi1u MHOXKecTBY B, niam muoMxecTtBy C (puc. 39). OdneauHeHne MHO-
mieeTB A, B u C o6o3nauaior Tak: A U B U C.
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1 - PAUMOHANBHBIE HEPABEHCTBA U MX CUCTEMbI

3ameuyanme 5. 3naku nepecedenus «N» M obveanHeHns «U» yyawmecs
yacTo nyTatoT. BoT HeckonbKo coseToB Mo Ux 3anomMuHaHMIo. 3HaK o6beam-
HeHust «U» Noxox Ha nepsylo 6ykBy aHrnmitckoro cnosa Union — obvepu-
HeHue. Opyroi cnocob: onepauns o6beaguHeHns U — 37O OTKPbITLIN me-
LWIOK, B KOTOPbIIA CChIMAIOTCR SNeMeHTbl OO bEAUHAE MbIX MHOXKECTB. 3HauMT,
A U B copepxur B cebe Bce anemeHTbl o6omx mHOXecTB A u B n He copep-
HUT HUKAKMX BPYrux snemeHTos. Ecnu Bbl xopowo 3anomHMM 3Hak obbve-
AuHeHus «Ux», TO 3HaK nepeceyveHms «» — 3TO NPOCTO APYrol OCTaBLUMIACH
3HaK. MOXKHO TaKXKe 3aMeTHUTb, YTO «/1» HECKOMNBKO HANOMMHAET PYCCKYIO
6ykBy «[», c KOTOPOI HAUYMHAETCS CNOBO «NepeceqeHne».

§4. CUCTEMbI HEPABEHCTB

PaccmorpuM gBa nmpuMepa, DPEHIEeHHE KOTODPBIX, KaK MBI
YBHAUM, IIpHUBeJeT K HOBOI (JJsd Bac) MaTeMaTH4YeCKOd MoJeam —
cuCTeEMe HEDPaBEHCTB.

IIpumep 1. Haiitu obaacts onpeneneHus BhIpaKeHHUA
f(x)={2x-4+ \8-x.

P e m e H u e. Bripaxenue, cogepokaiieecs Ioj sHaKOM KBagpat-
HOrO KOPHHA, AOJKHO OLITL HEOTPUIATENbHBIM, 3HAYUT, NOJMKHEL
OAHOBpPeMeEHHO BHIOOIHATHCA ABa HepaBeHcTBa: 2x — 420 un
8 — x 2 0. B rakux cayuagx roBopaT, YTO 3aja4da CBOAUTCHA K pelire-
HHIO cucmeMmbl HepaseHCcmse

2x-4 20,
8-x2>0.

Ho c Takoit MaTemMaTHUeCKO# MOAEILIO (CHCTEMOII RePABEHCTB) MBI
elne He BCTPEUYaNNCh. BepHEeMCA K PENIeRHI0 9TOr0 IpUMepa Io3THee,

IIpumep 2. 3agymaHo HaTypaJabHOe 4nuciao. VsBecTHO, 4TO
ec/lu K KBaApaTy 3aiyMaHHOro umcjaa npubasuts 13, To cymma Gymer
0oJbIlle IPOM3BEXEHUA 3aAYMAHHOTO vucaa m uucyaa 14. Ecau xe
K KBaApaTy 3afyMaHHOrO 4yucjaa npubasuth 45, To cymma Oyger
MEHBIII€ MPOM3BEeACHUA 3aAYMaHHOro uucjaa u umncaa 18. Kakoe uucio
3aayMaHo?

Pemenue. IlepBuiii aran. Cocmasnienue mamemamuieckoil
Modenu.
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1 . PALUMOHANDHbIE HEPABEHCTBA M UX CUCTEMbDI

IIycte x — 3agymamboe uwcao. ITo mepBoMy yC/I0BHIO CyMMa 4u-
cea x? v 13 Gosbine uymncaa 14x; 5To 3HAYUT, YTO AOJAHO BBITOIHATHCS
nepaBeHcTBO X% + 13 > 14x. Ilo BTOPOMY YCJIOBHIO CyMMA UHCEN X2
# 45 Menbine umcia 18x; 5TO 3HAYWT, YTO AOIKHO BEIMOJHATHCH
nepaBeHcTBO X% + 45 < 18x. YKasaHHBIe HEPABEHCTBA JOJIKHEI BbI-
NOJHATHECS OJHOBpEMeEHHO, ClIeA0BaTeNbHO, PeYb HAET O pelle-
IIMH CHCTEMLI HEPABEHCTB

x2 +13 > 14x,
x% + 45 < 18x.

Iloka npugercsa NOBPEeMEHUTH C MEPEXOL0M KO BTOPOMY 3TaIy pe-
ICHKA 3aAaYy — 3Tany paGoThl ¢ COCTaBIeHHO MaTeMaTHUYeCKoi Mo-
aedipio, CHauasIa HAK0 U3YUNTH HOBYK) MOZAENL — CHCTEMY HEPaBeHCTB.

OnpeaeneHne. HecKonbKO HEPABEHCTB € OAHON IepeMeHHOH X
00pasyioT cHCTeMy HepaBEeHCTB, €CJIM CTABHUTCS 3aJada HANTH Bce Ta-
Kue 3HaYeHNA IIePeMeHHOM, NP KOTOPBIX KajKaoe M3 3aJaHHBIX He-
PHBEHCTB ¢ IIEPEMEHHOI ofparjaercsa B BEPHOE YKUCJI0BOE HEPABEHCTBO,
JlioGoe Takoe 3HaueHye X HA3LIBAIOT pellleHHMeM (MU YaCTHBIM pelre-
#MeM) CHCTEMBbI HEPABEHCTB.

MHoOXeCTBO BCeX pelleHuil (YacTHHIX pelreHnii) CHCTeMBl Hepa-
WCHCTB IpeAcTasiger coboii ofliee pelreHHe CHCTEMEI HEPAaBEHCTB
(MuIIe TOBODAT MPOCTO — PpelIeHue CHUCTEMbl HEPABEHCTB).

HepaBencrsa, o0pasyiolnue cucTeMy, 00beAUHAIOTCA (PUTYPHOIM
¢1c00K0i1 (Tak Ke, KaKk BBl 3HaeTe, OOCTOUT JeJio M B CHCTEMaXx ypas-
nenmit). Hanmpumep, sanucs

2¢x-1> 3,

3x-2<11
osnavaer, uTo HepasencTBa 2x — 1 > 3 um 3x — 2 < 11 o6pasyioT
cucTeMy HePaBeHCTB.

HHoraa ucmoabayercs 3allch CHCTEMEI HEDABEHCTB B BUAE 0801i-
noco Hepasencmea. Hanpumep, cucreMy HepaBeHCTB

{2x—1>3,

2x-1<11

M()KHO 3aIMCaTh B BAAE ABOMHOrO HepaseHcTsa 3 < 2x — 1 < 11.
PaccMoTpuM cuCTeMy HEePABEHCTB

2x—-1> 3,
3x -2 <11.
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1 . PAUMOHATBHBLIE HEPABEHCTBA U UX CHUCTEMbI

Mo:xHO mos106paTh HECKOJMBLKO €€ YACTHBIX pelleHuii, HampuMmep x = 3,
x=4, x = 3,5. B camoM zese, npu x = 3 nepBoe HEPABEHCTBO NIPUHU-
Maer Bug 5 > 3, a Bropoe — Bua 7 < 11. Ilosnyumnuch gBa BepHHIX
YMCJIOBHIX HEPABEHCTBA, 3HAUWT, X = 3 — YACTHOE pPelIeHNe CHCTEeMBI
HepaBeHCTB., TOYHO TaK e MOKHO YOeZHTBHCA B TOM, UTO X = 4,
x = 3,5 — uacTHBIE pellieH¥A CHCTeMBl HEepaABEHCTB.

B 10 xe BpeMdA 3HaueHuEe X = § He ABJACTCA YACTHEIM PELIEHUEM
cuCTeMHl HepaBeHcTB. IIpy x = 5 mepBoe HepaBEeHCTBO IPHHUMAET BT,
9 > 3 — BepHOE YHCJIOBOE HEPABEHCTBO, 8 BTopoe — BuA 13 < 11, ato
HEBEePHOe UNCJOBOE HEPAaBEHCTBO.

Pewums cucmemy Hepasencme — 3HAYUT HANTH BCe ee YaCTHHLIE
pemienusa. flcHo, uTO Takoe yragniBaHue, KOTOPOe IIDOAEMOHCTPHPO-

BaHO BBILIE, — HE MeTOoJ PpPeIeHHnsA CHUCTEeMBl HEPaABEHCTB. Rarc xe
f(x) > 0,

PeInTsL CUCTEMY HEPABEHCTB
g(x) > 07

ITycrs X, — pemesue nepasencTBa f(x) > 0 (MHOMKECTBO yacT-
HBIX pemenmii), a X, — pemenue HepaBeHCTBa g(x) > 0 (MHOMECTBO
YaCTHHIX pemueHmii). Hac MHTepecyloT Te M TOJLKO Te 3HAUEHUA X,
KOTOpble NPUHAAJIEXAT U MHOXKeCTBY X, ¥ MHOMkeCTBy X,. SHAUMT
(cM. § 3), Hac uHTepecyer MHOMeCTBO X, N X, — 3T0 mepecedenue u
ABJIAETCA PelleHNeM 3aJaHHONH CHCTEMLl HEDaBEHCTB.

MIpumep 3. Pemiurth cucTeMy HEDABEHCTB:

2x-15 3, 9% —15 3, 9% -1< 3,
) 1352 <11 3x-2>11; B \3x-2>11.

Pem e B u e. a) Pemmas nmepsoe HepaBeHCTBO CHCTEMEI, HAXOAMM:
2x > 4; x > 2, Pemas BTOpoe HEPaBEHCTBO CHCTEMbI, HaxoquM: 3x < 13;

13 1
x< g,T.ex< 45 . OTMeTHM 3TH IPOMEMKYTKH HA OQHOM KOOpAU-

HaTHO# npAMoii, MCIONBL30BAB AJA BHILEJEHUA IEPBOr0 IPOMEKYT-
Ka BEPXHIOIO HITPUXOBKY, & JJA BTOPOr0o — HHMKHIOIO IITDHXOBKY
(puc. 40). PemenmeM cucCTeMBI HepaBeHCTB OyAeT nepeceueHue peule-
Huil HEPpABEHCTB CHCTEMHl, T. €. IPOMEXKYTOK (WIN HECKOJBKO IIpoMe-
JKYTKOB), HA KOTOPOM 00e IUTPHXOBKY COBmaju. B paccMaTpmBaeMoM

IpUMepe IoJIydaeM HHTEPBAJI (2; 4%)
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1. PAUMOHANBbHBIE HEPABEHCTBA U UX CUCTEMDI

T AP Oy X

1
2 4 3
Puc. 40
—gl gl
1
2 4§
Puc. 41

6) Pemasa mepeoe HepaBEeHCTBO CHCTEMBI, HAXOAMM: X > 2; pelnas

1
nTOpoe HEPABEeHCTBO CHCTEMBbl, HAXOAUM: X > 4§ . OrmMeTuMm aT; mpo-

MEXYTKHM Ha OJHOM KOOPAWMHATHOR HpaAMOil, MCHOJL30BAB AJIA IEp-
®Or0 MPOMEKYTKA BEPXHIOK IITPUXOBKY, & AJIA BTOPOT0 — HMMKHIOI
TpuxoBKy (puc. 41). Pemresnem cucreMsl HepaBeHCTB OyaerT mepe-
ccyeHue pellleHmnil HepaBeHCTB CUCTeMBI. B paccMaTpuBaeMoM IpuMe-

1
pe moayvaeM Jyd [45; +0°).
B) Pemmrass mepBoe HepaBeHCTBO CHCTEMbI, HAXOAUM: X < 2; pelias

1
NTOPOE HEPABEHCTBO CUCTEMEI, HAXOOUM: X > 4-3— . OrMeTuM 9TH IPO-

MeKYTKH Ha OXHOM KOOPAMHATHON NMPAMOI, HCIOJIL30BaB AJIA [IEePBO-
ro IPOMEXYTKA BEePXHIOI INITPHMXOBKY, a JJAA BTOPOr0 — HIKHION
mTpuxoBry (puc. 42). PemesneM cucreMpl HepaBeHCTB Oyzer Iepe-
ceyeHHe pellleHull HepaBeHCTB CUCTEMEI, T. €. IIPOMEXYTOK, Ha KOTO-
poM ofe IITPUXOBKHU COBOAIM. 3AeCh TaKoil 0o0Ieil 4acTH HeT, 3HaA-
MUT, CUCTeMa HEPABEHCTB HE HMMEET PellleHui,

1 1
OrBerT: a)2<x<4-§; 6) x 2 45; B) HeT pemreHuii (MHOrga

#TO CJIOBOCOUYETAHUE, HATIOMHUM, 3aMEHAIOT CHMBOJIOM IIYCTOrO MHO-
wectsa J).

O0600mMM paccysKkJeHns, IPOBEAEHHRIE B PACCMOTPEHHOM IIDHMeEpe.
llpegmososkuM, 4YTO HAM HYKHO DPEIIUTh CHCTEMY HEDABEHCTB

f(x) > g, (x),
f,(x) > g,(x).
M . e rrrrry > x
2 1
43
Puc. 42
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1 . PALUMOHANBHBIE HEPABEHCTBA U UX CUCTEMbI

HycTts, HannpuMep, uHTEpBaJ (@; b) ABIAETCA pellieHNEeM HepaBeHCTBA
f,(x) > g,(x), a uarepsax (c; d) — pelneHHeM HepaBeHCTBa f,(x) >
> g,(x) (puc. 43). Pewernuem cucmemvt HepaseHcma A6NAemcs nepe-
ceuenue peuwlenuil HepaseHcms cucmemsi. B paccMarpuBaeMoM CIy-
yae 3TO uHTepBan (¢; b) (puc. 43).

a c b d
Puc. 43

Temnepr MuI 6e3 0co6Oro TPyZa CMOXKEM PellWTh CHCTEMY Hepa-
BEHCTB, KOTOPYIO IOXYYMIH BhIllle, B npumepe 1:

2x—4 20,
8-x20.

Pemas mepBoe HepaBEeHCTBO CHCTEMH, HAXOZUM: X 2> 2; pellad BTO-
POe HEepPaBEeHCTBO CHCTEMEI, HaxoauMm: X < 8. OTMETHM 3TH IPOMERKYTKHU
(s1yuu) Ha oamoii KoopauHAaTHON npAMoil (puc. 44). Pemenunem cucre-
M5l HepaBeHCTB OyAeT nepecevyeHue pelleHNii HePaBEHCTB CUCTEMBI —
oTpesok [2; 8]. To o6iacTs OnpenesieHNnsa TOTO BhHIPaXKeHHusd, O KOTO-
poM 1LIa peub B mpumepe 1.

FrrTTOrrRRR PR AR AR A ¢
2 8
Puc. 44
Pasymeercs, crcreMa HepaBeHCTB He 00A3aTe/IBHO JOJIMKHA COCTOATH
U3 JUHEHHBIX HePaBeHCTB, KaK OBIJIO IO CHX IIOP; MOI'YT BCTPETHUTHCA
n00ble panuoHAJbHEIE (a B AAJbHEHINeM M He TOJbKO PAIlMOHAJIBHEIE)
HepaBeHCcTBa. TexHuYecKH pabora ¢ cHCTeMO# paloOHAJbHEIX HeJHu-
HelHBIX HepaBeHCTB, KOHEYHO, CIOXKHee, HO NPUHIHUNKANLHO HOBOIO
(II0 CpaBHEHHIO C CHCTeMAMU JUHEHHBIX HEPABEHCTB) 37eCh HUUero Her.

IIpumep 4. Peminrtsh CUCTEeMy HEPaBEHCTB
x2-920,
{Sx -x*20,
Pewe u u e. 1) Peuum mepaBencrso x2 -9 > 0, T. e.
(x-3)x+3)=20.
OrMmeruM TOuKHM —3 ¥ 3 Ha UKCI0BOH mpamoit (puc. 45). Onu pasdu-
BalOT IPAMYIO HA TPHU IPOMEKYTKA, IIPUYEM HA KaKJIOM IIPOMEKYTKE

4



1 . PAUMOHANBHBIE HEPABEHCTBA U UX CUCTEMbI

“““‘. 'lllll-'-lllll »x
-3 3

Puc. 45

unpaskenne p(x) = (x — 3)(x + 3) coxpaHAeT MOCTOAHHEIN 3HAK — 9TH
anaKy ykKasausl Ha puc. 45. Hac uHTepecyoT npoMeXyTKH, HA KOTO-
)IX BRITOJNHAETCA HePaBeHCTBO p(x) > 0 (O0HHM 3aITPUXOBAHEI
na puc. 45), ¥ TOYKH, B KOTOPLIX BHINOJHAETCA paBeHCTBO p(x) = 0,
*. €. TOYKH X = —3, X = 3 (0OHH OTMEeUYeHHl Ha puc. 45 TeMHBIMHU Kpy-
woukamu). TakuM o0pasom, Ha puc. 45 nmpencTaBjIeHa reOMETPHYECKAA
WIJIIOCTpAIlUA pellleHuA MePBOro HepaBeHCTBA.
2) Pemtum HepaBeHCTBO 5x — x2 2> 0, T. e.

x(5-x)20,
— + -—
—rrrrrrrrrrT e X
0 5
Puc. 46

OrrmetuM Touku O u 5 Ha umcaoBOM mpamoii (puc. 46). Oru pastuba-
WT BPAMYIO HA TPH HNPOMEXYTKA, HIPHYEM HA KaKJOM IIPOMEXYTKE
suparkerne g(x) = x(5 — x) coxpaHsAer ITOCTOAHHEIN 3HAK — 9TH 3HAKH
yxasaHHI Ha puc. 46. Hac uHTepecyeT, rie BHIIOIHAETCS HEPABEHCTBO
§(x) > O (cooTBeTCTBYIOIIHMI MPOMEXKYTOK 3ALUTPUXOBAH HA puc. 46);
WY)KHEL HAM M TOYKHM, B KOTODEIX BBINIOJIHAETCH PaBeHCTBO ¢(x) = 0,
¢.e. Touku x = 0, x = 5 (0OHM oTMeueHsI Ha puc. 46 TeMHEIMU Kpy-
moukamu). Takum o6pasoM, Ha puc. 46 mpezcrasJeHa reoMeTpHYe-
OxuA HMJUIIOCTPALUSA PeIleHud BTOPOr0 HEPABEHCTBAa CHCTEMEL.

3) OrmeTrM HalifieHHEIE PEIICHUA IIEPBOIO M BTOPOTO HEPABEHCTB
€1CcTEMEl HA OXHOM KOODAMHATHON NMPAMON, MCIOJIL30BAB JAJs pellie-
Sl IePBOro HEPaBeHCTBA BEPXHIOI INTPUXOBKY, a AJIA PelleHuil BTo-
poro — HIKHIOI MTPHUXOBKY (puc. 47). Pemenmem cucTreMhl Hepa-
#nilcTB OyZeT nepeceveHre PellIeHM HepaBeHCTB cucTeMel. B paccmar-
puBaeMoOM IpuMepe 3TO OTPe3oK [3; 5].

OrBeTr: 3<x<5.
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1 . PALUMOHANDHBIE HEPABEHCTBA U UX CHUCTEMbI

Hpumep 5. Pemurs cucTeMy HepaBeHCTB:

2x -1 > 3, 2x-1> 3,
8) V24 x4+ 2<0; 6) V24 x+2>0.

PemeHue. a) U3 nepBoro HepaseHcTBa HaxoauMm: x > 2. Pac-
cMOTpHM BTOpoe HepaseHCcTBO. KBazmparsmiit Tpexuien x2 + x + 2
He uMeeT AeHCTBUTEJILHBIX KOpHEI, a ero crapmuii KoagpdumuesT
(roappunmenTt npu x?) momoxurened. 3gaunut (cM. § 1), mpu Beex x
BBITIOJIHAETCA HepaBeHcTBO X + x + 2 > 0, a moTOMy BTOpOE Hepa-
BEHCTBO CHUCTE€MEI He MMeeT peureHuit, UTO 9TO 3HAYMT AJAS CHUCTEMEI
HepaBeHCTB? JTO 3HAYUT, UTO CHCTEMAa He MMeeT pellleHuid.

6) 3 mepBoro HepaBeHCTBA HaxoguM: X > 2. Bropoe HepaBeHCTEO
BBRITIOJHAETCA TIPHU JIOOLIX 3HAYEHUAX X. YTO 3TO 3HAYHUT AJIS CHUCTE-
MBI HepaBeHceTB? To, 4YTO ee pelleHne COBIAAAeT ¢ PelleHreM HePBOro
HepaBeHCTBA.

OrBeT: 2)J; 6) x> 2.

JaHHLIE nmpUMeD ABAAECTCA HMJIIOCTpAnMEil NJS CAEIYIOMIHUX TIO-
JIE3HLIX YTBEDP:KAEHU:

1. Ecau 6 cucmeme u3 HECKORLKUX HepaseHcme ¢ 00noll nepemeH
HOll 00HO HepaseHCcmB0 He uMeem peuleruil, mo u cucmema He umeem
pewenuil.

2. Ecau 6 cucmeme u3 06yx HepasenHcme ¢ o0HOIU nepemeHHOl
00HO HepaBeHCME0 BbLNOAHACMCA NPU NI00bLLX 3HAYEHUAX NepeMeH-
HOil, Mo peuleHUeM cucmembl CAYNCUM peuterue dpYyz020 HepaGeHCcmMea
cucmembt.

SaBeprmasa maparpad, BepHeMcs K IpHUBeJeHHOH B ero Havaie aa-
Jaue 0 3aAyMaHHOM 4YMCJE W PeuIrM ee, KaK TOBOPHUTCS, IO BCeM IIpa-
BHJIaM.

IIpumep 2. 3axymMaHo HaTypaJbHOe 4ucjao. M3BecTHO, UTO
€cJIi K KBaJpary 3afyMaHHOro ymcja npubasure 13, To cymMma Gynet
Oonpie mpousBeneHMsA 3aAyMAaHHOTO umciaa u uucaa 14. Ecau ke
K KBaApaTy 3aJyMaHHOIO YMCiaa npubaBuUThL 45, To cyMMa OyAeT MeHbIIe
NPOM3BeNEHUA 3aAyMAaHHOTO umceaa u yuciaa 18. Kakoe umciao sazy-
MaHo?

P e 1 e u ue. Ilepsrtii aTan. Cocmasnerue mamemamuieckoil mo-
Odenu.

SagyMaHHOE YKCJIO X, KAK MEI BHJAEIH BhIUIe (cM. ¢. 41), momxHO
YZOBJETBOPATHL CHCTEME HEPABEHCTB
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1 - PAUMOHANBHBLIE HEPABEHCTBA U UX CUCTEMbI

x* + 13 > 14x,
{xz + 45 < 18x,
Bropoit aranr. Pa6oma ¢ cocmasnierrnoil mModeasvio.
IIpeoGpasyeM mepBOe HEPABEHCTBO CHCTEMBI K BHAY
x2-14x+ 13 > 0.
HaiizeM KopHE KBaJpaTHOrO TpexuyieHa x? — 14x + 13: x, =1,
x, = 13. Hnrepecymommee HaC HEPABEHCTBO BBHINOJHAETCA Ipu X < 1
wim x > 13 (puc. 48).
IIpeoGpasyeM BTOpO€ HEPABEHCTBO CHCTEMEI K BUAY
x2-18x + 45 < 0.
HaiizeMm xopum KBajgpaTHOro Tpexuiesa x? — 18x + 45: x, =3,

x, = 15. Unrepecyoouee HaC HEPAaBEHCTBO BEINOJHAETCH, €CJIH
3 < x <15 (puc. 49).

IlepeceuenrieM HalIeHHBIX peLIeHHH CAYXUT mHTEepBas (13; 15)
(puc. 50).

Tperuii aran. Omeem Ha 6onpoc 3adauu.

Hac unrepecyer HarypajlbHOE YHCJIO, MPUHAAJEMAIee WHTEPBALY
(13; 15). TakuM UKMCIOM ABAAETCA Yucao 14,

O r B e T: 3agymMaHo umcyo 14,

[llllll’x x

1 13

Puc. 48 Puc. 49

X

Puc. 50



1 . PALMOHANbHBLIE HEPABEHCTBA U UX CUCTEMbE

OCHOBHbBIE PE3YJIbTATDI

e B 5T0il r1aBe BBl NO3HAKOMMJIVNCH C HOHATHSAMY, OTHOCAIIMMUCS
K pelleHWIO HePaBeHCTB C OAHOI MmepeMeHHOH:
9aCcTHOE pellieHye, oflee pellenue, pelieHye HePABEHCTBA;
panuoHaJbHOE HEPABEeHCTBO;
paBHOCHJIbHBLIE HEPABEHCTBA, PABHOCHJILHOE IIpeo0pasdoBaHye Hepa-
BEHCTBA;
cHcTeMa HepaBeHCTB;
pellieHre CHUCTeMEI HePaBEHCTB.

e BBl NO3BHAKOMMINCE C MeTOonoM WHTEPBAJIOB, K.OTOprI‘;I aKTHUBHO
HCIIOJBb3yETCA IMPM PELIeHHHN PAIlNOHAJbBHBIX HEPABEHCTB.

e B mosHakoMuUANCH C HAYaJbHLIMM OOHATHUAMU O0IMEIPUHATOrO
B MaTeéMaTHUKe A3BIKa TCOPHUHN MHOXKECTB:
9JIEMEHT MHOMKECTBaA, IIOAMHOXKECTBO JAHHOI'O MHOJKECTBA,
o0beauHEeHNE U nepecevieHnne MHOKECTB,;
IycTO€ MHOMECTBO.



[JIABA
CUCTEMbDI

YPABHEHMM

§ 5. OcHosHbie noHaTHA

§ 6. MeToabl peLueHHs CHCTEM ypPaBHEHM

§ 7. Cucrembl ypaBHEHMI KaK MaremaruqdecKue mogdenm
pearnbHblX CUTyaumi
OcHoBHbie pe3ynbratsbl

§ 5. OCHOBHbIE NOHSATHS

C cucremaMu ypaBHEHHH BHl YK€ BCTPEUAINCH B Kypce
aIrebpel 7-ro Kjacca, HO 3TO OBLIM TOJBKO CHCTEMEI ABYX JIMHEMHBIX
ypaBHEHHH ¢ AByMs mepeMeHHBIMH. Temnepb MBI IIONOBOPHM O pelie-
MUK CHCTEM HEJIMHEHHBIX ypaBHEHMII ¢ ABYMA IIepeMeHHBIMH, TeM 060-
Jioe UTO TaKue CHCTEMBI JOBOJLHO YaCTO HPEACTABIAIOT c000H Mare-
MATHYECKHE MOJEJH M3ydYaeMbIX CHTYAaIIHii,

IIpumep 1.IIpucrannm B u C HaXOOATCA HUMKE IPUCTAHUA A IO
TeyeHuo pexn Ha 30 KM u 45 KM coorBercTBeHHO (puc. 51). MoTop-
aA JIOHKA OTXOAuT OT mpuctaHu A, goxogut a0 C, cpa3y MOBOpadYu-
WmAeT Hasaj ¥ npuxoamt B B, sarparuB Ha Bechb nyth 4 u 40 Mus.
B gpyroii pa3 ara e JOgKa OTOILIA OT mpucTaHu C, gomiaa &0 A,
£pa3y IOBepHyJa Hasaj M mpumja B B, 3aTpaTHB Ha BeCh IYTh 7 4.
tleMy paBHBI COGCTBEHHAA CKOPOCTH JIOAKH U CKOPOCTh TEUEHUA PEKU?

Pemenue. Beegem aBe nmepemMeHHbIE:
X KM/4 — cOGCTBEHHAA CKOPOCTbH JOAKH,
Y KM/4 — CKOpPOCTb TEUECHHUSA DEKH.

30 kM

45 KM
Puc. 51
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2. CUCTEMb! YPABHEHWH

Torga x + y KM/Y — CKOpPOCTb ABUKEHHUA JIOAKH II0 TEUEHUIO DEKH,
X — Y KM/4 — CKOPOCTb ABUKEHUSA JIOAKH IIPOTUB TEUECHUA PDEKH.

Paccmorpum mepsoiit peiic goaxu. O cocraBmia 45 KM mo Tede-
Huo oT A g0 C n 15 kM nporus tevedns oT C go B. 3Haumur,

45
Tty Yy — BpeMsA ABM)KeHHUA JOAKH oT A g0 C,
15
Py y — BpeMsa ABMKeHUA aogku ot C mo B.
" W 2 14
Bceero na nepseiii peiic mogka sartparuia 4 u 40 MuH, T. €. 4§ =3

TaxuMm 06pa3oM, NOJSYyYaEM YpaBHEHHE
45 15 _14
xX+y x-y 3°

Paccmorpum BTOpOIt peiic mogku. OH cocrasua 45 KM NPOTHE Te-
yenus oT C 10 A u 30 KM o Teuenuio or A g0 B. 3Hauur,
45
x-=Yy
30
xX+y

Bcero Ha BTOpO# peiic dopka sarpatmia 7 u. Takum oGpaszom, moay-
yaeM ypaBHEHHE
yp 5 30

x—-y x+y
MaremaTnueckas Mozensb 3amauu NpeiacTaBider coboil cucreMy
IBYX YpaBHEHHH ¢ AByMA NepeMEHHBIMH:
45 15 14
+ ==,
x+y x-y 3
45 30

+
x-y x+y

Yy — BpeM#A ABHKeHHsA Joaku ot C 10 A,

Y — BpeMA ABWIKEHUA JOAKH OT A 10 B.

=1.

Kak peiluTh 3Ty CHCTEMY, MBl IOKA HE 3HAEM, IPHAETCA BEPHYTBHCA
K Heil mosgHee (9T0 GyAer caenaHo B § 7), HO cHavaja HaZO CO3AaTh
Heo0X0AuMYIO0 TeopeTHYeckyio 6asy.

1. PauMOHanbHble YPaBHEHHS C ABYMS NepemeHHbIMK

OnpegeneHue 1. PauuonaxsHoe ypaBHeHHe C ABYMS TepeMeH-
HBIMH X, Y — 9TO ypaBHeHUe BuAa h(x; y) = g(x; y), rae h(x; y),
g(x; y) — pamuoHanbHBIE BBIpAKEHUHA, T.e. aiarebpamyecKue BhIpa-
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2. CUCTEMbI YPABHEHMA

sKeHNdA, COCTABIEHHEIE U3 YNCEJ U IepeMEeHHBIX X, I ¢ IIOMOLIBIO OIle-
panuil cIo)KeHUs, BRIUMTAHUA, YMHOKEHUA, AeJeHUA U BO3BeAEHMNA
B HATYPAJLHYIO CTEIleHb.

ITpnMeps! panuOHAIBHEIX YPaBHEHUH C JBYMA NEPEMEHHBIMH;
xX+yt=58; y-x=4; 2xy+ x*=0;

x x?

xX+y x-y

=2y-1 u T 4.

KoHeuHO, MOKHO paccMaTpHBATh PAIMOHAJNLHBIE YPABHEHHA H C
IPYIHMMH IEepEeMEeHHBIMH, He 00A34TeNbHO ¢ X U Y; Haupumep, a® — b* =
= 3ab — panmoHanbHOE ypaBHEHUE C ABYM#A [IePEMEHHBLIMH a, b,

PanuonannHoe ypasHeHHe A(x; Y) = g(x; y) Bcerma MOXKHO mpeos-
pasoBath K BHUAY p(x; y) = 0, rae p(x; y) — panmuoHaIbHOE BBIpayKe-
Hue. J[Js 3TOr0 JOCTATOYHO Iepenucath ypaBHeHHe Tak: h(x; y) —
- q(x; y) = 0. Ecam p(x; y) — muorouwneH, 1o p(x; y) = 0 Ha3HIBAIOT
yeavim DAUUOHAALHLIM YPAGHEHUeM.

OnpeaenerHue 2. Pemennem ypasuenus p(x; y) = 0 HazeBAIOT
BCAKYIO mapy uucesa (X; y), KOTOpas YOOBJIETBOPHAET 3TOMY ypaBHe-
HHIO, T. €. 00pallaeT paBeHCTBO ¢ nepeMeHHHIMU p(x; y) = 0 B BepHOE
4YHCJIOBOE PABEHCTBO.

Hanpuwmep:

1) (3; 7) — pewmenue ypaBHemua x> + y? = 58. B camom geue,
32 + T2 = 58 — BepHOE UHCJOBOE PABEHCTRO.

2) (4/22; -6) — pemenve ypasaenus x? + y? = 58. JleficTBUTENBHO,
(v22)2+ (-6)2 = 58 — BepHOe umc0BOe paBeHCTBO (22 + 36 = 58).

3) (0; 5) — pemenue ypapaenus 2xy + x3 = 0, mockoasky 2-0.5 +
+ 03 = 0 — BepHOe YHCJOBOE PABEHCTBO.

4) (1; 2) me aBagerca pemeHueM ypapHenus 2xy + x = 0. B ca-
momMm nene, 2-1:2 + 12 = 0 — HeBepHOe paBeHCTBO (IOJaydYaeTcs
5=0).

IIpumep 2. Pemnurs ypaBsenue (2x — 8)* + (y + 3)*=0.

Pemenne. Ilpn mobeix 3HAUEHUAX X, ¥ BHIIOJHAIOTCA HEpa-
serctsa (2x — 8)2 > 0, (y + 3)* > 0. 3HauuT, JeBasA YacTh 3aJaHHOTO

YPaBHEHHsA BCerga HeOTpHuIaTeJbHa, IPUYEM PDABEHCTBO €€ HYJIIO BO3-
MOXHO JHUIIIb B OZHOM cCJjaydae: KOorjga Kajaoe H3 OBYX cjiaraéMhblX

51



2. CUCTEMbl YPABHEHWA

oOpaiaerca B Hyas, TakuM 06pa3oM, 3ajada CBOAUTCA K PEIIEHUIO
(2x -8y =0,
(y+3) =0,

U3 KoTopoii monyuaem: 2x —8=0,T.e. x=4;y+3=0,1.e. y =-3.
OrTBerT: (4; —3).

CHUCTEMBI yPaBHEHUH

IIpumep 3. Haiith BCe IesouncleHHbIE PEITEHNA YPaBHEHUA
x —y=10.

Pemenune Eciumx==Fk, ke Z, 1o ypaBHenne x — y = 10
npuauMaer Bug kB — y = 10, oTkyzga noayuaem: y = £ — 10; aro nenoe
YHCJIO0. 3HAYHUT, LieJIOYKUCIEHHbIMH DeUIeHUAMU YPABHEHUA CJIYKAT
Jniobeie maps Buga (k; B — 10), rae k € Z.

Ecan pamo 1esoe panHoHajJbHOE YPaBHEHHME C HECKOJBKHMHM IIe-
PEMEHHBIMH H € LIEJOYUCJICHHBIMHA K02 (hUINEeHTaMK H €CJIH IIOCTaB-
JieHa 3ajauya Haiitu IeJouucieHHble (Miu, B Oosee o0uieM ciayuae,
PaliMOHAJIBHBIC) €r0 PelIeHusi, TO TOBOPAT, YTO 3aJaHO JuogarHmoeo
ypasHeHue (B 4ecTb ApeBHErpeuecKoro Maremaruka J{modanra; npen-
nonoxurensHO 111 B.). JuodanTOBO ypaBHEeHMEe HASLIBAIOT TaKiKe Heo-
npedenennbvim ypaeHernuem. HeonpeeneHHOCT 3aKII04YAETCA, BUAUMO,
B TOM, 4YTO TAaKOe ypaBHeHMe, KaK IIPaBHUJIO, KMeeT OeCKOHEYHOe MHO-
JKEeCTBO pelleHuii, Kax 3T0 OBLIO BHIIIIe B IpHUMepe 3.

B GossmmmuCcTBE coyuaeB pelneHue AMOMPAHTOBHIX YPABHEHMIH CO-
NIPSYKEHO CO 3HAUMTENLHBIMH TPYAHOCTAMH. MHOTZA OHM NIpeoAoJie-
BAIOTCA C MOMOILILBIO CBOMCTB HEJIMMOCTH LIE€JBLIX UYHCEJI.

IIpumep 4. HailiTu neJouncjeHHble PELIeHUA YPaBHEHHA
2x + 3y = 17.

PemeHue. Ilyers (x; y) — pemenue ypaBHenus. Torza
17 — 3y = 2x. Tak Kak x — meJoe YKcio, To uuciao 17 — 3y uerHo. Pac-
CMOTPHM OTHAEJIBHO CJIydaif, KOTAA Y YETHO, M CIydaii, KOTA Yy HEYETHO.

1) Ecniu y — uerHoOe uncio, To 3y ueTHO, a 17 — 3y HeueTHO Kak
Pa3HOCThL HEYETHOTO uuciaa 17 u yeTHOrO uncia 3y. 3HAYUT, STOT COY-
yail HaM He IIOAXOIHT.

2) Eciu y — HeueTHOe 4yucJI0, T0 Yy = 2k + 1, roe k — 1eJ10e 4nco.
Torma 17-8y=17-32k +1)=17-6k — 83 =14 — 6k = 2(7 — 3k).

Tak xax mo ycrosuio 17 — 3y = 2x, o noayuaem 2(7 ~ 3k) = 2x,
x=17-3k.

Hrak, ecnu (x; y) — pellleHue JaHHOTO ypapHeHuUs, 1o x = 7 — 3k,
ay=2k+ 1, rge E — nenoe 4yucjo.
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2. CUCTEMbI YPABHEHWHA

IIpoBepum, 4TO BepHO M OOpaTHOe, T. e. ecan x = 7 — 3k, a
v =2k + 1, T0o (x; y) — pellleHue ypaBHeHusa 2x + 3y = 17.

IIpouseeseM mOACTAHOBKY:

2x+3y=2(7T-3k)+32k+1)=14-6k+ 6k + 3 =1T.

Buauur, a0b6aa napa suga (7 — 3k; 2k + 1) ABaderca peleHueM
ypaBHeHnda 2x + 3y = 17.

Yro6el BaM OBLI NOHATHEE IIOJYUEHHEBIH DPe3yJbTAT, SAJHM Iapa-
MeTpy K HeCKOJIbKO KOHKDETHHIX IEJIOUNCJICHHBIX 3HAUEeHHUI.

Ilycers k = 0; Torga mapa (7 — 3k; 2k + 1) npeBpamaercsa B (7; 1).
llogcraBuB 3Hauenna x = 7, y = 1 B ypaBHenue 2x + 3y = 17, noay-
uum: 14 + 3 = 17 — BepHOe pPaBEHCTEBO.

IIyers k = 1; Toraa napa (7 — 3k; 2k + 1) npespawmaerca B (4; 3).
lloacraBue sHauennsa x = 4, y = 3 B ypasHenue 2x + 3y = 17, noxy-
yuMm: 8 + 9 = 17 — BepHOEe PaBEHCTBO.

IIycts k = 2; roraa mapa (7 — 3k; 2k + 1) upespamaercs B (1; 5).
llogcraBuB sHauenud x = 1, y = 5 B ypasuenune 2x + 3y = 17, noay-
wnmM: 2 + 15 = 17 — BepHOe paBeHCTBO.

Ilycrs £ = —1; Torga mapa (7 — 3k; 2k + 1) npeBpamjaercsa B
(10; -1). ITogcraBur 3mauvennsa x = 10, y = -1 B ypaBHeHHe 2x +
t 3y = 17, nmonyuum: 20 — 3 = 17 — BepHOe PaBEHCTBO.

Jia HATVIAAHOCTH CBEAEM IIOJIyYEeHHBIE Pe3yJIbTATHI B TaGIHILY.

x=T-3k | y=2e+1 2x + 3y

0 7 1 2:7+3-1=14+3=17

1 4 3 2-4+3-3=8+9=17

2 1 5 2:1+3-5=2+15=17

-1 10 -1 2:10+3-(-1)=20-3=17

Tak e 00CTOHT HEJ0 CO BCEMH OCTAJBHBIMH I€JIOUYNCIEHHBIMU
WilaUEeHUAMH Iapamerpa k.
Oreer: (T—-3k;2k+ 1), Tne ke Z.

Il pumep 5. HaiiTn nenouncieHssle pelleHUsA ypaBHEHHS
dx + Ty = 29.

29-Ty _

Pemenune IIpeoGpasyem ypaBHeHUHEe K BHAY X = i

Ty-1

28+ 411__ 7y’ T.¢. x=17— -~ 3HaueHHe x OYIET IIeJIbIM

anjiee: x =
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2. CUCTEMbI YPABHEHWHA

TOTJA U TOJBKO TOTZAa, KOrga BhIpaskemue p(y) = Ty — 1 genurcsa Ges
ocrarka Ha 4. 14 nesoro gucjia y no OTHOUWIEHUIO K Yucay 4 HMeoT-
cs 4 BO3MOJKHOCTH: OHO KPATHO 4uCay 4, OHO JaeT npu AeleHNH Ha 4
ocTaToK 1, OHO JaeT mpH JeJIeHUM Ha 4 OCTATOK 2, OHO JaeT Ipu Je-
JeHUH Ha 4 ocTaTOK 3. PaccMOTpHM KajKIYIO U3 3THX BO3MOKHOCTeil
TI0 OTAEeJIBbHOCTH.

1)y=4n. Torgap(y) =Ty - 1=7-4n -1 =28n — 1. 910 uucio
He geauTcA Ha 4.

2)y=4n+ 1. Torga p(y) =Ty —1=T74n+1)~-1=28n + 6. 310
YUCJIO He AeJUTCsH Ha 4.

3)y=4n+ 2. Torgap(y)=Ty-1=T(4n + 2) -1 =28n + 13. 90
YHCJIO He AeJNTCH Ha 4.

4)y=4n+ 3. Torgap(y) =Ty —1=T7(4n + 3) — 1 = 28n + 20. Iro
YHCJIO AeauTcA Ha 4.

HUrak, y=4n+ 3. Torpa x =7 — % =7- L:zo
+5)=2-"Tn.

OrBer: (2—-"Tn;4n+ 38), rae ne Z.

=7-(Tn+

IIpnMmep 6. Haiitu mesounciernHnble pelleHUs ypaBHEHUA
4x? - y2 =11.

Pemenue. IlepBoiil cuocof. IlepenunieM ypaBHEeHKHE B BuAe
(2x - y)(2x + y) = 11. Jlerasa uaCTh YpaBHEHUs TPEACTABJAET c000# TIpo-
HM3BeJleHNe ABYX IeJbiX uuces. OHO MOXKeT paBHATHCA 11 Jmip B yeTwI-
pex ciaydasx: KOrza IIepBhIfl MHOKHTENb paBeH 1, a BTopoi#t 11; korma
TIepBBIii MHOMKHUTEH paBeH —1, a BTOpoit —11; Korga nepBoiii MHOXKUTEND
paBeH 11, a BTopo# 1; Koraa mepsBEI MHOKHTENDL paBeH —11, a BTOpOIt
—1. 3HaunT, 3aaYa CBOAUTCA K PEIIEHHUIO YEeThHIPEX CHCTEM YpABHEHHI:

{Zx—yzl, {2x—y=—1, {2x—y=11, {2x-y=_11,

2¢+y=11; |2x+y=-11; |2x+y=1; 2x + y = ~1.

W3 nepsoii cucrembl Haxoaum: x = 3, y = 5; U3 BrOpOii: X = —3,
y = —b; us Tperbeii: x = 3, y = —5; us uerseproii: x = -3, y = 5.

Orserm (8;5), (-3; —-5), (3; —b), (—3; 5).

st ypaBHeHMI ¢ JByMA II€PEeMEHHBIMH, KaK U AJISA YPaBHEHHH C
OHO# IepeMeHHOH, MOKHO BBECTH NOHATHE PABHOCHUJILHOCTH.

Onpegenenme 3. JIsa ypasuenns p(x; y) = 0 u g(x; y) = 0
Ha3LIBAIOT PABHOCHJIBHBIMH, €CJIM OHM MMEIOT OJHMHAKOBBIE PEIIeHN A
(B uacTHOCTH, ecau 002 YypaBHEHUSA He UMEIOT DelleHuit).
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2. CUCTEMbl YPABHEHWA

OGBbIYHO IpU pelIeHUH yPaBHEHHSA CTAPRIOTCA 3aMEHUTH AaHHOE
ypaBHeHHNe OoJiee IPOCTHIM, HO PaBHOCHJIBHHIM eMy. Takyio 3ameHy
HA3BIBAIOT PABHOCHJIBHEIM Npeobpa3oBanneM ypaBHeHns. [IBa 0cHOB-
HBIX PABHOCHJIBHBIX IIpeo0pasoBaHMS YKA3aHBI HUIKE.

1) IIepenoc uneno8 ypasHeHus u3 00HOU wacmu ypagHeHus 6 opy-
2Yi0 ¢ NPOMUBONOAOHCHIMU 3HAKAMU,

Hanpumep, 3aMeHa ypaBHeHHs 2x + by = Tx — 8y ypaBHeHHEM
2x — Tx = -8y — 5y ecThb PaBHOCWIbHOE IPeo0pa3oBaHNE yPaBHEHUSA.

2) Yunoscernue uau Oenerue obeux wacmeil YypasHeHus Ha 00HO U Mo
Jice OMAUYHOe OM HYJASL YUCAO UL 6blpadicerue, 6100y omauvHoe om HYis.

Hanpumep, samena ypasuenua 0,5x% - 0,3xy =2y ypaBHeHuem
bx? — 3xy = 20y (06e yacTH ypaBHEHMA YMHOKHJIM IOWIeHHO Ha 10)
OCTh PaBHOCHJIbHOE IIpeoOpasdoBaHMe ypaBHEHMA,

HepaBHOCHIBHBIMH Ipe00pa30BAHUAMM YPABHEHMS, KaK U B CJIY-
yae ypaBHEHUI ¢ OFHON IIepeMeHHOH, MOT'YT OKa3aTbCH:

a) oceoboicdenue om 3HamenHameaell, co0ePICAUUX NePeMeHHble;

0) s036edenue obeux wacmeil ypaeHenus 6 Keadpam.

Ecin B poniecce pemeHna ypaBHEeHWA IPUMEHAJIOCH OAHO M3 yKa-
JaHHBIX HEPABHOCHJILHBIX MIpeoOpazoBaHMil, TO Bce HalileHHbIE pellle-
HHA HAJO MPOBEPUTH MOJCTAHOBKOI B MCXOAHOE YpaBHEHHE, IOCKOJIb-
KY CpeAim HHMX MOTYT OKAB3aThCsA NOCTODOHHUE pelleHUs, T. €. Hapsl
JHCell, He YAOBJETBOPAIOIINE MCXOJHOMY YDABHEHHIO.

2. I'pachMK ypaBHEHMS C ABYMS NepeMeHHbIMM

ITycts gano ypamueume p(x; y) = 0. MuOXKecTBO TOUEK (x; ¥) KO-
opguHATHO# miockocTH xOY, TaKHUX, 4TO (X; Yy) — pellleHHe ypaBHe-
uusa p(x; y) = 0, Ha3BIBAIOT 2pPAPUIOM YPABHEHUS.

IIpumep 7. INocrponts rpaduk ypaBHEHUSA
3x+4y-12=0. 1)
Peu e H ue. U3 xkypca anredpbl 7-ro Kjaacca BaM N3BECTHO, YTO
rpadMKOM JMHEHHOTO YpaBHEHUA ¢ ABYMSA IlepeMeHHbIMH ax + by +
t ¢ =0, rae xoTsa GBI OAHO M3 YHCE] &, b OTIMYHO OT HyJNd, ABIAETCH
npaMas JUHUA. 3HA4YUT, rpadHuK ypaBHeHuA (1) — npamad, giaa mo-
CTPOEHUA KOTOPOI JOCTATOYHO YKAa3aTh ABE TOUYKHU, eil mpuHamiexa-
mue. Ecnu B ypasHenune (1) moacraBuTs X = 0, TO OHO IpUMET BUJ
4y — 12 = 0, oTKyAa HaxomguMm: y = 3; MUTaK, (0; 3) — Touka, Koopzau-
IIATHL KOTOPO# yAOBJeTBOPAOT ypasHeHHIo (1), Eciu B ypaBHenue (1)
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2. CUCTEMbI  YPABHEHWUHA
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Puc. 54

moacTaBuTh ¥y = 0, T0 oHO mpuMer Buj 3x — 12 = 0, orKy#a HaxXOZHM:
x = 4; urak, (4; 0) — TOuKa, KOOPAUHATH KOTOPOH YIOBJIETBOPAIOT
ypaeHeruio (1).

ITposenem uepes Touxkm (0; 3) u (4; 0) mpamyio — aTo U OyAer
rpaduk ypassenus (1) (puc. 52).

Ecnu ypaBaenue p(x; y) = 0 ynaerca npeoGpa3oBats K Buny y = f(x),
10 rpaduk hyHKIMU Yy = f(X) cumTaeTca OZHOBPEMEHHO M rpadmKoOM
ypaeHeHus p(x; y) = 0.
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2. CUCTEMb! YPABHEHMA
-

Mpumep 8. Iloctpours rpadpuyx ypasuenus y — 2x2 = 0,

P e m e u u e. [Ipeo6pasyem ypaBHenue K Bugy y = 2x% I'pabnm-
¥oMm QyHKIuM y = 2x? aBiadercda napabosa (puc. 53). @

MHpumep 9. IHocrpouts rpadpumk ypaBHeHUS XY = 2.

2
Peme u u e. [IpeoGpasyem ypaBHEHNE K BHAY Y = e T'padpuxom

2
Gyuxmuu y = S FBiAercH runepbosa (puc. 54).

3. MopMyna pacCTOSHUA MENCAY ABYMR TOUYKaMM
KOOpPAMHATHOM nnockocTu. Mpadhmk ypaBHeHus
(x=af +y—bp=r

Crpos rpadpuku ypaBHeHUi# B mpuMepax 7—9, MBI OIMDAINCH
JMIG Ha MaTepuall, M3BeCTHBIH BaM U3 Kypca aare6psl 7-—8-ro kiac-
vou: rpadukamu Obliiu OpsiMas, napabosa, runep6osia. B aTom myHk-

Te MBI PACIIMPUM KDYT M'€OMETPHYECKHX (DUTryp, KOTOpHIe MOTYT CJIY-
MuTh TpaQUKaAMU YDPABHEHHUH C ABYMA lI€PEMEHHBIMH.

Paccmoanue mexncdy mourkamu A(x;y,) u B(x,;y,)
Teopema 1 kxoopdurnamuoil naockocmu x0Oy eviuucnaemcs no
dopmyne

AB = \[(xz =% )P+ (¥ - ).

7\
B Yy y=y,
N -
ny
N y=y
C v, A
Xy 0 x :“
= x, x=2x
T 1
Puc. 55
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2. CUCTEMbI YPABHEHWM

HoxasarenbcTBo. Coegurum Touku A(X;; y,) u B(x,; y,) or-
Pe3KOM M IPOBEEM IPAMbIE X = X, X = X,, ¥ = Y,, Y = Y, (puc. 55).
Paccmorpum npamoyronsaeii Tpeyroasauk ABC. [InHa Karera AC pas-
Ha PaCCTOAHMIO MEXIy TOUKAMH X, B X, OCH X, T. €, AC = X, = xli . Iom-
Ha Katera BC paBHa PacCTOAHMIO MEKIY TOUKAMH Y, U Y, OCH Y, T. €.
BC =|y2 - y1| . ITo reopeme IInudaropa AB? = AC? + BC?, 1. e.

AB = |x, - x,|2 + |y, - y, |2 (2)
Tak xax |al? = a2, TO dopmyny (2) MOKHO mepenucaTe B BULE
AB? = (x, — x,)* + (y, — y )%

3saunTt, AB = J(xz - x)® + (y, — y,)?. Teopema goxasaHa.

Brrunuciaum, Hampumep, paccTogHHe MeXkAy Toukamu (9; —1) n
(2; —25). Homyumm: /(2 - 9)2 + (=25 + 1)2 = /72 + 242 = 625 = 25.

I'paguxom ypasnenusn
(x-ay+@y-byF=r 3)
Teopema 2 A6NAEMCA OKPYHHOCMYb HA KOOPIUHAMHOU NAOCKO-

emu xOy c yenmpom ¢ mouxe O'(a; b) u paduycom
r (r > 0) (puc. 56).

HEEER
(x-a)+@-by=r>
/] M(x; y)”
/ X
PL
O’(a; b)
X
9) ™
Puc. 56
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2. CUCTEMbI YPABHEHMA

HdoxasaTensbcTso. BogbmeMm a100y10 TOUKy M(x; /) OKPY’KHO-
ey, ITo Teopeme 1 O'M = \/(x —a) + (y — b)2. Ho O'M =r, suaywr,
r=4(x-a)+(y->by, e

(x-a)+ (y-bE=ri

Hrax, KoopauuaThl J1000i1 Touku M(x; y), IpUHaIEXK Al OK-
PYKHOCTH, YAOBJIETBOPAKIT ypaBHeHHUIO (3).

Ecnm Toura P(x; y) He JeKHUT Ha OKPYKHOCTH, TO Jubo O'P < r
(ecou TouKa P pacmosIoxeHa BHYTPH OKPYIKHOCTH), 1ubo O'P > r (ecin
TouKa P pacnososkeHa BHe OKDPYKHOCTH). VI B TOM m B APYroM ciydae
ypaBHeHMIO (3) KOODAWHATHL TOUKK P He YIOBJIETBODHIOT.

CiefoBaTesbHO, TOYKH OKDYKHOCTH M TOJLKO OHM YAOBJIETBOPSA-
ot ypaBHeHu0 (3). Teopema Aokasaua.

IIpumep 10. IToctpours rpaduk ypasserus x2 + y? = 16.

P e e H u e. Ilepenumenm ypasaenue B Buge (x — 0)2 + (y — 0)* =
« 42, TIo Teopeme 2 rpad@MKOM 3TOI0 YPABHEHHHA ABIACTCH OKDYMK-
nocTh ¢ uerrpoM B rouke O(0; 0) u paguycom 4 (pue. 57). @&

IIpumep 11. Ilocrpours rpadpuk ypaBHEHH:

aA)(x-1¥+y-2%=9; 6)x*+y*+4x=0.

Pemenue. a) Ilepenumem ypaBHenue B Buze (x — 1) +
+ (y — 2) = 3% I'padMKOM 3TOr0 YpaBHEHWsH IO TeOpeMe 2 SABJIAETCH
OKPY?’KHOCTL ¢ IeHTpoM B Touke (1; 2) u pagmycom 3 (puc. 58).

:

] y;‘

i y
i 4] 22+ y2=16 (x-1Y+@Hy-2y=9
| \\T /[ N\
Ell 2
4 9) rql \
\|o I
\\ 1/ -2 1 LA 4 ﬁ
N L/
—4
Puc. 57 Puc. 58

59



2. CUCTEMbI YPABHEHWM

6) ITepenumem ypasHenue B Buge (x* + 4dx + 4) + y2 =4, 1. e.
(x+ 2%+ =4,
U gajee
(x = (-2)F + (y - OF = 2°.
T'padmuxom 3TOr0 ypasHeHus IO TeopeMe 2 ABJIAETCHA OKPYHHOCTD
¢ HeHTpoM B Touke (—-2; 0) u paguycom 2 (puc. 59). @

vA

(x+2)+yt=4

Puc. 59

OdopMHM OCHOBHBIE PE3YJIbTATHL 3TOrO MYHKTA B BHUJAE TaO/JIHIILI.

Ananutugecras I‘eome'rpmeclcaa CaosecHas
Mogeb Moaeab MoaeJb
x2+ yt=1r2 OKpYXHOCTb HA KOOPAH-

HATHOH IIJIOCKOCTH C IIeHT-
PoOM B Hadaje KOODAHHAT
¥ PajguycoMm r

(x—af+(@y-bvpP=r° y OKDYHHOCTS Ha KOODAH-
HATHOMN NJIOCKOCTH C IEHT-
poM B Touke (a; b) u pa-

b OUYCOM I
[0 x
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2- CUCTEMbBl YPABHEHWA
L

4. Cucrembl YPaBHEHHM C JIBYMSA NEpeMeHHbIMM

Onpegenenme 4. Ecinm mocraBieHa aanadya HalTH BCe TaKme
napwt umces (x; y), KOTOpble OTHOBPEMEHHO YAOBJETBOPAIOT ypaBHe-
uuio p(x; y) = 0 u ypaBuenmio g(x; y) = 0, TO rOBOPAT, YTO YKa3aHHLIE
ypasHEHHS 00pasyIoT CHCTeMY ypaBHEHMIl:

{p(x; y)=0,
q(x;y) = 0.

Ilapy uncen (x; y), KOTOpasa OJHOBPEMEHHO ABJIACTCA pPEIIEHUEM
.| uepnoro i} BTOpOI"O ypaBHeHnﬁ CHCTEMbI, Ha3blBAIOT PeEIIeHHEeM
cHcereMbl ypaBHennii. Pewumbv cucmemy ypaeéHenull — 9T0 3HAYUT

HATH Bce ee PELIEHHMA WJIW YCTAHOBHUTH, UYTO PEINECHUH HeT.
Hanpuwmep, mapa (3; 7) — pellieHne CHUCTEMEI yPaBHeHU

x? + y* = 58,
y—x=4. @

B camom nene, sTa mapa yAOBJIETBOPAET KAK IIEPBOMY, TAK H BTOPO-
My YpaBHEHHMIO CHCTE€MBI, 3HAUMT, ABJIAETCA ee permeHneM. OGuIUHO

x= 3,

numyt Tak: (3; 7) — pelneHne CHCTEMbl, HJIH { — pelieHHe

y="17
OMCTEMEL.

A mnapa (5; 9) He aBngerca pemenueM cucreMsl (1): oHa He yAOB-
AeTBOPAET MMEPBOMY YPABHEHHIO (XOTA M YAOBJIETBODAET BTODOMY
YPABHEHHIO CHCTEMBI).

Pasymeercsa, nepeMeHHBIE B YPAaBHEHHAX, OGPa3yIOIIUX CHCTEMY
ypaBHEeHU, MOTyT ObITHL O0O3BHAYEHEI M APYrMMM OyKBaMu, HAIDH-
Mep JaTuHCKUMU a u b, su t, u m v u 1. 5. Ho B srobom ciyuae npu
BAIINCY OTBETA B BHUJE MapPhl YHUCEJ HCIOJL3YIOT JeKCuKozpaguiecKull
memod, T.e. Ha IIEPBOe MECTO CTaBAT Ty M3 ABYyX OyKB, KoTopad B
JATHHCKOM ajipaBHTe BCTPEYAETCs PaHbIIE,

Wnorpa ypaercsa pemuTh CHCTEMY YDaBHEHUN zpaduueckum Me-
modom, KOTODBIH 3aKJOYAETCA B CJIEIVIOUIEM: IOCTPOUTL rpaduk
1'¢pBOTO ypaBHEHUA, IIOCTPOUTH I'PadhMK BTOPOro ypaBHEHHS U, HAKO-
nem, HafiTH TOYKH IepecedyeHnd rpadhuKoB; KOOPAUMHATHL KaXA0H TOY-
K1 IepecedyeHud CHIYKaT DEIIeHHMEM CHUCTEMBI YDaBHEHHI.
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2. CUCTEMbI YPABHEHMHM

NDIpumep 12, Pemurs cucreMy ypaBHeHHi

x? +y? =16,
y—x=4.

Pemenne. 1) Ilocrpoum rpadpux ypasnenusa x2 + y* = 16 —
OKPYKHOCTB C IIeHTPOM B HavyaJie KOOPAMWHAT U paguycoM 4 (puc. 60).

2) ITocrponnm rpadbuk ypaBHeHHd y — X = 4. 9T0 UpAMad, IPOXoO-
namaga depes rouky (0; 4) u (—-4; 0) (puc. 60).

3) OKpY’KHOCTL U UpPAMas nuepecexkamTcsa B Toukax A u B (puc. 60).
Cyla 10 HOCTPOEHHO reoMeTphyYecKoi MoJeJH, TOYKa A MMeer
kKoopauHatel (—4; 0), a Touka B — xoopaunarts (0; 4). IIposepka mo-
KasbIBaeT, YTO Ha camMoM jeje mapl (—4; 0) u (0; 4) asadalorca pelne-
HuAMN 060MX ypaBHEHMI CHCTEMBI, 4 3HAYNUT, W PEUICHNAMH CHCTEMEL
ypaBHeHwuii. CiiefoBarenbHO, 3aflaHHAA CUCTEMA YPABHEHMH MMeeT JBa
pemernusa: (—4; 0) u (0; 4).

O 1 B e T1: (—4; 0); (0; 4).

NMpumep 13. Pemnth cucreMy ypaBHEHHI

2x2 -y =0,
xy = 2.
7 )
y-x=4 y y = 2x*
4 \ I
// B\\\ \ |
/ N \ |
1 YA
A ! 1 Ya
1+ o| 1 o \i y=§
\ )4 = ol 12 Al
N 7
x2+y?=16
HE |
Puc. 60 Puc. 61
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2. CUCTEMbI YPABHEHWUM
| —

Peue H ue. 1) [Iepenncas nepBoe ypaBHeHNe CUCTEMEL B BHUAE
¥ = 2x%, OpUXOAUM K BRIBOAY: TpadMXOM ypaBHEHUS SBJIAETCSH Hapa-
Goaa (puc. 61).

2
2) Ilepenucas BTOpOE ypaBHEHME CHCTEMEI B BHJE [ = 5 » IpHXo-

AUM K BHIBOAY: rpaduKoM ypaBHeHUA aBjsercd rumnepbosa (puc. 61).

3) ITapaboaa u runepbosia nepeceKaoTcsa B Touke A (puc. 61). Tou-
Rh [epeceuyeHHs TOJLKO OJHA, IMOCKOJbKY IpaBas BEeTBb NMapaboJinl
CAYKHUT rpadUKOM BO3pacramleil QyHKnuN, a Ipasad BeTBbL I'HMIED-
6ot — yO6uiBaromgeii. Cyas Mo mocTpoeHHOH reoMeTpHYecKodl mome-
an, Touka A umeer Koopaudatsl (1; 2). IIpoBepKa MOxKasbIBaeT, 4TO,
AeiicTBUTENILHO, mapa (1; 2) aBagerca pemeHreM 000OMX ypaBHEHHH
¢HCTEMB], 2 3HAYNUT, U PellleHueM CHCTeMb! ypapHeHuUil. CiegoBareib-
Mo, 3alaHHAA CHCTeMa YpaBHeHHH umeeT oxHo peirenue: (1; 2).

Oreer: (1; 2).

I'papuueckuit meron pemenus cucreMm ypaBHeHUil, kak u rpadu-
WecKUi MeTOf pelileHUA YpaBHEHU, KPacuB, HO HeEHalleKeH. Bo-nep-
PLIX, IIOTOMY, YTO TPA(UKH YPaBHEHMH ME CyMeeM IIOCTPOHUTHL AaJie-
%o He Bcerza. Bo-BTODBIX, Jae ecau rpaduxmy ypaBHeHUIT yaajoch
NOCTPOXTE, TOYKH II€PEcedeHUsa MOTyT ObITh He TAKUMH «XOPOLIMMH» ,
KAK B CIIenUaJbHO NMoxobOpaHHBIX mpumepax 11 m 12, a To m BoBce
MOTYT OKAa3aThCd 33 IpefejaMH YepTerxa. 3HAUNUT, HaM HYMKHO pac-
floJaraTh HaJeXHBIMU alredpauvyecKUME METOLAMH PEeIUeHUA CHCTEM
JABYX YpaBHEHHMH ¢ AByMA IlepeMeHHbIMH. B yacTHOcTH, mpumep 13
NOXKHO OBIJIO PELINTH METOAOM IIOJACTAHOBKM. U3 mepBOro ypaBHeHNA
WuXOAYM, UTO Y = 2x2, IlogcraBus 2x% BMECTO y BO BTOPOE YPaBHEHHE
PMCTEMEL, TOXYIHUM: X * 2x2=2;2x%=2; x*=1; x=1.Ecou x =1, T0
mo tdopmyne y = 2x? gaxogum, uro y = 2. IMoayuaem: (1; 2) — pemre-
¥ve CUCTEMEL.

IlogpoGree 0 MeTOAAX PEIIeHNA CHCTEM YPABHEHUH IIOTOBODHM B
‘YiepyoomeM naparpade.

5. HepaBeHCTBa U CMCTeMbl HEPABEHCTB
C ABYMSA nNepeMeHHbIMH
B 5TOM myHKTEe MBI HOrOBOPHM O PEIISHHMH HEPABEHCTB BHUJA
plxs y) > 0 (p(x; y) < 0), rme p(x; y) — anrebpamvecKoe BeIpaXKeHHeE.

Onpegenenme 5. Pemenuem HepaBeHcTBa p(x; y) > 0 Hasbl-
BIIOT BCAKYIO Iapy umcen (Xx; y), KOTOPas yAOBIETBODAET ITOMY
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2. CUCTEMb! YPABHEHMH

HEPABEHCTBY, T. €. 00palllaeT HEPABEHCTBO ¢ mepeMeHHbIMH p(x; y) > 0
B BEDHOE YHCJOBOE HEPABEHCTEBO.

Haupumep, napa (2; 1) aBiasieTrca pemieHHeM HepaBeHCTBAa
2¢+ 3y >0(2-2+ 3 -1 >0 — BepHOE UNCIIOBOE HEPABEHCTBO), a
napa (0; —1) He ABiAeTCA pEIllEHHEM 3TOI'O HepaBeHCTBa (IpOBepbTe!).

Yto6Hl HaliTH BCe pelIeHWs HEPABEHCTBA C ABYMA II€PeMEHHBIMH,
Yalie BCEro omupamrca Ha rpaduk ypaBHenus p(x; y) = 0. Kax pac-
CY'KAAIOT JaJjIbIlle, IIOKAKEM HA IpUMepax.

IIpumep 14. Pemmurh HepaBeHCcTBO 2Xx + 3y > 0.

Pewme =5 ue. I'padukom ypaBreHud 2x + 3y = 0 aBngeTca npd-
Masd, IPOXOAANIas uepes Hadaso Koopguaar (0; 0) u, maupumep, TO4-
Ky (3; —2) (xoopzuHaTel 00EMX TOUYEK YAOBJIETBOPHAIOT YPABHEHHUIO
2x + 3y = 0). Ora npamasa n3obpaxeHa Ha puc. 62. IIpeobpasyem 3a-

LaHHOe HEPaBEeHCTBO K BHAY Y > —%x. Teneph siCHO, UTO HAC HHTE-

pecyioT Te TOYKH KOODAMHATHON IJIOCKOCTH, KOTOPble HAXOZATCA
BEIII € IOCTpoeHHON mpamoil. Takum o6pasom, Bce pemieHuA 3a7aH-
HOT'O HEPABEHCTBA I'€OMETPUYECKH M300PaKaloTCA TOUKaMHM OJIYILIOC-
KOCTH, PACHOJIOKEeHHOH Bhuillle upamoit 2x + 3y = 0 (puc. 63). (]

IIpaxTuueckuii coBer. ITocie TOro Kak ObLI mOCTpoeH rpadux
ypPaBHEHHUdA, MOYKHO OBLIO PacCyAaTh TaK: PELIEHUA 3aZaHHOrO He-
paBeHCTBa N300PAXKAIOTCA TOYKAMHU IOJYIJIOCKOCTH, PACIOJIOMKEHHOH
anbo BbIIIE, JN0O HUKE IOCTPOCHHOHM npsMoil. UToOB IpPaBUIBHO

vk V4
/
/ 7,
< 2 /+/l§/| 0
>
N Yy,
~N 3 A (s V
N I Y 7
ol x oL
s
5 > e%i\/(/ /
F % N %
D So “.@
L l
Puc. 62 Puc. 63
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|
—

8hIOPATh HYIKHYIO IIOJIYILIOCKOCTH, BO3BMEM JIOOYI0 TOUKY OZHOM M3
HUX ¥ IOACTABHM KOODAMHATHl TAKON KOHTPOJILHOI TOUKH B 3aJaH-
HOe HepaBeHCTBO. Eciy oaydnTea BEpHOE YHCI0BOE HEPABEHCTBO, TO
NOJYILIOCKOCTh BHIOpaHA BEPHO, €CJM HEeT — TO HeT (3Jech daxTu-
YeCcKV WCHOJIb3YeTCA YTBEDPIKAEHHE, KOTOPOe MOXKHO JOKA3ATH JIMIIb
CpeJCTBAMHM BBICILIIEH MaTeMATHKH: eclI¥ rpaduKoM paruoHAJBHOIO
ypaBHeHUA p(x; y) = 0 apiraerca auHEEA L, TO N0 OAHY K IO APYTYIO
cTropoRy OT L BHIpaskeHme p(X; Y) COXpaHAET IOCTOSHHEIN 3HAK).

BossmeM B KaueCTBe KOHTDPOJABHO# TO4YKYy (1; 1) m3 BepxHeil uo-
JNYILTOCKOCTH M IOACTABUM €€ KOODAMHATHI B 3afaHHOE HEPABEHCTBO.
INlonyuum: 2+ 1 + 3+ 1 > 0 — BepHOE YUHMCJIOBOE HEPABEHCTBO. 3Ha-
NVUT, FeOMEeTPHYECKOH MOJEeJILIO PelleHni 3afaHHOrQ HEPABEHCTBA AB-
JseTCa IONYIIOCKOCTDb, PACIOJIOXKEHHAA Bolme npsamoit 2x + 3y = 0
(puc. 63). IloHMMATL 3TOT BBIBOJ CJEAYET TaK: KOOPAUHATHI JII000M
TOUKM MHOKECTBAa, 3aLITPMXOBAHHOro Ha puc. 63, o0pasyior mapy
yuces, CAYXKaIylo pemeHueM HepaBeHcTBa 2x + 3y > 0.

IIpumep 15. Pemurs HepaBeHCTBO §¥ — 2x% < 0.

P e w e H u e. 'padburom ypasaenusa y — 2x° = 0 cay;kur napa6o-
an y = 2x? (puc. 64). OHa geauT KOOPAHHATHYIO ILIOCKOCTH Ha ABE
N4CTH: OJHA DACIIOJIOMKEHA BHIINE, a Apyrad HuKe napaboJsl. Bosbmem

y.
AT
\

-

= 2x2

Nt =
v

N -
A

3 Mopnxosus, 9 k., 4. 1 65



2. CUCTEMbI YPABHEHUM

B KauecTBe KOHTPONbHOH Toury (0; 1), pacmonoxeHHYIO BBIIIE Iapa-
6osbl. IlogcTaBNB KOOPAWHATE 3TOHM TOUKH B 3aJaHHOe HEPABEHCTBO,
moayuumM: 1 — 2 - 02 < 0 — HeBepHOE YHCJIOBOE HEPABEHCTBO. SHAYHT,
B KauyecTBe I'eOMETPHYECKO#l MOJEJH pelLIeHH# 3aJAaHHOr0 HepaBeH-
CTBa CJIEAYeT B3ATh YaCTh KOODAMHATHON IIJIOCKOCTH, DPACIIOJIOMKEH-
HYIO He BHIIIe, a HIKe mapabonni (puc. 64). @

Onpeagenenne 6. Ecau mocrasieHa 3ajaua HAWTH BCe TaKue
mapsl unces (x; y), KOTOPble O[HOBPEMEHHO YJOBJIETBOPAIOT HEPABEH-
crBaMm p(x; y) > 0 um g(x; y) > 0, TO roBopsaT, 4T0 yKasaHHble Hepa-

p(x; ) > 0,
q(x; y) > 0.

Tlapy uncen (x; y), KOTOpPas OZHOBPEMEHHO SABJIAETCA pPeHICHUEM
¥ IePBOr0 ¥ BTOPOr0 HEPABEHCTB CHCTEMBI, HA3LIBAIOT PELICHHEM CH-
cTeMbl HEPABEHCTB. PellINnTh CHCTEMY HEPABREHCTE — 3HAYNT HaiTH
BCe ee pellleHHd (MJIH YCTAHOBHTL, UTO DPEINEHUI HeT).

BEHCTBa 00pAa3yIOT CHCTEMY HepABEHCTB

2x -8y <6,

6
IIpume 16. PelHnTh CHCTEMY HEpPaBEHCTB
P P v Hep x+y+7=20.

P e me nue. 1) Iloctpoum rpadpuk ypaBaenus 2x — 3y = 6. 1o
npaMas, Ipoxoasainas depes Touks (3; 0) n (0; —2). BosbmeM B Kaue-
cTBe KOHTPOJAbHOU TOuKYy (0; 0), pacmosoKedHy0 BBILIEe IIOCTPOSHHOM
IPAMOM; ee KOOPAMHATHL YAOBJIETBOPAIOT HEpaBeHCTBY 2x — 3y < 6.
3HauYnuT, reOMETPHYECKUM PelIcHHEeM IMePBOr0 HEPABEHCTBA 3aJaHHON
CHCTEeMbI CIYIKAT HOJYIJIOCKOCTb, PACIHOJOMEHHAA BHILIE MPAMOM, H
cama npAMasn (IOCKOJIbKY 3alaHHOEe HEPABEHCTBO — HecTporoe) (puc. 65).

2) INocTpoum rpaduk ypaBmesus x + y + 7 = 0. 3ro npamasd, Ipo-
xogsamaa yeped Touky (—7; 0) m (0; —7). BoseMem B KauecTBe KOHT-
poabaOii Toukry (0; 0), PACIIONIOKEHHYIO BhILLIE IIOCTPOEHHOH MpAMOIi;
€e KOODAWHATHI YAOBJIETBOPAIOT HEPABEHCTBY X + Yy + 7 2 0. 3Hauwur,
reOMeTPUYECKNM pPelleHHeM BTOPOIO HEPABEHCTBA 3aJaHHOH cHCTe-
MBI CJIY’KAT MOJYILIOCKOCTD, PACIOJOMEHHAA BHIIIEe IPAMOM, H cama
npamasa (puc. 66).

3) B kauecTBe pemnenuil 3ajagHO CHCTEMbl HEPABEHCTB CJIELYET
B3ATH BCE OOIIME TOUYKH NMOCTPOSHHBIX HOJYILIOCKOCTEH, T.e. UX IIe-
peceueHHe (3alITPMXOBaHO Ha puc. 67). (]
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CUCTEMbI YPABHEHWIA
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2. CUCTEMbI YPABHEHWUM

§6. METO[ibl PELLEHMS CHUCTEM YPABHEHWM

B srom maparpade Mbl 06CyIHM TPH MeTOJA PELIeHHUs CHU-
cTeM ypaBHeHHi, GoJlee Haje)KHble, YeM rpaduuecKuii mMeTon, KOTO-
pBLil paccMOTpeNH B MpeABLIAYLIeM Iaparpadge.

1. MeTOoA NOACTAHOBKM

9TOT MeTOA Mbl IPHMEHAIN B 7-M KJacce AJS PellleHNA CHCTEeM
JuHeHHBIX ypaBHeHuii. ToT anropurm, KOTOpHIH# 6bLI BoIpaGoTaH B
7-M KJacce, BIOJIHe NPHIOJEeH AJA PellleHUuA CHUCTEM JIOOBIX ABYX
ypaBHeHHUil (He 00a3aTeJIbHO JUHEHHBIX) ¢ ABYMA NePeMEeHHBIMH X U
y (pasymeercs, mepeMeHHbIe MOT'YT OBITH 0603HAYEHB! M ADYTUMH OYK-
BaMH, YTO He HMeeT 3Ha4YeHHA). PaKTHYECKH STHM AJIOPUTMOM Mbl
BOCIIOJIB30BAJINCH B IIpeAblAynieM naparpade, Korja 3aBepliajy pas-
roBop o mpumepe 12.
4 N
AJropuTM HMCIOJbL30BAHMA METOAA MOACTAHOBKHM
IIpH pellleHMM CUCTEMBbI ABYX YpaBHEHMId
¢ AByMS IlepeMeHHBIMH X, Y

1. Bripasurs y uepes x M3 OOHOrQ0 ypaBHEHMS CHCTEMEI.

2. IoacTaBuTh MOJMYyUeHHOE BHIpAXKEHHE BMECTO Y B JPYroe ypas-
HeHHe CHCTEeMBbl.

3. Peuurs MMOJIYUeHHOEe YPaBHEHHE OTHOCHTEJIDbHO X.

4. ITogcraBuTh KaXAbLIH N3 HalJleHHHIX HA TPeTheM Ilare KOpHeii
YpPaBHEHUA IOQUEPEeTHO BMECTO X B BHIDAYKEHHE Y Uepes X, I0-
JIy4YeHHOe Ha IIePBOM liare.

5. Banucarb OTBeT B BHfie map 3HauYeHMi (X; y), KOTOpHIE OBLIM
HafilecHBl COOTBETCTBEHHO HA TPETHEM M UETBEPTOM IIare.

/

Ilepemennsie x u y, pasyMeeTcd, PABHOIIPABHEI, IIO3TOMY C TAKHM
JKe yCIIeXOM MEI MOJKEM Ha IIepPBOM Iuare ajilrOpUTMa BEIDA3HTL HE Y
yepes X, a X yepes y U3 OJHOro ypaBHeHMUA. OOBIYHO BHIOMPAIOT TO
ypaBHeHHME, KOTOpPOe HIpefACTaBJdeTCA 00Jiee MPOCTHIM, M BRIPAMKAIOT
TY IePeMEeHHYIO U3 Hero, MJA KOTOpOH sTa mpoueaypa mpefcTasiIseTcs
GoJiee mpOCTOIA.

68



2. CUCTEMBI YPABHEHMA

L
Mpumep 1. Pemunuts cucremy ypaBHEHMIt
x+3y =5,
xy = 2.

Peme u ue. 1) Beipasum x uepes3 y u3 IEPBOTO YPaBHEHUS CH-
ambIl: X = 5 — 3y.
2) IloacTaBuM HOJIyYEeHHOE BLIPAKEHME BMECTO X BO BTODPOE YpaB-
ane cucremsr: (5 — 3y)y = 2.
d) Pemum moayueHHOe ypaBHEHHUE:

by - 3y* = 2;
3y -5y +2=0;
2
y1=1, Y, = E,

4) ITogcraBuM mooYepPENHO KaKA0oe M3 HAUAEHHBIX 3HAUEHUH Y

Gopayny x=5-3y. Ecmmy=1,Tox=5-3-1=2;ecim y =

2
x=5—3-§=3.

Wl

2
5) Ilapwr (25 1) u (3; 5) — peHIeHUH 3aaHHO! CHCTEMBI ypaBHE-
nit.
2
OrserT: (2; 1) (3; 5).

2. MeTtop, anre6panyecKoro CROMeHUs

JTOT METOJ, KaK M METOJA INOACTAHOBKM, 3HAKOM BaM M3 Kypca
1¢OpEI 7-TO KJjacca, rie OH NPMMEHAJICHA AJIA PEIIeHHdA CHCTEeM JIu-
Wubeix ypaBaeHwil. CyTh MeTOa HAIIOMHUM HA CJIEAYIOLIEM [IpYMepe.,

Iipumep 2. Pemnts cucremy ypaBHEHWH
2x+xy+2=0,
4y +3xy +30=0.

PemeHue. YMHOXUM BCE WiIEHLI IIEDBOr0 YPABHEHMS CHCTEMEI
3, a BTOpOe ypaBHEHHUE OCTAaBUM Ge3 M3MEeHEHWs:

6x+3xy+6=0,
4y + 3xy + 30 =0,
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2. CUCTEMbI YPABHEHWHM

BirureM BTOpOE YpaBHEHHE CHCTEMEI M3 €€ IIEePBOr0 YPaBHEHWS:
(6x + 3xy + 6) — (4y + 3xy + 30) =0 - 0;
6x — 4y — 24 = 0;
3x-2y-12=0.

B pesyabTaTe anre6pandecKoro CIOMKEHHs ABYX ypaBHeHUH Hc
XOQHO# CHCTEeMBI MOJYYNIOCh YPaBHEHHE 00Jiee IPOCTOE, YeM IEPBO«
¥ BTOpPOE YPaBHEHUA 3aJAHHOH CHCTEMEBI. OTHM Gojiee IIPOCTHIM ypai
HEHUEM 3aMEHUM J1000e ypaBHEHUE 3a[aHHOU CHCTEMBI, HALIPUME|

Bropoe. Torga sazamHaa cucreMa ypaBHeHHH 3aMeHUTCS 0ojee Ipo
CTOIl cHCTEMOI:

2x+xy+2=0,
3x-2y-12=0.
OTy cucTeMy MOXMKHO DEIINTh METOAOM IIOACTaHOBKH. VI3 BTOpOIr:
3x-12

2
Y B II€epBO€ yYpaBHEHME CHUCTEMBI, IIOJYyUYHM:

ypaBHeBUA HaXOAUM: Y = . HOJ],'CTaBI/IB 9TO BBIPAKEHIIE BMECTO

2x + 5. 2212

+2=0;

4x +3x2 - 12x +4 =0;

3x2—8x + 4 =0;

2
x, =2, X, = 3

OcTanoch HMOACTABUTL HalifeHHBIEe 3HAYeHHA X B GopmMyay

3x-12 .2-12 2
= . Ecau x = 2, T0 y=§—2—=—3; ecnnx=§,T0

2
3.---12
3

y: T=—5,

Takum 00pasoM, MBI HAILIM ABA pPelleHUs cucreMmrr: (2; —3) u
2. _
(& -5)
. (9. . {2,
Oreem (2 -3); (E’ -5).
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2. CUCTEMbI YPABHEHWI
L —

3. MeTtop BBeleHHS HOBbIX nepemeHHbIX

C MeTOZOM BBeeHHA HOBOMH IlepeMeHHOH IIPH PellleHnN YPaBHeHUH
0 u1HOI mepeMeHHO# BB HOZHAKOMMINUCE B Kypce ainredphl 8-ro Kjacca.
(Cyrbe 3TOr0 MeTOZa IpM peIIEeHWH CHCTEM YPAaBHEHMI Ta Ke camad,
MO C TEXHUYECKOH TOUKM 3peHus MMEIOTCH HEKOTOphle 0COGeHHOCTH,
KoTopble MBI H 00CyAuM B IpuMepax 3 u 4.

IIpumep 3. Pemurs cucTeMy ypaBHEHMIt

£ +£=2’5’
y x
x2-y? =3.

X
Peme H u e. BeefileM HOBYIO IIepeMeHHyI0 ! = 7 Torga mepBoe
ypABHEHHE CHCTEMBl MOKHO GYyAeT mepemycars B Gojiee IIPOCTOM BHJE:
1 ”
1 T= 2,5. PemmnM 5TO ypaBHEHHMe OTHOCUTEILHO IePeMEHHOH f:

12 e
tl.&t+1__5_t =0;
t 2
22 +2-5¢ _
2t

212 -5t +2=0;

0;

t,=2, t,=%

O6a aTMX 3HAYEHHA YAOBJETBODPAIOT yciaoBuio 2¢ # 0, a moromy
HBIAIOTCA KODHSAMM DPAacCMATPHUBAEMOr0 ypaBHEHUS C IEpPeMeHHOH .

x x
Hot = Z , SHAYHUT, JH00 Z = 2, OTKy/Ja HaxoguMm, 4To x = 2y,

, OTKyZa HaXOAWUM, UTO y = 2x.

Do

x
aubo — =
y

Takum 06pas3oM, ¢ IIOMOIILIO METOJa BBeIEHHS HOBOH IepemMeH-
ol HaM yZajoch Kak Obl PAcC/JOMTh IMepBOe YpaBHEHME CHUCTEMBI Ha
Jisa 0oJiee IPOCTHIX YPABHEHUS:

x=2y; y=2x.

Yro e manpiie? A majbllle KayKAO€ M3 ABYX IOJYUYEHHEIX IIPO-
¢TbIX YPaBHEHHUHM HY)KHO IIOOUYEpPELHO PACCMOTPEThL B CHCTEME C ypaB-
negumeM x2 — y? = 3, 0 KOTOpOM MEI IIOKa He BCIOMUHAIH. MHBIMH
¢JIOBaMM, 3aZlada CBOAUTCHA K DEIIeHHIO JBYX CHCTEM YpABHEHWIA:
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2. CUCTEMb] YPABHEHWMA

x =2y, y = 2x,
x2—y? =3.
Hagno HaiiT; peineHus nepBoiil CUCTEMBI, DEINIEHNUA BTOPO CUCTEMEBI M

BCE MOJyYeHHBIE HNaPhLl BKJIUUTH B OTBET.
PemymM mepByio cHCTeMy ypaBHEHHIH:

x =2y,
x2-y?=3.
Bocnonbsyemca METOOOM IIOACTAHOBKH, TE€M 60J1ee 4YTO 34€Ch OJA

HEro BCe Ir'OTOBO: IIOACTABHUM BbIPDa&XKECHHNE 2y BMECTO X BO BTOpPOe ypas-
HeHWe CHCTEMBI. HOJIy‘II/IM nocJea0BaTe/JIbHO:

Qyy -y =3;
-y =3;
3y%=3;
=1

y,=1, y,=-L
Tak Kak x = 2y, To HaXOAUM COOTBETCTBEHHO: X, = 2, x, = —2. Tem
caMuIM TIOJIydeHBl ABa pelleHus safaHHO cucremsl: (2; 1) m (-2; -1).
Pemum BTOpPYIO CUCTEMY YpPaBHEHWIH:

y =2x,
x2 -y =3.

CHOBA BOCIONB3YEMCH METOAOM IIOACTRHOBKH: IOACTABMM BEIDA-
JKeHue 2x BMECTO Yy BO BTOpPOe ypaBHeHME cucTeMsl, Iloayuum mocie-
JOBATEIBHO:

x2 - (2x)* = 3;
x2—4x%=38;
~3x% = 3;

9T0 ypaBHEHUE He MMeeT KOpHeH, 3HAUUT, ¥ CHUCTEMa ypPaBHeHMi
He nMeeT pemeHuil. Takum 06pa3oM, B OTBET HAAO BKJIIOUUTEL TOJLKO
pellieHuA TIEPBOIl CUCTEME.

OrBerT: (2; 1); (-2; -1).

Me’rop; BBEJICHNA HOBBIX II€EPEMEHHBLIX IIPH DEIICHHN CHCTEM ABYX
ypaBHeHnﬁ C ABYMA IIEPEMEHHBIMH IIDMMEHAETCA B IBYX BapHUaHTax.
Hepsbtl‘l éapuanm. BBOAUTCA OJHA HOBajdA I€EPEMEHHAA W MCIIOJIB3YCTCA
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2. CUCTEMBI YPABHEHMWA
_—

$0JILKO B OOJHOM ypaBHeHHMM cHcTeMEl. IMeHHO Tak o06cToAIO Aeso B
fipumepe 3. Bmopoil eapuanm: BBOGATCA ABe HOBBIE IIEPEMEHHBIE
NCHONB3YIOTCA OAHOBPEMEHHO B 000MX YypaBHEHHAX cHcTeMhI. Tak
8yucT 06cTOATH Aeso B mpuMepe 4.

IIpumep 4. Pemuts cucreMy ypaBHeHH

2 3
+ = 4
x -3y 2x+y
8 9

x -8y 2x+y

Pemenue. BBegem JBe HOBLIe IepeMeHHEIE: G =
9
= = 3b.
2x+y x -3y x -3y
9TO MO3BOJIUT IEPENUCATDH 3aJaHHYIO CHCTEMY B 3HAYHTEJLHO 6O-
Jlbé TIPOCTOM BHAE, HO OTHOCUTEJbLHO HOBHIX NEPEMEHHBIX a U b:

a+b=2,
{4a -3 =1.
IlprMeHUM IJIA pELIeHUs 3TOH CHCTEMEI METOZ ajJrefpanvecKoro
CJNOKEHNA!

x-3y’

b=

- YureMm, UTO TOTZAA

N 3a+3b=6,
4a-3b=1;
Ta="1T;
a=1.

Tark Kak a = 1, To u3 ypaBHeHudA a + b = 2 Haxogum: 1 + b = 2;
ﬁ: 1. TakuM 06pas3oM, OTHOCUTEJBHO IIEPEMEHHBIX a4 1 b MBI ITOTyqu-

M ONHO peIleHue:
a=1,
b=1.

BosBpaiasch K IepeMeHHBIM X ¥ Y, HOJYYaEM CUCTEMY YPABHEHHUI
2

=1,
x -3y
3 =1,
2x+y
T. C.
x-3y =2,
2x+y=3.
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2. CUCTEMb]l  YPABHEHW

IIpumenuM A pellleHUA 9TOH CHCTEMBI METOJ alrebpamyecKoro
CJIOMKEHMSA:

N x—-3y =2,
6x+3y=9;

Tx =11;
_1

7

1
Tarc:carcx=7,TonaypaBHeHna2x+y=3Haxommzy=3—2x=

22

11 1
=3-2- v = 3- 7 =7 Taxum 00pasoM, OTHOCHTEIBHO II€PeMEH-

HBIX X U Y MBI IIOJYUNUJIN OJHO DEILIeHUe.

11

{14, 1
OrBer: 7 7

3aBepIIuM 3TOT Iaparpad KparKkum, HO JOCTATOYHO CePHEe3HLIM
TEOPETUYECKUM Pas3rOBOPOM. BEI yiKe HAKONMIM HEKOTOPBIA OIBIT B
pPellleHVY DASJIWYHBIX YPABHEHHl: JUHEHHBX, KBAAPATHLIX, PalHO-
HaJIBHBIX, UPPAIlNOHAJIbHbIX. BBl 3HaeTe, 4YTO OCHOBHAHA HJeA pelle-
HUS YPABHEHHA COCTOHUT B IIOCTEIEHHOM I€pPeXojie OT OJHOT0 YPaBHE-
HuA K Apyromy, 0oJjiee IpOCTOMYy, HO PABHOCHJBLHOMY 3aJaHHOMY.
B npearipgymem nmaparpage MBl BBEJIH IIOHSTHE PABHOCHJIBHOCTH AJIA
YPaBHEHHI ¢ IByM#A nmepeMeHHBIMH. VICIOJB3YIOT 9TO MOHATHE U IJIA
CHCTEM YPaBHEHMII.

Onpeaenexue. e cucreMbl ypaBHEHUH ¢ HePEMEHHBLIMA X H
Y HA3BIBAIOT PABHOCMJIBHBIMH, €CJTH OHU MMEIOT OJHM U Te JKe pelle-
HUs UI¥ ecau o6e CHCTEeMBI He MMeIOT pelIeHui.

Bce Tpu MeToza (MOACTAHOBKH, aaredpandyecKkoro cjIoKeHUS U BBe-
JeHus HOBBHIX IIEPEeMEHHBIX), KOTOPBle MBI OOCYZMIN B 9TOM Iaparpa-
¢he, KOPPEKTHEI C TOUKY 3PEHHS PABHOCHJIBHOCTH. NHBIMK CJIOBaAMY,
UCnonv3ysa amu memodol, Mol 3aMeHACM O0HY cucmemy YpasHeHul
dpyzoii, 6oaiee npocmoii, HO PABHOCUNLBHOIL NEPEOHALANLLHOU cucmenme.
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2. CUCTEMbI YPABHEHWIA

§ 7. CUCTEMBbI YPABHEHWA
KAK MATEMATMYECKME MOJENM
PEAJIbHBIX CMTYALLMM

Bam usBecTHO, UTO cucTemMa ABYX ypaBHeHH# ¢ AByMsA Ie-
PeMEHHBIMY MOJKET CIYMHTh MaTeMaTH4YeCKOM MOZeIbI0 peaJbHOR c1-
vyanuy. IlepBul#l OIBIT B peNIeHUY TAKUX 384a49 BBl IpHOOpeIn B Kyp-
ce axreOper 7-ro KJiacca. IIpaBia, TaM BCTpeUYaayCh TOJLKO CHCTEMBEI
JBYX JHHEAHBIX YpPaBHEHHH ¢ ABYMA IepeMeHHbIMU. Teneps MM yme-
em pemaTh 6oJjiee CJIOKHEIE CHCTEMBlI YPaBHEHHI, 3HAYUT, HAM BIIOJI-
Me II0 CHJIAM M DeIleHue 0oJiee CJAOMKHBIX 3a8ad.

IIpumep 1. B paiinerrpe gBa KuHOTearpa — «®Paxena» u «Cia-
pa», mepselii — ma 400, a Bropoii — Ha 600 mect. B spurenbHOM
suuae KuHOTeaTpa «CiaBa» Ha 4 pazxa 6oJbIire, YeM B KMHOTeaTpe «Pa-
Kesl», M, KDOME TOrO, B Ka’KJ0M PAAYy Ha 5 mecT GoJblle, 4YeM B KU-
Horeatpe «®Paken». CKOJIBKO PANOB B 3PUTEJLHOM 3ajie KMHOTEATpa
«DPaKey», eciu M3BECTHO, UTO B KaXKAOM pALY KuHoTearpa «Ciaasa»
Gosee 25 mecT?

P em e u ue. [leppriil atan. Cocmasnenue mamemamuiecrkoil mo-
deau.
IIycrs x — uncio pagoB B KHHOTeaTpe «MaKema»,
Y — YHUCJIO0 MECT B KaXKJAOM DALY KUHOTearpa «MDaxems.
Torga x + 4 — uucyao paAxoB B KuHoTearpe «Ciaasay,

y + 5 — uHcIo MecT B KaxkAoM psagy kuxoTearpa «CiaBas.
3uas YHCI0 PAAOB ¥ YHCJIO MECT B PAAY, MOXKHO HaiiTu obIlee IHCIIO
MECT B KaKJIOM KHHOTeaTpe:

Xy — 4YHCJO MeCcT B KMHOTeaTpe «MDakem»,

(x + 4)(y + 5) — umcao mect B KuHOTearpe «Ciasa».
llo yemosuio B kurHoTeaTpe «@aken» 400 mecr, T. e. xy = 400, a B KuHO-
reatpe «CiaBa» 600 mecr, 1. e. (x + 4)(y + 5) = 600.

Takum o0pasomM, MBI IPUXOAUM K CHCTeMe JBYX ypaBHEeHWH
¢ AByMA IePEMEHHEIMU:

{xy = 400, o

(x + 4)(y + 5) = 600,
1€ X, Y — HATypajbHBIE YKCJA.
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2. CUCTEMbI YPABHEHWHM

MaremarnuecKas MoOJeNb 33JaUHM COCTABJICHA.

Bropoit srau. Paboma ¢ cocmaenentoil modenvio,
HNmeem:

xy = 400,
xy + 4y + 5x + 20 = 600;

{xy = 400,

xy + 4y + 5x = 580. 2)

IIpumenumM MeTo aare0pamyecKOro CAOKEHHA: BHIUTEM II€pBOE
ypaBHeHUEe U3 Broporo. Ilomyunm:

(xy + 4y + 5x) — xy = 580 — 400;
4y + 5x = 180.
3aMeHNM BTUM ypaBHEHHEM BTOpDOE YpDaBHEHHE CHCTEMEI (2):
xy = 400,
- 3
4y +5x =180,

Cucrema (3) HECKOJBKO Ipolie, yem cucrema (2), ee MOKHO pe-
LIINTH METOXOM IIOJCTAHOBKM. BEHIpasum y uyepes x W3 BTOPOrO ypaB-

180 - 5x
HEeHHUs cucTeMH (3): Y = — IlopcraBuMm 5TO BHIpaKeHVE BMeC-
TO y B IIepBOE YpaBHEHME cUCTeMEI (3):

x- EOT‘5£ = 400;

x(180 - 5x) = 1600;
5x2 - 180x + 1600 = 0;
x2-36x+320=0
(o6e vacTu npeABIAYINEro YpaBHEHHA NOUJIEHHO Pasfeaian Ha 5);
x, =20, x,=16.

180-5
Taxk KaK Y= ————i—ﬁ, To nmoayvaem: ecau x = 20, To y = 20;
ecan x = 16, To y = 25.
Hrak, cucrema (3), a 3HaYMT, ¥ paBHOCHJIbHAA el cucTema (1) ume-
oT asa pemenns: (20; 20) n (16; 25).
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2. CUCTEMb! YPABHEHMA

"

Tperuil aran. Omeem Ha eonpoc 3ada4u.

Onupasich Ha NMOJYYEHHEIE PEIIeHUSA CUCTEMBI, MBI JOJKHEI
IPOAHAJVIBUPOBATE [IBé BOSMOJKHOCTH: JIIOO B KMHOTeATpe «Dareis»
20 pazos mo 20 mMecT B KaKaoM pany, aubo 16 pamos mo 25 mecr B
KwKaAoM palgy. Ecau BHIOpPATh MEPBYIC BOBMOMKHOCTDH, TO B KMHOTEAT-
pe «CnaBa» Oyzer 24 paaga (mo yciaoBuio Tam Ha 4 paja Ooswine) mo
25 mecr B KaxaoM paay (II0 yCJIOBHIO B KakaoM paay «CiaBel» Ha
§ mecT Goxbine, uem B «Pakese»). ITO HAC He YCTPAUBAET, IMOCKOJILKY
o YCJIOBUIO B KaxkaoMm pany «Caasui» Gosee 25 mect. Paccmorpum
MTOPYI0 BOBMOXKHOCTE: B «Pakese» 16 pagoB mo 25 MeCT B KaKIOM.
Torga B «Caase» 6yzer 20 pagos mo 30 MecT B KayKIOM. JTO HAC yc-
'rpanBaer.

Hrak, m3 AByX pemeHWi cucTeMH BHOMpaeM ofHO: x = 16,
y = 25, a 970 O3HAuaeT, uTO B KMHOTearpe «Paren» 16 panos.

OTBerT: 16 pagos.

Ha camom fese ara 3ajava He SIBJseTCA AJA Bac HOBOHM, MEI pe-
uiany ee B yueOHUKe «Anredpa—8», HO IO-APYroMy: MaTeMaTHYeCKOM
MOZEIBIO 3aJjaul OBLLIO PAllMOHAJbLHOE YPaBHEHME C OJHOM mepeMeH-
woii. IIpuBesieM KpaTkue HAGPOCKY IJSA COCTABJIEHUSA TAKOH MOAeJu:

X — 9YUCJ0 PAROB B KMHOTearpe «Darei»,

400
—; — UHCJIO MECT B Kay0M DAY KMHOTEATDa «Daxen»,
x + 4 — yucyo paAxoB B KuHOTeaTpe «Ciasa»,
600
~ + 4 UHCIO MecT B K&XK/OM DALY KMHOTearpa «CiaBa».
600 400
ITonyuaem ypaBHeHVE r 4 X = 5. 310 MaTeMaTUYeCKas MO-

JAeJb 3aJavu.

CpaBHUM JBa BapuaHTa pelleHHA 3afauu. B mepBoM BapuaHTe
6uura GoJree CJIOKHAA MaTeMaTHYecKad MOJENb (cucTeMa ypaBHEHHI),
gnavuur, 6ojlee TPYAHEIM OBLI BTOPOM 3Tam — paboTa ¢ cOCTaBJIECHHOM
MOZENbI0. 3aTO MeHee TPYAHBIM OBLI HEPBLIH 3Tam, camMa MaTeMaTu-
yeckas MOZesb OBLIA COCTaBJEHA Jerde M OuicTpee. B IpuHIMNE BEHI-
rogHee yImpoIlaTs paboTy Ha IIePBOM aTalle — HA 3Talle COCTABICHUSA
mareMaTmuecKkoi Mofenu 3amauu. [losToMy Bo MHOrux ciydasax ne-
JiecooOpasHee paboTarh He ¢ OAHOHM, a ¢ ABYMs IepeMEHHLIMH.

IIpumep 2. Ilpucranu B u C HaxozaArca HUXKe IIpUCTaHU A TIO
TeqeHMIo peKy Ha 30 KM ¥ 45 KM cooTBeTcTBeHHO (cM. puc. 51 Ha c. 49).
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2. CUCTEMbl YPABHEHWUM

MoTopHas JI0AKAa OTXOZUT OT IpHUCTaHu A, Joxozut xo C, cpasy IIOBO-
paunBaeT Ha3aj M IPUXOAMT B B, 3aTpaTvs Ha Bech IyTh 4 1 40 MUH.
B apyroi pas aTa sKe Joaxa oromiiaa or nmpucramum C, momwaa go A,
cpas3y IOBepHYJIa HA3aJ WM IpHInJja B B, sarpaTHB Ha Bech OYThb
7 u. HYemy paBHBI cOGCTBEHHAA CKOPOCTH JIOAKH M CKOPOCTH TeUEHHSH
peku?

Pemenune. llepBhiit aTan. Cocmasnenue mamemamuieckoii
Mmodenu. IT0 yxKe cAejaHo Bhille (cMm. upumep 1 B § 5):

45 15 14
+ ==,
x+y x-y 3
45 30
+

X~y x+y

=1.

3mech x KM/4 — coOCcTBEeHHadA CKOPOCTh JIOAKH, Y KM/Y — CKO-
POCTh TEUEHHA DEKH.

Bropoii sran. Pa6oma ¢ cocmaénennoli modenvo.

J1s pellleHNA CHCTeMbl YPaBHEHHI BOCIIOJIb3YyeMCH METOJOM BBe-

15 15
A€HHUA HOBBIX NMEPEMEHHBIX. HYCTI: =a, =b.
xX+Yy xX-Yy
TOI‘,I[a CHCTEMA IIPHMET BHJ
14
3a + b = —3-,
20+3b="1.

Pemwus sty cHcTeMy ABYX JHHeMHBIX YPaBHEHHH C AByMdA IMepeMeH-

5
HBIMH a ¥ b (cgesaiite arol), moayunm: a =1, b = 3

HUrak,
15 =1, T.e.x+y=15;
x+y
15 5
==, T.e.Xx-Yy=9
x-y 3 Y
Ocraercsi penIuTh COBCEM IIPOCTYIO CHCTEMY YDPaBHEHHH
x+y=15,
x-y=9.

Ilonyvaem: x = 12, y = 3.
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2. CUCTEMbI YPABHEHWH

Tpetuii aran. Omeem Ha 6onpoc 3adavu.

TpebyeTcs OIpeAeIUTh CKOPOCTD JOAKH B CTOSUYEH BOAE M CKOPOCTh
TeueHUsA pPeKH. IlepByio CKOpPOCTH MBI 0003HAUMINM OYKBOIl X, IOJY-
yuau x = 12; 3Ha4UuUT, cOOCTBEHHAA CKOPOCTH JOAKM COCTABJIAET
12 kM/u. CKOpPOCTE TeueHUs MBI 0003HAUMIU OYKBOH ¥y, IMOMYIWIN
y = 3. 3HAUUT, CKOPOCTE TEUEHUSHA DPEKM COCTABJIAET 3 KM/d.

OrBerT: 12 KM/4; 3 KM/U.

IIpumep 3. MacTep ¥ ero y4eHUK ILTAHUPOBAJIM COOOIIA BhI-
TMOJHHUTh HEKOTOPYIO paboTy 3a 6 gHeii. CHavasa 3a eJI0 B3sLJICA yde-
HHUK, HO, BHIOJAHHB 20 % 3samaHusdA, oH 3aboxen. OcramnHas paGora
OPHUIILIACH HA JOJI0 MacTepa. B MTore BHINOJHEHNE 3aJaHUSA PacCTAHY-
Jock Ha 11 gueii. 3a CKOJIBKO AHeil Mor Obl BEIIOJHHUTEL BCE 3ajaHUE
MacTep M 3a CKOJBKO AHEH y4eHHK, AeHCTBYA B OZUHOYKY, €CJU H3-
BECTHO, UYTO KOJHMYECTBO AHeil BRIDAXKAETCA ILIEJIBIM UHMCIOM?

Pemenue. IlepBuii aran. Cocmasienue mamemamuieckoii mo-
deau.

Ecau peur uaer 0 BHIIOJHEHMK HEKOTOPoil paboTel, He oXapakTe-
PU30BAHHOH B KOJUYECTBEHHOM ILIaHe (T. €. He CKa3aHO, CKOJBKO Je-
Tajeit Hazo cAenaTh, CKOJBKO KyOOMETpPOB 3eMJH BEIHYTH U T. I.), TO
00beM paboTHI CUMTAIOT PABHHIM 1, a yacTu paGoThl BEIPAXKAIOT B JO-
JAAX eIUHUIILI.

IIycTs x — uMCa0 AHEH, HeOOXOAMMEIX MacTepy, 4TOOBI BBITIOJ-
HUTH B OAMHOYKY BCIO paboTy, a y — 4MCIO AHel, HeoOXOgUMEIX yue-
HUKY, 4TOOH CIPABUTHCA B OGMHOUKY €O Bceil paGoroii. Ecin 06meM
Bceil pabotwl (T. e. 1) pasgenuM Ha YMCJIO AHeElN, HEOOXOZUMEBIX IJIA
BBEITIOJIHEHUA Bceil pabOTHl, TO Y3HaeM ZOJI0 paboThbl, BBINOJHAEMYIO
3a 1 gens. Urak,

1
5 — Aoas paboThl, KOTOPYIO BHIIOJHAET MacTep 3a 1 geHs,

1
-!;—,qo.rm paboThl, KOTOPYIO BEIIOJHSAET YUeHHUK 3a 1 JeHs.

Ilo ycaosuio, paboTas BMecTe, MAcTep M VUCHHK MOIJIM OBl BEI-
IOJIHUTL Bce 3amaHue 3a 6 nmeit. oma paGorel macTepa 3a 6 xHeit

., 1 6
BHIpaxkaercsa ¢opmymnaoir —-6, T. e, P Hoxa paboTel yueHHKa
X

1 6
3a 6 gHell BeIpa)kaeTca opMyaoit ; -6, 1. e. g
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2. CUCTEMbl YPABHEHWH

ITocKOJBKY BMeCTe OHH BHIIIOJHAT BCIO pabory (T.e. 1), cocras-

JIsileM ypaBHeEHMNe:
S .81
x ¥y

ITo ycJIOBMIO YYEHHK BBIIIOJHWI, TPYAACH B OZMHOUKY A0 CBOeil

1
6osesnn, 20 % sapmaHud, T. e. 3 Uacrp Bcell paboTel. CKOJIBKO BpeMe-

1
HHM OH noTpaTui? EcTecTBeHHO, UTO 7 UACTB TOrO BPEMEHH, KOTOpOe

. - 1 .
HY?KHO eMy Ha BBEINOJIHEHMe Bceil paboTsl, T. €. 3 y nueii. IloroM npn-

4
IeJ MacTep, CaeJaJ ocTaBloyioca pabory, T. e, 7 SajaHud, Ha 4TO

4 "
3aTpaTHI 5 X #AHed.

Ilo ycnoBuIO BHIIIOJHEHNE 3afaHUsA PACTAHYJI0CH HA 11 mmei, T. e.

yo& gy
5 5
y + 4x = 55.

Taxum o6pasoM, MaTeMaTHUYeCKad MOAETIDH 3afaul COCTaABJIeHa —
CHCTEeMa ABYX YPABHEHMH C ABYMS IECPEeMEHHBIMM:

E+9=1’
x y
y + 4x = 55,

e x, y — Lejble 4ucia.

Bropoit atan. Paboma ¢ cocmaénenroli Modensvio.

BocmosbayeMcsa MeTOZOM IOACTAHOBKHM. BeIpasum y uepesd x u3
BTOpPOrO ypaBHeHUA cucTeMbl: y = 55 — 4x. IlogcraBUM BhIpaXkeHHE
55 — 4x BMeCcTO Yy B IlepBO€ YpaBHEHUE CHCTEMEIL:

6. _6 _4 4
x  55-4x ) “)
Pemaa 3T0 panOHAJBLHOE YpPaBHEHINE, IIOCIeAO0BaATEJIbHO IIOJay4YaeM:

55— 4x [
61— + 6 _ {36549 _

x 55 — 4x ?




2. CUCTEMbI YPABHEHWM

6(55 — 4x) + 6x—x (55 — 4x) _
x (55 — 4x)

4x2 - 73x + 330 = 0;

0;

_ 3
2 4 ‘

O6a HaiifeHHLIX 3HAYCHHA YAOBJICTBOPAIOT YeJaoBHio x(55 — 4x) # 0,
T, €. ABJAIOTCHA KOPHSAMU ypaBHeHUd (4).

Ocrajsocs HAfiT COOTBETCTBYIOUINE 3HAYEHUH Y. JIJIA 3TOr0 BOCIIOIE-
syeMcsi cooTHoIIenueM y = 55 — 4x. Ecom x = 10, 10 y = 15; ecau

x,=10, x

33
x=7,'roy=22.

Hrak, cocraBieHHAs CHCTEMA ypaBHeHI'Iﬁ HMeeT ABa PEIlCeHUA:

(10; 15) n (373; 22)-

ITo ycaoBMI0O KOMMYeCTBO AHEN, HEOOGXOAUMMEIX KaKk MacTepy, Tak
¥ YVUEHHKY JJI BHIIIOJHEHUS B OZMHOUYKY BCEro 3aflaHUdA, BHDAXKaeT-

33,
¢Sl IeJBIM YMCJIOM. SHAUMT, Iapa (T’ 22) nac He ycTpamBaer.

Tperuii aran. Omeem Ha 6onpoc 3a0a4u.
Ou y:xe moayuer: x = 10, y = 15,

O T8emr 10 gueii; 15 aueii.

3ameuyanme. ObpaTtuTe BHMMaHME HA TO, UTO, PeLLas CUCTEeMbl ypas-
HEHWM, COCTaABMNEHHbIE B PACCMOTPEHHBIX 330a4ax, Mbl MPMMEHUNKM BCE Me-
T0fbl, O KOTOPLIX LINA pedb B MPEeapinyllem naparpade: u noacTaHoBKY, M
anrebpamnueckoe crnoXeHue, M BBEAEHME HOBBIX NMEPEMEHHbIX.



2. CUCTEMbl YPABHEHMA

OCHOBHbBIE PE3YJIbTATHI

e B 37T0if rimaBe BH NO3HAKOMHMJNCH ¢ HOBOH MaTemMaTuye-
CcKoii Mozenbl0, KOTOpas 4YacTO CJAYKHUT OIHCAHUMEeM MarTe-
MaTHYECKOM CYUIHOCTH peaJbHBIX ITPOIIECCOB, — CHUCTEMOM ABYX
YpaBHEHHI ¢ ABYMs IePEeMEHHBLIMHU.

e BBl MO3HAKOMMINCE C HOBHIMM MATeMaTHYECKMMH MOHATHIMN:
ypaBHeHHe (HepaBeHCTBO) C ABYMSA IepeMeHHLIMH;
pellleHVe ypaBHeHUs (HepaBeHCTBa) ¢ ABYMs NePEeMEeHHEIMH;
CHCTEeMa ABYX ypaBHEHMII (HEPABEHCTB) C ABYMS II€PEMEHHLIMM;
pelleHre CHCTEMEI JBYX YPaBHEHMI ¢ ABYMS IepPeMEHHBIMU;

PaBHOCHJIBLHOCTE YPAaBHEHUII ¢ JBYMs IEePEMEHHBIMU, PaBHOCHJIb-
HOCTbL CHCTEM ypaBHEHUIi,

e Mzxr o6Ccyauan pasguYHbBIe METONBI DellleHUs CHCTeM JBVX VDaBHe-
HUM C OIBYMSA TTepeMeHHBIMMW:
rpaduvecKuil MeTOx;
MeTOo[ NOACTaHOBKM;
METO[, a.nreﬁpanqecxoro CIIOXEeHHNA;
MeTOJ BBEAEHHNS HOBBIX IIEPEMEHHBIX.

e MksI ofparmiau BHMMaHMe Ha TO, YTO MeTOZ BBeJeHUS HOBBIX Iiepe-
MeHHEIX NIPH PelleHMH CHCTeM ABYX YpaBHeHUI ¢ ABYMS IepeMeH-
HBIMH ITPUMEHsEeTCS B ABYX BapuanTax. IlepBeifi BapHaHT: BBOIUT-
Cs OAHA HOBaA IePEeMEHHAA M MCIOJL3yEeTCH TOJLKO B OAHOM YPaB-
HEeHUM cHCTeMHE. BTopoit BapMaHT: BBOAATCH ABE HOBBEIE IIepeMeH-
Hble ¥ HCIIOJBL3YIOTCA OQHOBPEMEHHO B O00OMX YPABHEHMAX CUCTEMEL.

e M= moxasamm, uTo (x — a)® + (y — b)? = r* — ypaBHeHHe OKDYKHO-
CTH, IOCTPOEHHOH Ha KOOPAMHATHOM ITockocTH xOy, ¢ IEHTPOM B
TouKe (a; b) u paguycom r. B wactHocTH, X% + y? = r — ypaBHEHHe
OKPYXHOCTH, IOCTPOEHHON Ha KOOpAMHATHOH miockoctu xOy,
¢ IEHTPOM B Hayaje KOODAMHAT M PajguycoM 7.



TNABA
YACJIOBLIE DYHKLIMH

§ 8. Onpegenenne uucnososi yHKLmM.

O6nactb onpegenenus, obnacrts 3Ha4eHui YyHKUM
§ 9. Cnocobsi 3aganns yHKUMM
§ 10. CBosictsa pyHKUMSI
§ 11. YerHoie n HeveTHble DYHKUMM
§ 12. Oynkym y = x"(n € N), ux cBosicTea n rpagmxu
§ 13. Oyukpm y = x"(n€ N), mx csBosicTBa M rpagpmrm

§ 14. dynkuyms y Yx, ee csoiictsa u rpagpuk
OcHosHbie pesynbrarsi

§ 8. ONPELENEHME YUCNOBOM DYHKLIMM,
OBJACTb ONPEAENEHMS,
OBMNACTb 3HAUYEHMI DYHKLIMM

3a ABa roja U3y4YeHHA LUIKOJBHOTO Kypca ainreOpsl Bhl yaKe
NPUBLIKJXA K TOMY, 9YTO T€PMHUH «(DYHKLUUA» MCIOJb3YyeTCA IPaKTH-
YeCKH IOCTOAHHO. ITO U NOHATHO: BeAb MaTeMAaTHMKa M3ydaeT MaTe-
MATHYECKHMe MOJeJiM, a GOJILIIMHCTBO 3THMX Mojejeidl TaKk WMJIM MHa4de
cBA3aHO ¢ GpyExuuaAMHU. Ho B MaTemMaTHKe JeACTByeT 3aKOH: €CJIH MC-
noJb3yeTcs KakKo#-To TePMHH, €ero HAJ0 TOYHO ONpPEAEeNHUThb. 3a /ABa
rofia N3y4eHNs Kypca anre6pbl Mbl C BaMM HAKOIIMIK JOCTATOYHO MHO-
ro IPHMEpPOB, MOATBEPKAAIOIINX 9TOT 3aK0oH. TaK, B 7-M KJacce MBI
BBEJIM TE€PMHUH «CTeIeHb ¢ HATYPAJbHBIM IOKAa3aTeleM», TOYHO ero
oIpefeauB: «Ioxg a*, rge n = 2, 3, 4, ..., NOHUMAaEeTCA IPOU3BEACHNE
n MHOMXHUTeNeH, Ka)XAK M3 KOTOPHIX PaBeH a; mojx a' moHmMaercs
caMo uucao a». B 8-M KJacce MBI BBeIM TEPMHH «KBAaApPaTHHEIA KO-
peHb M3 HEOTPHUIATEJILHOTO YHCJIa», JAB €My TOYHOE OIpeaeieHMe:
« JE — 3TO TaKoe HEeOTPHIIATEJHLHOE YMCJO0, KBaApaT KOTOPOro paBeH
a». 1 Tak gajee u TOMy MOZoOHOE — BLI CAMHM MOXKeTe IIPUBECTH aHa-
JIOTMYHEIE IPUMEDHI.
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3 - YUCINIOBLIE dYHKLIMM

B 10 ke Bpemsa OHLIM CJOydYaw, KOTZJa MBI BBOZUJIM TepMHH M Ha-
YMHAJN UM IO0Nb30BATHCA, HO TOYHOI'O OIpejeseHus He GopmMyamupo-
BaJI¥, OTPAHUUYMNBASACH, IPHUOIM3UTEILHEIM HMCTOJKOBAHMEM TepMHUHA.
Tak GbLIO, B YaCTHOCTH, C TePMUHOM <«(hyHKOUA». Ilouemy ke MBI
B 7-M KJjacce, KaK TOJBKO CTAJIM HCHOJb30BATh IIOHATHE (QYHKIIHY,
He c(HOPMYJIHPOBAIH TOYHOE OIpeesIeHHe, IOUeMy He CAEeNaN 3TOro
u B 8-M KJjacce?

Hemo B TOM, 4TO HCTOPHSI PA3BUTHA MaTEeMaTHKHN IIOKA3LIBAET:
OBLIM NOHATHUS, KOTOPEIE YeJIOBEYECTBO aKTHBHO H JINTEJIbLHOE Bpe-
MA HCIIOJb30BaJI0 KAk pabouymii MHCTPYMEHT, He 3aAyMbLIBAsAChH O TOM,
KaK MX OIpeAesNTh. JIMINb HAKONUB HEOOXOAUMEL onvim B paboTe ¢
TeM WX MHBIM NOHATHEM, MAaTeMAaTHKH HAYMHAJIU OLUIYINATE nompes-
HOocmb B ero (opMaJLHOM ONIpeZeieHnH. PasyMeercs, He BCer[a IepBhle
TIOIIBITKH OIIPEAEUThL TO MJIM MHOE IIOHATHE, BpoAe Obl ACHOe Ha MH-
TYHTHBHOM YPOBHE, OKA3BIBAJINCH YAAYHBIMH, €T0 IIPUMXOAUJIOCH BIIO-
CJICICTBHH JOIOJHATH, YTOUHATb, Tak GBLIO M C IIOHATHEM QYHKIIUH.

IIpoamanu3upyeM HAII ONHIT paGOTHl C TEPMHHOM «(DYHKIHA».
B 7-m kiacce Mbl BBeJU TEePMHUH «JHHeiilHas QYHKOUA», INOHUMAA
IOA 3THM YpaBHEHHE C ABYMSA INEPEMEHHLIMM CHELHMAJBHOTO BHIa
y = kx + m ¥ paccMaTpHUBad IepeMEHHEIe X U J KaK HEpPaBHOIIPaB-
HEIe: X — HEe3aBUCHMAas IIepeMeHHad, Y — S3aBHCHMAadA IepeMeHHad.
3aTeM 3aZajHCch BOIPOCOM: & He BCTPEUAIOTCS JIH IIPH OIMMCAHHH pe-
aJbHBEIX IIPOIIECCOB MaTeMaTHYeCKHe MOJEJH MOZ0GHOT0 BHAA, HO Ta-
KHe, y KOTOPBIX y BEIpasKaeTcd uepes X He 1o ¢opmyse y = kx + m, a
o KaxoM-1ubo mHOM opmyse? OTBeT Ha 3TOT BOIPOC OBLI IIOJIYyYEH
cpa3y: BcTpevuaTcss. B 7-M Kiacce, KpoMe YIOMAHYTOMH JHHeiHO#
QYHKIUK, MBI H3YYWIN QYHKIMM y = x% u y = —x%, a B 8-M KJacce —

k
(byHRlﬂIHy:kx"’,y=;,y=ax2+bx+c,y=\/E,y= | 2].

IlocrenernO MEI Hauaau OCO3HABATH, UTO, H3yUaA KaKoi-1ubo pe-
anbHBII nponece, 00bIYHO O0paIal0T BHIMaHUeE Ha JBe IepeMeHHEIe
BEJINYVHEL, YYACTBYIOIIKMe B HeM (B Gojiee CJOMKHBIX IIpOIleccax ydacT-
BYIOT 60JIee ABYX BeJIMYMH, HO MBI TaKWVe IPOLECCHL II0Ka He paccMart-
puBaim). OaHa M3 HUX MeHsAeTcsa Kak Obl caMa o cebe, HE3aBUCHMO
HHU OT 4ero (Takyio nepeMeHHYIO dalile Bcero 0003HauaioT GYKBOH X),
a Apyras nepeMeHHadA NPHHUMAaeT 3HAYEHHUA, KaiKI0e U3 KOTOPBIX
KaKHM-TO 00pasoM 3aBHCHUT OT BEIODAHHOT'O 3HAYEHHSA IIepPeMeHHOH x
(Takyio 3aBHCHUMYIO II€PEMEHHYIO 4alle Bcero 0603HauaT GYKBOM y).
MaTtemaTi4ueCcKOM MOJEJBIO PeaJbHOrQ IpoIecca BO MHOTHX CIyYasX
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3. YHUCJIOBLIE YHKLMU

y Yy

2 ”— 2 =
al y= \/; 1 " y= \/;

o] 1 4 ; I ol 1 4 ;
Puc. 68 Puc. 69

KaK pas M ABJIAETCH 3aINCh HA MATEMATHYECKOM fA3BIKE 3aBHCHMOC-
™ y oT x: y = f(x). Takue maremarnyecKkue MOZENU MEI Ha3BIBAJIH
GbyHKIUAMU,

Maremaruueckas Mozenab Yy = f(x) 0OBIMHO ZOMOJHAETCH YKa3aHH-
€M Ha TO, M3 KaKOro YMCJIOBOI0 MHOJKeCTBa OepyTcsa 3HaUeHHUd Hesa-
BUCHMOH mepeMeHHO# x. Hampumep, MBI ropopunu o ¢hbyHKOUHU
y= \/'.;c' , mogpasymeBad, uTo X 2 0 (rpadpux GpyHKIMHN n300pakeH HaA
puc. 68), HO MH paccMaTpHBaAIU U GYHKIUIO Y = \/—; , Toe x € [0; 4]
(rpaduk byHKIuM M3obpaskeH Ha puc. 69). Oro pasHuie GhyHKIUM,

Hcnosb3oBaHue MaTeMaTHYecKON Mozeau Buza y = f(x) oxasbiBa-
eTcs yAOOHBIM BO MHOT'HX CIyYafX, B YACTHOCTH TOrAa, KOTAA peaib-
HBIH IPOLECC ONMKCHIBAETCA PasIMYHBIMK (OPMYIaMU Ha PDAa3HEIX IIPO-
MEXYTKax M3MeHeHHs He3aBUCHMMOI mepeMeHHOI. Bor ogna us Ta-
kux ¢pyuxnuii: y = f(x), rae

x%, ecnim x < O
f(x) =

2x, ecam x > 0.
I'padux pyERIIYN n300paked Ha puc. 70. [IoMmHKUTE, KAaK CTPOUTH Ta-
Kkue rpadpuxnu? CHayasia Haj0 HOCTPOMTL Hapaboily y = x? U B3ATDH ee
yacTs npH x < 0 (;eBas BeTBb Iapaboibl), 3aTeM IIOCTPOUTDL IPAMYIO
Y = 2x ¥ B3ATH ee 4acTb npu x > 0. U HakoHel, Hano ob6e BhLIAEJIEH-
Hble 4acTH 00'beAMHNTh HA OQHOM PHUCYHKE, T. €. IOCTPOHUTEH B OAHOM

85



3 . YACNIOBbIE dYHKLIMK

>

Ny
DN

-3-2-10] 1

Puc. 70

KOOPAMHATHOM IJIOCKOCTH. Taxme KycOouHble (YHKIMHM MBI PaccMar-
puBaJu U B 7-M, U B 8-M KJaccax.

Tak uTo Ke Takoe pyHKuuA? IIpoBeaeHHEII BhHIIE AHAJMM3 M HAII
OIBIT M3YYEeHUA KOHKPEeTHBIX QyHKOUII B 7-M M 8-M KJaccax IIO3BO-
JAI0T BHIJEJUTH JBa CYI[ECTBEHHBIX MOMEHTA.

1. 3ammchk y = f(x) ykaseiBaeT Ha 1 p a B U J 0 (0OBIYHO TOBOPAT
«IIPABUIO f»), C IOMOIIBI0 KOTOPOTO, 3Hasl KOHKPEeTHOE 3HAUEHUe He-
3aBUCHMOI IIepeMeHHO# X, MOKHO Ha¥TH COOTBETCTBYIOIEe 3HaUe-
HHe IIepeMeHHOH Y.

2. YxassiBaeTcd YHCI0BOEe MHOKecTBO X (Ualle BCETro KaKoH-TO
YHUCJIOBOM IIPOMEKYTOK), OTKyJa OepyTcsA SHaUeHUd He3aBUCHMOU IIe-
PEMEHHOH’ Xx.

Teneps MBI MOKeM CODMYJIHPOBATh OLHO M3 IVIABHBIX OIpezesie-
HUil IIKOJBHOro Kypca ajireOpnI (Za NosKauyii, 1 Bceil MaTeMaTHUKHU).

OnpegeneHne 1. Eciu gaHEl YNCIOBOEe MHOMKecTBO X M Ipa-
BIJIO f, IO3BOJIAIOINEE IIOCTABUTE B COOTBETCTBHE KAXKAOMY BJIEMEHTY
x u3 MHOKecTBa X OIpPeAeJeHHOEe YUCJIO Y, TO TOBOPAT, YTO 3aAaHa
dysnus y = f(x) ¢ o6aacTsio onpenenenus X; numyrt: y = f(x),
x € X. Ilpu sTOoM mepeMeHHYK X HA3LIBAIOT HE3aBHCHUMOI NepeMeH-
HOIl MM apryMeHTOM, a IIEPEeMeHHYI0 ) — 3aBHCHMOH nepeMeHHOI.
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3 . YACNOBLIE dYHKLIUK

3amevanme. B peanbHoM u3HM uHOraa rosopsaT: «Kakoebl mou dpyHK-
umm?» urm «Kakoebt mon doyHKUMOHaNbHbIE 06s13aHHOCTME», CRpaLLMBaR TEM
CaMbIM! «KaKOB KPYr MOMX BEMCTBUM, MOWX OBA3aHHOCTEN» MMM «4TO A AON-
MeH aenaTtb, KaK AelcTeoBaTtb». B peanbHOM XM3HM CNOBO «YHKLMA» O3Ha-
4aeT «JencTBMe» UMM «npasuna aeicteui». OBpaTtute BHUMaHMe, uTo dak-
TUHECKM TOT KE CMBICIT MMEET M MaTEMATHHECKMM TEPMHMH «DYHKLMSA», KO-
TOpPbI BBEAEH Bbille B onpepenerum 1.

Hns obnactu ompesenenus ¢pysHxmuu y = f(x), x € X mpuaaTo
HCcHoab30BaTh oOosHadenue D(f) (ot xar. domain — ob6aacts). Ha-
nIpuMep:

Ans pysxnum y =Jx , x > 0 (puc. 68) umeem: D(f) = [0; +0);

ns GyHKouu y =./x , x € [0; 4] (puc. 69) umeem: D(f) = [0; 4];

pnsa ysrnuu y = f(x) (puc. 70) umeem: D(f) = (—o0; +09),

Ecnu f(x) — anreOpamnduecxoe BeIpa)KeHHe M MHOMecCTBO X COBIA-
Jaer ¢ 00JacThIO OIpeAeJIeHUS 3TOr0 BHIPAMKEHHA, TO AeHCTByeT Co-
riameHue: BMecTo 3anucu y = f(x), x € X ucnoxansyerca 6oiee Ko-
porkas 3amuchk y = f(x), XoTa, MOAIEPKHEM, TaKad 3allUCh HE COBCEM
cooTBeTcTBYeT onpegenenuio 1. Ho maremaTuku crapaiorcsa OLITE 5KO-
HOMHBIMH BO BCEM: U B YIOTPeOJeHHH CJIOB B (OPMYJIHPOBKAX, U B
3aIMCAX MaTeMaTHYECKUX YTBEPIKACHUM.

Eme pas moguyepKHEM, YTO HEJAb3A I'OBOPUTH O GYyHKIUH ¥ = f(x)
0e3 ykasaHu#A ee o0JacTu onpeieraeHud, KOTOpasA WIK 3ajaeTcd ABHO,
WIN HOZPasyMEBAeTCs — B CHIydae, eclau 00JacThb onpenesleHUA PyHK-
ouu y = f(x) copmazaer ¢ 061aCTBI0 onpefeieHusA Bripaxenusd f(x) (ra-
Kyi0o 00JacTh ONpeResIeHus WHOTLA HA3LIBAIOT eCMmecmeeHHoil).

IIpumep 1. Haiitu o6aacTs onpesereHns GyHKLIUAM:
- 1 . 1
VY=NE-60 S OV Ts PV moes

Pemen une. a) Tak xkax ob6sacTs ompefeneHud QPYHKIUK SBHO
He yKasaHa, IoApasyMeBaeTcs, YTO OHa coBIagaer ¢ 06JIacThIO onpene-

JeHU#A BHIPAXKEHHA /x? — 6x + 8. Takum o6pasoM, pedb UAET O HOUCKE

ecmecmeenHoll obaacmu onpedeneHus yrkyuu (TO e MMEeT MEeCTO
B 3agaHusx 0) u B)).

Bripasxenue ,/h(x) uMeeT CMEICH JHIIL npu h(x) 2 0. 3nauur, 3a-
Jada CBOJUTCA K PellIeHHI0 KBaApaTHOro HepaseHcTsa x2 — 6x + 8 > 0.
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3 . YACTIOBbIE dYHKLIMK

Puc. 71

Haiifa KOPHM KBaJpaTHOTO TpexuieHa x*— 6x + 8 (x, = 2; x, = 4)
¥ cXeMaTH4YeCKH OCTPOMB Iapaboay y = x2 — 6x + 8 (puc. 71), BeGn-
paeM HHTepecyloIyie Hac IPOMEXKYTKN: X S 2; x > 4,

HArax, D(f) = (-o0; 2] U [4; +°°) (nanomMuuM, 9TO U — 3HAK 00b-
eMHeHUA MHOXKECTB, cM. § 3).

1 .
6) P®yHKOUA Y = ——————— ONpefielieHa B A1000# TOYKe X, 3a
(x-2)(x-9)
WMCKIIOUYEeHNEM TO4YeK 2 M 4 — IIpM 3THX 3HAYEHUAX X 3HAMeHaTelb
apobn obpamaerca B 0. OTBeT MOKHO 3amMCaTh TaK:
D(f) = (=205 2) U (2; 4) U (4; +o0).
Brpouem, Ha MpakKTHKe MOXKHO HCIOJB30BATh COKPAILEHHYIO 3aITHCh:
D(f): x £ 2; x # 4.
B) 37ech 3aJauya CBOAUTCA K DelIeHNI0 HepaBeHCTBa
x2-6x+8>0.

Bocnosp30BaBIINChE reOMETPUYECKOM MOAENBIO, IPEACTABJICHHON Ha
puc. 71, HO MCKJIIOYHNB M3 DACCMOTPEHHS TOUYKK X = 2 H X = 4, ITOIyIAM:

D(f) = (-0; 2) U (4; +). @&

OnpeageneHune 2. MuHOxeCTBO BeeX 3HAUeHUH GYHKIMH ¥ = f(x),
x € X HaspIBAIOT 00JAACTHIO 3HAYeHMII pyHKuMM U o6osHagaiorT E(f)
(or nmaT. equal — paBHO).

OnpeagenerHune 3. I'padpuxom dynxuuu y = f(x), x € X Haswl-
BalOT MHOKecTBO F Touek (x; y) KoopamHATHOHN miuockoctu xOy:

F={x;ylxe X, y=f(x).

Ecnu usBecTeH rpadui GyHKOMM, TO 06acTh SHAUEHUH QYHKINN
HalTH CPaBHUTEJBHO HeTPYAHO. 714 3TOro JOCTATOYHO CIIPOEIMPOBATH



3. HYACTNOBLIE ®YHKUUA

rpaduk Ha ock opauHAT. TO YHCIOBOE MHOXKECTBO, TeOMETPHYECKAasI MO-
JieJIb KOTOPOro IOJYYHTCA Ha OCH OPAMHAT B Pe3YJLTATe YKa3aHHOrO
NpOEIMPOBAHNSA, M OyAEeT npeAcTaBaAaTh coboi E(f). Hanpumep:

AN QYHKIHUA Y = \/; umeem: E(f) = [0; +o0) (puc. 68);
aia GYERIUHR Y = ﬁ, x € [0; 4] umeem: E(f) = [0; 2] (puc. 69);
gna Gysxoun y = f(x) (puc. 70) umeem: E(f) = [0; +0).

MMpumep 2. Haua dpysxnus y = f(x), roe

-x%, ecam x < 0;
fxX)=<3x+1, ecrm 0 < x < 2;
3, ect 2 < x < 4.

a) Haiiru D(f);

6) eramcants f(-2), f(0), 1(2), 1(3,2), f(4), f(5);

B) Hatitu E(f).

Pe1e H ue. a) O0nacts onpegenenunsa GYHKIUN COCTOUT U3 TPEX
npomMexyTKOB: (—o0; 0], (0; 2] u (2; 4]. O6beAUHUB UX, MOJYYUM JIYY
(—o0; 4].

Hrax, D(f) = (—<c; 4].

0) 3nauenme x = —2 yAOBJIETBOPAET YCJI0BMIO X < 0, ciiegoBaTesbHO,
f(-2) HazO BRIYMCIATEL O IEPBOi CTPOKe 3afaHus pyHKIuM: f(x) = —x?%;
sHaunTt, f(-2) = —(-2)? = 4.

3uauenue x = 0 yzoBieTBopseT ycaoBuio x < 0, ciaegoBaTeNbHO,
f(0) Hago BHIYMCIATH 1O IEepBO cTpPOKe 3afaHud GyHKmuM: f(x) = —x%;
suauwut, f(0) = -02 =0.

3HaueHHe X = 2 YAOBJETBOPAET ycaoBulo O < x < 2, cjezoBareib-
H0, f(2) HasO BEIUMCIATH IO BTOPOH CTPOKe 3azaHusa GyHKIuU: f(x)=
= x + 1; sHaunrT, f(2)=2+ 1 =3.

3HaueHne X = 3,2 yOOBJIETBOpAET YCJIOBHIO 2 < x < 4, cjenosa-
TeJabHO, f(3,2) Hajo BHIUMCAATH IO TpPeThell CTpOKe 3agaHMA GyHK-
umm: f(x) = 3; suauur, f(3,2) = 3.

3nauenue x = 4 yAOBJIETBOPSAET YCIOBUIO 2 < X < 4, CJIef0BaTeIbLHO,
f(4) HaEO BHIYMCIATE IO TPeThEH CTpPOKe 3afaHuA pyHxmuum: f(x) = 3;
srauwuT, f(4) = 3.

3HaueHue x = 5 He yAOBJIETBOPSAET HM OZHOMY M3 TPEX YCJIOBUH
sagasusa GyHKouU, a noromy f(5) B JAHHOM ciydYae BBEIUHCJIUTD
HEeJIL3d, TOUKA X = D He UPHUHAAJEKHUT 00JAaCTH onpeAeleHus PyHK-
uun. 3agaHue BHIUKCIUTL f(B) Hexoppexmmuo.
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3. YACJIOBBIE ®YHKLIUN

! ] }
A |
y Yy x,\’ _
//*. :
3l 14
1
Y »’ 1‘11
O N 1 x lo ’
. R 2 x
/ : .
ll y - —xz s
Puc. 72 Puc. 73

B) OGuacTh (BrmpoueM, He Bo3bpaHsieTCA MCIOJb30BaTH TEDPMHH
«MHOKECTBO») 3HaUeHH#l (DYHKIINM, KAaK MBI Y)K€ OTMETHJIH BbIIle,
MOXKHO HaiiTm ¢ momounbio rpabura dyrxknun. Iloctpoenne rpadpuxa
OCYILECTBUM <«II0 Kycoukam». CHadasa mocTpouM mapaboay y = —x*
W BHIJENIUM ee 4acThb Ha Jayue (—o°; 0] (pmc. 72). 3aTeM mocTpomm
npamMyo y = x + 1 u BrJeJINM ee uacTh Ha nmoiayuHTepsaie (0; 2]
(puc. 73). Janee mocTpONM IPAMYIO ¥ = 3 M BBIAEINM €€ YacTh Ha IOJIy-
unTepBane (2; 4] (puc. 74). Harkorer, Bce TpU «KyCcOUKa» HM300pasyum
B OAHO# cUCTEMe KOODAMHAT — 3TO U OyAeT rpadux bysrnum y = f(x)
(puc. 75).

7y y
3
/
y
3 ~O- 1
10| 2 4 :
L r,
4
P
o 2 4 x / y
A
Puc. 74 Puc. 75
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3 - YACJIOBLIE PYHKLIMK

Tenepbs XOpOULIO BHAHO, YTO 00/1aCTh 3HAYEHUHA (PYHKIUN COCTOUT
U3 ABYX IIPOMEKYTKORB: jyuda (—°¢; 0] — OH CIIOIIE 3Al0JHAETCA Op-
AUHATaMHU TOYEK BETBU Ilapaboubl y = —x%, x < 0 — ¥ NoJyuHTEpBaIa
(1; 3] — oH cmaouIb 3AMOJHAETCA OPAMHATAME TOYEK YUaCTKa IIpA-
Mot y =x + 1, 0 < x < 2, HUrax, E(f) = (—o0; 0] U (1; 3]. (]

§ 9. cnoCoBbl 3AAAHMA DYHKLMM

3azaTh QYHKLOHNIO — 3TO 3HAYMT yKasaTh I D a B U J O,
KOTODO€e IO3BOJsSET IO IIPOM3BOJIBHO BHIOPAaHHOMY M3 00JacTu ompe-
JelleHuA (PYHKIVY 3HAYEHWIO HEe3aBHCUMOI IIepeMeHHON BLIYHCINTH
COOTBETCTBYIOIIee 3HAUEHNE 3aBUCHMOI1 nepemMeHHoi1. Yaie Bcero aTo
TIPaBHJIO CBA32HO ¢ ¢ O P M Yy JI 0 ¥ MJIM C HECKOJBKUMHU (popMyJa-
MH — Takoi crmocob 3asaEna GYHKINKN OOBIYHO HASLIBAIOT GHAAUMU-
yeckum. Bce pyHKIIMM, paccMOTpeHHEIe B § 8, OBLJIM 3aJaHBEl aHAAH-
TuecKk”, MeXay TeM ecThb ApYrue CIIOCcOoOH 3aZanns QYHKINA, 0 HUX
¥ nolifileT peuyb B HacToAmeM maparpade.

IIycts F — HexoTopad JIMHHA Ha KoOpAUHATHOH miaockoctu xOy.
CopoenvpoBas aTy JMHUIO Ha 0Ch abCIUCC, MBI MOJYYHM, HAIPUMED,
otpesok [a; b] (puc. 76). BosasMeM IPOH3BOJBHYIO TOUKY X U3 OTDPE3-
Ka [a; b] u npoBejeM uepes Hee MPAMYIO, NAPAJJIENbHYIO OCH OPAH-
HaT. [IoTpeGyeM AOIMOJHHUTENBHO, YTOOHI Kaskjad TaKas HPAMAA IIe-
pecexana JUHUIO F TOIBKO B OZHON TOuKe — Ha puc. 76 cooTeeTt-
CTByIOMIasA To4YKa o6ozHaueHa OykBoit M. Opamuara Toukn M — 3To
yueso f(x), cooTBeTCTByIOMIEe BHIOPpaHHOMY 3HaUeHUIO X. TeM caMbIM
Ha orpeske [a; 0] sagana pyurmus y = f(x). Takoil cnocob saganma
GbyHKIUY HA3BIBAIOT 2pAPuULecKuM.

Ecnm gyHknusa Gblila 3aflaHa aHAJUTHYECKHM M HaM yJajoch IIO-
CTPOUTEL IrpaduK PyHKIUH, TO MBI PaKTUUYECKH IEepellId OT aHAJH-
THYECKOro cnocola 3azjanmd QyHKIHKM K rpabumueckomy. OOpaTHBIH
JKe IIepexof yAaeTcsa OCYLIEeCTBHThL JajleKo He Bcerga. Kak mpaBumio,
OTO AOBOJBHO TPYAHAs, HO HHTEPECHAA 3ajada.

He BcaAkaa IMHMA HA KOOPAMHATHOH ILTOCKOCTH MOXKET paccMaT-
PUBATHCA KakK I'pa¢uK HeKOTOPo# ¢pynxuuu. Hampumep, OKpYKHOCTB,
sajaHHasA ypaBHeHuem x2 + y? = 9 (puc. 77), He sABIAAETCA TpadUKOM
¢yernuu. B camoMm fpese, CIPOEKTHPOBAB OKPYHKHOCTDL Ha OCh X, IOJIY-
yuMm oTpesok [—3; 3]. Jwbaa nmpamas x = a, TAe lal < 3, mepecexaer
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3 . YACNIOBbIE YHKUMA

7% N F y L S

M] 3 !

Tf(x) L3 R
) N,

k —3\ o 3

O;xb :— \ﬁmﬂr
.

Puc. 76 Puc. 77

jak 4

3Ty JHUHHUIO B ABYX TOYKAaX, a AJA 3aJaHUA QYHKIIMH IpAMasd
X = @ OOJKHA mepeceKaTh JUHHUIO F TOJBKO B OAHON TOuKe. B TO xe
BpeMs €CJIH 3Ty OKPYKHOCTb paspesaTh Ha JB€ YACTH — BEDPXHIOI0
MOJIYOKPY’KHOCTE (puc. 78) M HIMKHIOK HOJyOKPYKHOCTS (puc. 79), — To
KaKAYI0O U3 IOJYOKPYKHOCTEH MOXKHO CUMUTATh I'paHMKOM HEKOTOPOIM
GYHKINN, IPHYEM B 000MX CIYyYadaX HECJOIKHO OT IrpadhuecKoro CIo-
cofa 3aflaHnA QPYHKIUMN mepedTH K aHajauTuueckoMmy. 3 ypaBHeHHA

Yy L y
3
i A
-3 3
> >
-3 o 3 | x o x
\\ )

-3

Puc. 78 Puc. 79

92



3 . HACNOBLIE DYHKLMK

x* + y* = 9 maxomum: y* = 9 — x%; y=1v9-x*. Bepxuaa momyox-
PYKHOCTE OKPYsKHOCTH X% + y? = 9 aBiaserTca rpadpuKoM PYHKIHNH
y=v9-x% (cM. puc. 78), a HMKHAA HOJYOKPYKHOCTb OKDPYKHOCTH
x? + y? = 9 aBnserca rpaduroM GyEknun Y =—-+9-x? (cM. puc. 79).

9ToT mpHMep IIO3BOJAET OOGPATUTHL BHMMaHHME Ha OZHO CYILECT-

BerHOE obcToATeNBCTBO. IlocMoTpUTE Ha rPaduK GYHKIUU I = /9 — x2
(cM. puc. 78). Cpasy acwo, uto D(f) = [-3; 3], uro, Hanpumep, y_ = 3,
ay_. =0, 9To GyHKnus Bo3pacraeT Ha oTpeske [-3; 0] u yOnisaer
ua orpeske [0; 3]. A ecuau Gul peub uLIa 06 OTBICKAHUK 06GJIACTH OIIpe-

AeJIeHNA aHAJIUTHYECKH 3afaHHol QYHKIUU Yy = J9 - x? ? Toraa mpu-
miochk GBI, KAaK MBI 3TO Zejanu B § 8, pemrats HepaBeHeTBo 9 — x2 2 0.
MorpyauTscs IPpUULIOCH OB X AJIS OTHICKaSIHNA HaUMEHBIIEro U Hau-
OoJbiero 3sHaueHUE QYHKIUK, U AJIA MCCIEJOBAHUA ee Ha MOHOTOH-
HOCTh. AHAJIUTHYECKUI U rpadruecKuil cHocoORI 3afaHusa DYHKIUHN
XOPOILIX Ka)XIBIHA II0-CBOEMY, IIOTOMY-TO OOBIYHO U cTapaloTcs pabo-
TaTh OJHOBPEMEHHO U TeM U APYrum cunocobom. Brpouem, 3a aBa roga
M3YYEeHHS Kypca ajreGphbl B IIKOJIE BH K 3TOMY YK€ IPHBBIKJIM.

Kpome anaauTHvieckoro um rpadmuuecKoro Ha IPaKTHKE IPHMEHA-
10T mabauurslil cuocob samanma pyHxkmuu. IIpm sTom cmocobe mpu-
BoguTCA TaOJuIla, B KOTOPOi YKasaHEI 3HaUeHMA (YHKIUH (HHOTAA
TOYHBIe, MHOTJA IPHUGIIIKEHHEIE) AJIsI KOHEUHOI0 MHOJKECTBa 3HaAUe-
nuit aprymenTta. IIpumepamu TaOJIUAYHOrO 3afaHUA (QYHKIUH MOTYT
CIYKUTH TaGJIuIBEI KBaAPaTOB 4HCe], Ky0OB UKCeJI, KBaAPATHBIX KOP-
Hell u T. ;.

Bo muorux cayuaax rabamiaHoe 3agaHue GYHKIUY ABJISETCA YR00-
#eIiM. OHO NO3BOJIET HAaWTH 3HAUYeHHe MYHKIUH IJId HMEIOIMUXCH
B Ta0auIe 3Ha4YeHWi aprymeHTa 6e3 BCAKUX BHIYHMCJICHHUIL,

AnanurTnyeckuil, rpadpudeckuii, TabauuHbIl — HaubGosee IIONy-
JIAPHEBIE CIIOCOOH 3ajaHus (GYHKIUH, JUIA HAOIMX HYXKJA 3THX CIIOCO-
f6oB BmosiHe AocraTouHOo. Ha caMoM Jejle B MaTeMaTHKe MMEETCHA H0-
BOJIBHO MHOI'O Pa3jAMYHBEIX CIIOCO00B 3aaHUA (DYHKIMU, HO MBI IIO-
3HAKOMMM BaC €ille TOJLKO ¢ OJHUM CIIOCO00M, KOTODHIA MCIOJbL3yeT-
cA B BeCbMa cBoeoGpasHBIX CUTyamusax. Peur uaeT o caosecHom CIo-
cobe, Korjga IpaBuo 3agaHusa (QDYHKIIMU OIMCHIBAeTCA ciaoBaMu, IIpu-
BEeJIeM IIPUMEPHI.

Mpumep 1. Oyuxnua y = f(x) 3agaHa Ha MHOYKECTBE BCeX
HEOTPHIIATEJNLHBIX YHCEJ C IIOMOIIbIO CAEAYIOIIErO IPABIJIA: KAaXKAOMY
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3 . YMCROBLIE dYHKLINMK

yucay X 2 (0 cTaBUTCS B COOTBETCTBHE IIEPBBIM 3HAK MOCJE 3aNATOH B
JECATHYHON 3aIMCcH YHCIA X.
Ecau, craskem, x = 2,534, 10 f(x) = 5 (uepswiii 3HaK HocJje 3amd-

2
Toit — mudpa 5); ecaz x = 13,002, To f(x) = 0; ecnut x = 3+ T0, 3amu-

caB , B BHJe OecKoHeuHOH zecaTuuHoi apobu 0,6666..., Haxomum:

f(x) = 6. A uemy paBHo 3HaueHHe f(15)? Ono paBno 0, Tak kKak 15 =
15,000..., 1 MBI BHAMNM, YTO HEPBLIA AECATHUYHLIN SHAK IIOCJE 3aIld-
To# ecTs 0 (BOOOIIE-TO BepHO U paBeHCTBO 15 = 14,999..., HO 00BIYHO
He pacCMaTpPHBAalT 0ECKOHEUHEbIe IIEPHOAMYECKHUE AECATHYHEIE APOOH
¢ nepuojgom 9).

JIro0oe HeOTPHIIATEJIBEHOE YHUCJIO0 X MOXKHO 3alMCATh B BHAE ZECH-
THYHOHA APOOH (KOHEUHOH MM 0eCKOHEYHO¥), a IIOTOMY AJIA KaXKIOTO
3HAYEHHMA X MOYKHO HAWTH OIpEeJeJEeHHOE 3HAUEHHE IIEPBOTO 3HaKa
mocje 3ailfaTod, TAK YTO MBI MOXKeM POBOPHUTEL O (PYHKIIMH, XOTHA U
HECKOJbKO HeOOHIUHOM. ¥ 210 pyHKIHN

D(f) ={0; +0), E(f)={0,1, 2, 3,4, 5,6, 7, 8, 9}. @

IIpumep 2. Pysxnusa y = f(x) 3ajaga Ha MHOMXECTBE BCEX AEHCTBH-
TEJBHBIX YHCEJ C IIOMOILIBIO CJEXYIOHIEro MpaBMa: KaXKJOMy UHCIYy X CTa-
BHATCA B COOTBETCTBHE HAMOOJIbIIEEe M3 BCEX IIEJBIX YHCEJI, KOTODHIE HE IIpe-
BoCcXOZAT x. HEIMHU cioBaMu, GyHKIUA y = f(x) ompeaensercs: ciaeyIONu-
MU YCJIOBHSAMHE:

a) f(x) — menoe umciO;

0) f(x) < x (II0CKONBKY IO YCJOBHIO f(X) HE IPEBOCXOIUT X);

B) f(x) + 1 > x (mo ycnoBuio f(x) —Haub6oabIIee INEIOE IUCIO, HE
mpeBocxogsinee X, 3HAUMT, f(x) + 1 yxe Goxnblme, yeM Xx).

Ecnu, craxkem, x = 2,534, 10 f(x) = 2, IOCKOILKY, BO-IIEPBBIX, 2 — me-
JI0e YHMCJIO, BO-BTOPHIX, 2 < 2,534 m, B-TPeTbHX, CJEZYIOLIee HeJoe UHCIo 3
y:xe Gosbiue, uem 2,534.

Ecmm x = 47, To f(x) = 47, 110CKONBKY, BO-II€PBHIX, 47 — HeJioe 1HCJIO,
BO-BTOPBIX, 47 < 47 (Tounee, 47 = 47) u, B-TPETHUX, CIACAYIOIICE 3 UHUCTOM
47 menoe unciao 48 yxe Gonawlae, uem 47.

A yemy pasuo sauenue f(—0,01)? Ono pasuo —1. IIposepaiite: ~1 — Hau-
Gonbliiee M3 BCEX IEJBIX UMCEJ, KOTOPBIE He mpeBocxogaT uwmcia —0,01.

V aroit pyakumu D(f) = (—00; +0), a E(f) = Z (MHOKECTBO LIEJBIX YH-
cen). &

DyHKOuUI0, 0 KOTOPOil IIlJia peusb B IpHUMepe 2, HA3RIBAIOT Yel0il Lacmbuio
yucaa; pst UeJol 4acTH YMCla X MCIONb3yT obosHaueHue [x]. Hanpumep,
[2,534] = 2, [47]} = 47, [-0,01] = ~1. OueHb cBOEOGPA3HO BHINALHT rpadux
dyuknuu y = [x] (pme. 80).

3
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3. YACNOBLIE DYHKUMA
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DYHKIUY BO MHOTHX CIy4YafaX CJHAY’KaT MaTeMaTHYECKHMH Moze-
JAMU PeaJIbHBIX IporeccoB, Hanpumep, a060#i paBHOMEPHBLIA IpO-
uecc, B KOTOPOM Y4YacCTBYIOT ABe NepPEeMEHHLIe BEJUUUHEL X H Y,
omuceiBaeTca GopMyJsoi y = kx + m, rae kK, m — neldCTBUTEJbHEIE
yHpCcJa; 9TO JUHENHaA q)ylzmmm. 3aKoH CBOOOJHOTO MAaAEHHA ONMHCEHI-

saeTcd QyHKnmueir s = %—; 37ieck BpeMsA ¢ — HesaBHCHMad IIePEeMEH-

Hasl, a 3aBHCHUMAadA IlepeMeHHasA § — NpoiAeHHEIH myTh. MHOrHE IOX00-
HbI€ IIPMMEPHBL N3BECTHRL BaM N3 Kypca (I)I’I3HI€I'I.

IIpuBegeM elle TPH IpHMepa.

1. IlpeAmom0oxuM, YTO KOJOHUA KUBBIX OPTaHU3MOB HaXOAWUTCH B 6Jaro-
NPUATHBIX YCJHOBHAX: IIPOCTPAHCTBO, 3aHMMaeMoOe KOJIOHHUelH, W IHIIeBbIe
PeCYPCEl HeOTPAHWYEHHEH!, 4 XHINHUKOB, IATAKLINXCA OPraHN3MaMN JaHHOM!
KOJIOHUM, HeT, GJiarogapsa yeMy DOXKAaeMOCTDb BBIIe, UeM CMepTHOCTB. B Ta-
KHX YCJIOBHSX OOBIYHO CUHMTAKIT, YTO CKOPOCTh M3MeHeHWHA YWCJeHHOCTH KO-
JIOHHH IIPOIIOPIIMOHANBHA UWCJICHHOCTH (YeM GoJIblile OPTaHW3MOB, TeM BBIIIIe
CKOpPOCTh; £ — K03bIHUIIMeHT IpPOoNOPINOHAJLHOCTH). MaTeMaTHKH yCTaHO-
BWJIH, YTO YHCJIO OPTaHW3MOB KOJIOHWH BHIpa)KaeTcs gopmyod y = y,e¥, rae
Y, — GHMCIEHHOCTh KOJOHWHK B MOMeHT BpemeHu ¢ =0, a e = 2,7 (umcio e ur-
paeT Ba¥KHYIO POJIb B MaTeMaTHKe, 06 3TOM BHI y3HaeTe B 11-m KJjacce). Ha
puc. 81 cxeMaTHUECKU IpeACTaBieH rpa@ux GYHKOUM y = ye* (myHKTHpOM
JlobaBieHa TMIIOTeTHYECKAs 4acTh rpaduka upu ¢ < 0).

IIpuMepHO 110 TaKOMY Ke 3aKOHY M3MeHAeTCHA BeJIMYMHA BKJAaAa B GaHKe,
OTOT 3aKOH HA3HKIBAIOT 3AKOHOM NOKA3GMENbH0Z0 Pocma.

2. Ilpu pagmoakTWBHOM paciiafie MTHOBeHHas CKODOCTh pacmajga B MO-
MEHT BpeMeHH ! NPONOPIHOHAJbHA HAJIWYHOMY KOJHUUYECTBY BellleCTBa.
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3 . YACNIOBLIE PYHKLWMK

" 1
3axoH PaIMOAKTHBHOrO paclaja BrIpaxaerca hopMyol m =m, 3 ; 37ech

m, — Macca BellecTBa B MOMeHT Bpemenu ¢t = 0, T — BpeMs, 3a KOTOpOe

Macca BEL[EeCTBA YMEHBIIWTCA BABOe (TaK Ha3kIBAEMLIN nepuod noaypacna-

0a). Ha puc. 82 cxemaruuecKH IOpefcTaBjeH rpaduk PyHKOUE m =
t

T
= mo[%) (zyHKTHpPOM Zo0aBiieHa MMIIOTETHYECKAA YacTh rpadmka mpu ¢ <0).

O6a rpaduxa, npeacrasjennsie Ha puc. 81 u 82 (co cruromHOM M MyHK-
THPHOH YacTAMHM), HA3EIBAIOT IxcnoHeHmamu. IToapobuee 00 sKCIOHEHTE PeUb
noiJeT B CTApIIMX KJaccax.

3. B xomuary ¢ remneparypoii 20 °C Buecian xunammii vaitauk. IIpn ompe-
IEJICHHEIX YCJIOBHAX MOYKHO CUHMTATh, YTO CKOPOCThH M3MEHEHH: TeMIepary-
PBI HarpeToro Teja IPONOPIHOHAJBHA PA3HOCTH MEXKAY TEMIEDATYDOI Teja
U TeMIeparypoil oxpy:karomeil cpeael. Temmeparypa T Tena B MOMEHT Bpe-
meHH ¢ BeIpaskaerca popmynois T'=T, + (T, - T))e™; spece T, — Temmepary-
pa oxpysxaomeit cpeasi, a T, — TeMIlepaTypa Tela B MOMEHT Bpemenu ¢ = 0.
B curyanunm ¢ waligmxom T, = 20°, a T, = 100°. 3uaumr, T = 20 + 80e™,
Tpadur sroit pyukummm cxeMaTnmyecKM mpeacTaBjeH Ha puc. 83. IIpamasn
T = 20 — acumorora rpaduka.

T'papuk HAMIAZHO MILIIOCTPHPYET BIIOJHE IOHATHOE OGCTOATENIBCTBO: C
TeUeHHEeM BPEMEeHH TeMIIepaTypa YaHHMKa IIOCTEIIEHHO NPUOIMKaeTca K TEM-
nepaType oxkpyskatomeit cpeasl. Ilponeccsl momo0HOro poja Ha3BEIBAIOT NPO-
yeccamu 8bipABHUEAHU,

T
m
\
1\
+100
\
\ m .
N
20 ~~r—
0 7 0 7

Puc. 82 Puc. 83



3 . YACNOBLIE YHKLIMM

§ 10. CBOMACTBA ddYHKLMIA

B 7-m n 8-M Kiaccax BEI M3yUHIU HEKOTOPEIE CBOHCTBa
¢yurouii. Ceituac MeI UX cobepeM BMecCTe, B OAMH Ilaparpad, HaloM-
HYM HX CyTh ¥ IeOMETPMYECKHH CMBICJ U JOTOBOPUMCS O TOM, B Ka-
KOM IOpsajKe OymeM NEpPeyuMCIATE 3TH CBOiCTBa IPM UTEHHMH Irpaduka
(yarmuu, OOpaTuTe BHUMAaHVE: BO BCeX ONpeAejieHHAX (PUTIypupyeT
YHMCJ0BOE MHOXecTBO X, ABJAIOIIEECA MOAMHOMKECTBOM 00jacTu
ounpemeneruna ¢pynruun: X < D(f). Ha npakTuke uame Bcero BCTpe-
YaTCa CAy4an, Korga X — UuCJA0BOIl IPOMEXYTOK (OTPE30OK, MH-
TepBaJ, Jyd U T. A.).

OnpegenerHune 1. ®yuxnmo y = f(x) Ha3LIBAIOT Bo3pacTalomei
na MuokecrBe X C D(f), ecau aas mOGHIX ABYX 9JEMEHTOB X, U X,
MHOXecTBa X, TAKMX, 4TO X, < X,, BHIIOJHAETCA HEPABEHCTBO

f(xl) < f(xz)'

Onpeaenenne 2. ®yuxuuio y = f(x) HasbBalOT yObIBalomieit
Ha muoxecrse X C D(f), ecnu ana n00BIX ABYX 9JIEMEHTOB X, U X,
mHOXecTBa X, TaKHX, UTO X, < X,, BHIIOJHAETCA HEPABEHCTBO

f(x,) > f(x,).

WuniMu cnoBamu, @QyHKyua eospacmaem, eciu 0oabiemy 3naue-
HUI0 apeymenma coomeemcmayem 601 b W e e 3HaAYeHUe QYHKULU;
(hyHKyua yooieaem, ecau 00abULeMY 3HAUEHUIO APZYMEHLmMa CcOOmeem-
cmeyem M e Hb U ee 3HAYeHUe PYHKYUU.

B 7-m u 8-M KJjaccax MBI HCIOJAb30BAJN Cjegylolllee TeoMeTpH-
YeCKOe MCTOJKOBaHMe NMOHATHH Bo3pacTaHMa WMJIM yOnIBaHUA (QyHK-
WK ABUTAACH [0 rpathmKy Bodpacrawiieil ¢hyHKIUKN cleBa HAIPaBo,
mMbl Kag Obl ITOZHMMAEMCs B TOpKy (puc. 84); apurasack mo rpapury
yOuIBalomiell (hyHEKIIUHM cjeBa HAUpaBo, Kak Obl CIyCKaeMcd ¢ TOPKM
(puc. 85).

OOBIYHO TePMMHEI «BoO3pacTamImad GYHKIOUA», «yOnIiBaloliasa
(YHKIHA» 00beJMHAIOT OGIIMM HA3BAHMEM MOHOTOHHAHA (PyHKIMSA, a
nceaenopanue GyHKINE Ha Bo3pacTaHMe WJIKM yOBIBAHHE HA3HEIBAIOT
uceaedosanuem GYHKYUU HA MOHOMOHHOCMb.

OTMeTHM eIlje OZHO OOCTOATEJBCTBO: eClM (PYHKIMA BO3PacTaeT
(nam yObIBaeT) B cBoell ecTecTBEHHOI 00sacTH olpeselleHudA, TO OOBIYHO

4 MopakoBH4, 9 k1., 4. 1 97



3. YACNOBLIE PYHKUMN
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roBOpAT, 4TO (PyHKIMA BospacTralouas (1iIu yosBaouag) — 0e3 yka-
3aHUA YHCIOBOrO MHOKecTBa X.

IIpumep 1. HcciaegoBaTh Ha MOHOTOHHOCTEH (DYHKIIHIO

y=5-2x.

P em e 2 u e. BeesieM oGosmauenne: f(x) = 5 — 2x. BossMeM mpo-
U3BOJIBHBIE 3HAYEHUA apryMeHTa X, U X,, U OycTh X, < X,. Torpa mo
CBOHICTBAM YHCJIOBLIX HEDPABEHCTB (MBI C BAMM HM3y4alH HX B Kypce
anre6psl 8-ro Kiacca) 6GyAeM MMeTh:

—2x, > —2x,;
5-2x > 5 - 2x,.

Ilocnennee HepaBeHCTBO O3HauaeT, uro f(x,) > f(x,).

Hrak, us x, < x, cnenyer f(xl) > f(xz), a 3TO 0O3HaA4aeT, UTO 3aJaH-
Hada QyHKIHUA yOniBaeT (Ha Bceil umcinoBO IpAMOiL). ]

OnpegeneHune 3. ®ynxnuio y = f(x) HAZEIBAIOT OrpaHMYEHHOMN
cHu3y Ha mHOXKecTBe X C D(f), ecmu cyuiec TBYy e T 4HCIO M Ta-
Koe, 4TOo A1 8 N0 60T 0 3HaueHHA X € X BHIIOJHAETCA HEPaBeH-
ctBo f(x) > m.

Onpegenexne 4. Pyaxnuio y = f(x) Ha3LIBAIOT OrpaHMYSHHOM
cBepxy Ha mMHOXxecTBe X C D(f), ecntu cymecTByeT uncio M
TAKOe, YTO AN d NI 06oro sHaveHHs X € X BEINOJHAETCA Hepa-
BeHCTBO f(x) < M.
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3 . YUCNOBBIE DYHKLIWA
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Ecau muoxectBo X He YKAa3aHO, TO IMOJPa3yMEBAETCS, YTO PEeYb
naer 06 orpaHMYEHHOCTH (DYHKIMK CHUSY MJIM CBEpPXy BO BCeii obJa-
CTH OINpeJesIeHUA.

Ecnm ¢pyHKIMA OrpaHHYeHa W CHU3Y U CBEPXY, TO €€ HA3HEIBAIOT
OrpaHUYEHHOM.

OrpaunueHHOCTh (DYHKIINK JIETKO IPOYUTEIBAETCA IO €e rpaduky:
()YHKIUA OrpaHMvYeHa CHU3y — TO 3HAUUT, YTO €€ TPaPuK LeJNKOM
pPacCHOJIOKEH Gbluie HEKOTOPOH TOPHM30HTaJBHOU mpaAMoil y = m
(puc. 86); GyHKIUA orpaHuyueHa CBEPXY — 9TO 3HAUMUT, UYTO €€ Ipa-
JHK LEJHUKOM DACIIOJIOMEH HUNMe HEeKOTODOHl MOpu3OHTAJNBHOHN Npda-
moit y = M (puc. 87).

IIpumep 2. UccregoraTh Ha OrpaHUMUYeHHOCTH (DYHKIUIO

Y=o

Pem e nue Coapuoit CTOPOHBI, BIIOJIHE OYEBHIAHO, YTO BEPHO

HepaBeHCTBO
vo-x2 2 0
(0 ompejeneHNI0 KBaAPAaTHOTO KOPHA \/E 2 0). OTo osHauaeT, UTO

(YHKIUA OrpaHUYeHa CHU3Y (B cBoeil obiacTu onpejesieHus, T. €. Ha
orpeske [-3; 3]).

C nmpyroii cropoHH, Aaa Jwboro x € [—3; 3] BrinogHAeTca Hepa-
peHcTBO 9 — x% < 9, a moroMy

.‘,9_.x2 < 8.

IT0 03HAUAET, YTO GYHKIHUA OTPAHUUEHA CBEPXY.
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3 - YACNOBbLIE dYHKUWM

A Temneprs mocMoTpHuTe Ha rpaduk 3ajaHHON QYHKIMU (cM. puc. 78
Ha c. 92). OrpaEnyeHHOCTh QYHKIIMHM U CBEPXY M CHU3Y IPOYHUTHIBA-
€Tcs 110 rpadMKy JOCTATOUHO JIETKO. (]

OnpesgeneHue 5. Yucno m HasHBAIOT HAMMEHLIIMM 3HaYe-
Huem dyuxnuu y = f(x) Ha mHokectBe X < D(f), ecam:

l)cymecTByerT umcio x, € X rakoe, uro f(x)) = m;

2)ana nwboro 3HaueHUA X € X BHIMOJHAECTCA HEPABEHCTBO

f(x) = f(x,).

Onpegenexnune 6. Ynucno M Ha3wBaOT HAUGOALIINM 3HAYCHH-
em ¢ynxuuu y = f(x) Ha muoXkecTBe X  D(f), ecan:

l)cymecTByeT uncno x, € X Takoe, uro f(x)) = M;

2)ana nwodoro 3HaueHNA X € X BRINONHAETCA HEPABEHCTBO

f(x) < f(x,).

Haumenrbmee sHaueHne ¢yHKIME MBI 0003Ha4Yanu U B 7-M, H B
8-M KJlaccax CHMBOJIOM ¥, ., @ Hauboabmee — cuMBoJoM y_ .. Ecin
MHOXKecTBO X He YKasaHO, TO IOJpasyMeBaercd, YTO peub uAeT 00
OTHICKAHWY HAWMEHBIIEr0 MM HaMGONBIIEro SHAUYEHHWA QYHKIUH BO
Becell obyactTu oupeAeeHns.

CnpaBefinsel CAEAYIOININE YTBEPIKIACHMU.

1) Ecau y pynxyuu cywecmeyem y_ ., mo OHA 02PAHUYEHA CHU3Y.
2) Ecau y pynrxyuu cywecmeyem y_ ., mo OHA 02PAHULEHA CEEPXY.

3) Ecau ¢yHKyuA He 02DAHUYEHA CHU3Y, TO Y He cyujecmeyem.

4) Ecau pynKyus He 0zpaHuieHa ceéepxy, To Y, .. He cywecmeyem.

ITpuBesem AOKa3aTENLCTBA STUX YTBEDKAEHUIHA,

1) Ilycre v dyERINT y = f(x) x € X ecTh HauMeHEIIee 3HAUCHME,
IJTO 3HAUMT, YTO CYIIECTBYET uUciOo X, € X TaKoe, YTO AJNA Joboro
x € X phINOJNHAETCA HepaBeHCTso f(x) > f(x,). 9To Kak pas M O3Havaer,
yTo QYHKIHA orpaHuyeHa cHu3y. CBoicTBO 2) HOKA3BIBAETCA AHAJIO-
TUYHO,

3) [oxasarenbCTBO IIPOBEAEM METOAOM OTF mpotruBHoro. Ilpeamno-
JOKMM, 4TO y,_  CYINEeCTBYeT. Torxa corjlacHO yTBep:KAeHUIO 1) GyHK-
L¥A OrpaHMYEHA CHHU3Y, HO 3TO INPOTHBOPEUYUT YCJIOBHUIO. 3HAUHUT,
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3- YACNOBbLIE dYHKLMM

Hallle IPeAIIONoXKEeHNe HEBEPHO, T. €. HAMMEHBIIIEro 3HaUeHua y (pyH-
ko HeT. CBOMCTBO 4) AOKa3BIBAETCA aHAJOTUYHO.

IIpumep 3. Hailitu manmenbinee u HauboJjbilee 3HAYEHUA

GyHKINHT
y=+9-x2.

PemeH ue. B upumepe 2 MBI yaxe Zokasanu, uto 0 < {9 — x2 <
< 3, rme x € [—3; 3]. Kpome Toro, eciim x = = 3, 1o y = 0. Ilo onpezne-
JIGHHUIO 5 3TO 03HAYAET, 4T0 Y = 0. Anasoruuno, ecain x =0, To y = 3.

[Moaromy y,, = 3. OTMETHM, UTO NOJYYEHHHIE DE3YJbTaTHl XOPOIIO
wmocTpupyer rpaduk Gyuxumn y = 49 — x2 (cm. puc. 78). (]

IDIpumep 4. HaiiTu HanmeHEbinee u HauOoJbliiee 3HAYCHUA QYyHKIUU:

a) y = Y16 —4x2 +12x; 6) y = 2 +;4++2tﬁ2 +4.

Pemerue. a) AvMeem:
y=416-(4x2 -12x+9)+ 9 = \[25 - (2x - 3¢ <25 = 5.

B rouxe x = 1,5 QpyHKuuA OpuHHMAaET 3HaYeHue 5, BO BCEX OCTANBHBIX
TOUKaX 3HAYCHHA PYHKIKMY MEHbIIe, 4ueM 5. 3HauuT, y, . = 5. C Apyroii cro-
POHBI, JOJMKHO BHIMOJHATHCA HepaBeHCTBO 16 — 4x2 + 12x 2 0, r. e.
~4(x + 1)(x — 4) 2 0. B Toukax x = -1, x =4 dpysruua obpamaerca B 0, Bo
HCEX OCTANbHBEIX TOYKAX OHA [OJOMHKTeNbHA. 3HAUHT, Y, . = 0.

Bt rdae®+4_ B+ (x®+ 20

6) Umeem: Yy = " S A Hycre x* = a,
2 2
x2+2=>b.Torga y = a_‘;_b . OTo BRIpa’sKeHue He MeHble, yeM 2. B camoMm

46 _, _(a-b)

2
aexe, > (0, mpuYeM 3HAK PABEHCTBA MMEET MeCTO TOrAa

¥ TOJIBKO TOTJa, Korga a = b, T. e. mpu yecaoBuu, uto x* = x® + 2. U3 sToro
ypaBHeHHs Haxomum: x% = 2; x = +/2, Wrax, y,_ = y(V2) = y(-2) = 2.

HokaxeM, uTo 3afgaHHaa QYHKLIUA He OrpaHHYeHA cBepXy. BhimoauuM

HEKOTOphle IpeobpasoBaHUA:
_ B+ 2P xt +x2+2_ (x2+2)(x2-2)+4+x2+2_
x*(x% + 2) x2 + 2 x4 X%+ 2 x*

2 4+ 2

—xt -2+ 4 _,x+2
x% + 2 xt

IIpenmonoskuM IpoTHBHOE: GYHKIMA OTPAHWYEHA CBEPXY, T. €. CYIIECTBY-

ot uicao M Takoe, 4TO AJA JOGOro x BHIDOJHAETCS HEePaBeHCTBO y < M.
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3 - YACNOBLIE dYHKLINM

BospmeMm Touky X = VM + 3. Torsa x2=M+3,x2-2=M+1,x2-2> M.

Taxk Kag Jgajee 4 >0 u X2+2 > 0, monyuaem, uto x2 — 2 +
x2+2 4
2
+ =4 +3C—i'—2>M.

x% + 2 x4
Mgl OpeAmoNoMIIY, UTO AJIA JIOG0T0 X BRITOJIHACTCA HEPABEeHCTBO Y S M,
a OKAasaIoch, 4TO B TOUKe X = M + 3 BHIIOJHAETCA HEPaBeHCTBO y > M.
Tlomyuwunu mpoTuBOpeUue, 3HAYMT, HaIle IPEJIOJOEeHEe HEBEDPHO, T. €. QyHK-
KA He orpaEudeHa cBepxy. Ho Torma EamboJiblliero sHaYeHUA y Hee HeT.
Orsema)y,, =0,y .56y, =2y, He cyllecTsyer.

B 7-m u 8-M KJjaccax MBI YIOMHMHAJH emie ABa cBoiictBa (yHK-
nuii. Ilepsoe HasBaJIu CBOMCTBOM BBINYKJIOCTH PyHKnMH. CumMTaeTcs,
4YTO0 QYHKYUA 6biNYKAA 6HU3 Ha NpPoMexyTKe X, ecid, COeAUHUB
JI00ble gBe TOUKM ee rpaduka (¢ abcuuccamu u3 X) OTPESKOM mpH-
Moii, MBI OOHApPYKHM, UTO COOTBETCTBYIOIAA YacTh rpahuKa JIEKUT
HUXe IposeaeHHOro orpeska (puc. 88). Qynxyusa svinyxaa 6sepx
Ha npoMexytrke X, eclu, cOeJUHHUB JIOObie /jBe TOUKU ee rpaduka
(c abcuuccamu us X) OTPe3KOM NIPAMOH, MBI 00HAPYsKHM, YTO COOT-
BETCTBYIOIaA 4acTh I'papUKa JIEKUT BEHIIIE IIPOBEJEHHOTO OTpE3-
Ka (puc. 89).

Bropoe cpoiicTBO — Henpepui6HOCTMb PYHKYUL HA NPOMENCYMIe
X — osHauaer, 4TO rpaur QPyHKIUHN Ha NpoMexyTKe X — CILIOMI-
HOIl, He MMeeT Pa3pLIBOB.

o\ v}
-
/ 7/
/] [ 4

)7

4
0 T 9) Al

Puc. 88 Puc. 89
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3 . YACJIOBLIE ®YHKUMU

3ameyanme. Ha camom pene B matemaTmke Bce o6CTOUT, KaK roBo-
pUTCA, C TOMHOCTbIO 0,0 HAa06OPOT: rpadimk PyHKUMM M30BpaXkaeTcs B Buge
crnoLwHoi nuHuM (6e3 paspLiBOB) TONBKO TOrpa, KOrpa A,0K a3 aHa Henpe-
pbiBHOCTL yHKUMM. Ho chopmanbHoe onpepeneHre HENPepbIBHOCTH (YHK-
UMM, LOCTAaTOYHO CNOXKHOE M TOHKOE, Ham MNOKa He No cunam. To e camoe
MOJHO CKa3aTb 1 0 BbINYKNOCTH dyHKumn. OBcyaan ykasaHHbie aea CBOM-
cTBa hyHKUMI, Bypem No-npeKHemy onupaTbCs Ha HarNAAHO-MHTYMTUBHbIE
npencTaBneHus.

A Tenepb BCHIOMHHM O Te€X (PYHKOMAX, KOTOPBIE MBI ¢ BAMH H3Y-
yamu B 7-M M 8-M KJaccax, IOCTPOMM MX IpadUKy M IEPEeYMCJNM NX
CBOMCTBA, NIPUAEDKUBAACEH ONPEAEICHHOIO NMOPAAKA, HATIDUMED TAKOIo:
06/1aCTh ONpEAENeHNs; MOHOTOHHOCT; OFPAHMYEHHOCTD; Y =, Yy o
HENPEepPLIBHOCTh; 06jacTh 3HAYEHMI; MHOrga OyAeM TOBOPUTE M O
BEIIYKJIOCTH.

BroocaeactTeuu MoABATCA HOBEHIE CBOMCTBA ()YHKIUIMA, COOTBETCTBEH-
HO OyZeT MEHATHCA M NE€peYeHb CBOMCTB.

1. NMuueiHast bynkums y = kx + m

I'padukom dyarnum y = kx + m asasgerca npamas (puc. 90—92).

CroiictBa pynkuuu y = kx + m

1) D(f) = (-00; +o0);

2) Bogpacraer, ecan k > 0 (puc. 91), youiraer, ecam k < 0 (puc. 92);
3) He orpaHMUYeHA HW CHU3Y, HU CBEPXY;

4) HeT HU HanbOJbLIEro, HY HAMMEHBINEr0 SHaYEHMIl;

5) byHKIMA HeNmpepHIBHA;

6) E(f) = (=005 +).

7 N
m y=kx+m
(.=0)
) T
Puc. 90
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2. dDyHkuma y = kx* (k # 0)

T'padurom byuxnuu y = kx? apngerca mapaojia ¢ BepPIIMHOH B
HavaJie KOOPAUHAT M C BETBAMHU, HallPaBJIeHHLIMHU BBEpX, ecau k > 0
(puc. 93), u BHuU3, ecau £ < 0 (puc. 94). Ilpamasa x = 0 (och y) aBna-
eTcsa OChbIo mapaboJsl.

CaroiictBa dbyrxuum y = kx?

Hnsa coyqgaa k > 0 (puc. 93):

1) D(f) = (=003 +0);

2) yorBaer Ha Jyde (—°°; 0], Bospacraer Ha ayde [0; +°°);
3) orpaHmueHa CHH3y, HE OTPDAHHUUEHA CBEPXY;

4) Y. =0, Y, HE CyIIECTBYET;

5) HeDpepHIBHA;

6) E(f) = [0; +o0);

7) BHIIYKJIA BHH3.

v v
(0] >l
X
y = kx? / A
\ (k> 0) / \[v =k
/ (<0)
/] i
0 9
Puc. 93 Puc. 94
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3. YACHIOBLIE DYHKLIMU

OOparrTe BHUMaHMe: Ha npoMexyTke (—o0; 0] dyHRUUA yOBIBaA-
er, a Ha nmpomeRkyTKe [0; +00) DyHKIMsa BO3pacTaeT. ITH MPOMEKYT-
KU Ha3BIBAIOT NPOMEHYMKAMU MOHOMOHHOCMU dyHKIVHY i = kx2, Ilo-
HATHE MPOMENKYTKA MOHOTOHHOCTH OyJeM HCIIOJL30BATh M JJIA APY-
rax pyHKIui.

Haa cnyuas k < 0 (puc. 94):

1) D(f) = (=005 +0);

2) Boapacraer Ha ayue (—o°; 0], yOriBaeT Ha sayue [0; +00);

3) He orpaHVvYeHa CHHU3Y, OrPAHMYEHA CBEPXY;

4) y,... He cymecrsyer, y,_ = 0;

5) HeIpepHIBHA;

6) E(f) = (-o0; 0];

7) BHIIYKJIa BBEPX.

T'padrr dyuxuum y = f(x) crpourca mo Touxam; ueM OOJbIle TO-
uek Buga (x; f(x)) MBl BO3EMEM, TeM (oJiee TOYHOE IIPEACTABJIEHHE O
rpajduke moayuyum. Eciim 9TMX TOUEK B3ATH AOCTATOUYHO MHOTO, TO H
npefcrasjedne o rpaduke caoxuTcea Gosee nmonHoe. MMenso B aToM
clydyae MHTYHLIMA M IOJACKa3kIBaeT HaM, 4TO IpathMK Hano u3o0pa-
S8UTH B BHJE CILUIOIIHON JUHVYK (B JAHHOM cjIydyae B BHJe mapaboJknl).
A yx saTteM, uuTad rpapMK, MHE J€JaeM BHIBOALI O HENPEPHIBHOCTH
GVHKIUK, 0 €€ BHIIYKJIOCTH BHN3 HJIM BBEpX, 00 00JacTH 3Ha4YeHU
tbysakumun. Bel JOKHBL IOHMMATH, UYTO H3 II€DEYHCJEHHBIX CEMH
CBOMCTB «3aKOHHBIMHU» SABJIAIOTCA JUINb cBoiicTBa 1), 2), 3), 4), —
«3aKOHHBIMM» B TOM CMBICJI€, UTO MBI B COCTOSIHHK O0OCHOBATH UX,
CCBLIAsICH HA TOUYHHIE onpefeleHnd (HMXKe Mbl IIOKaykeM 3TO Ha IIpH-
Mepe byHKIUH y = \/:; , ¢cM. c. 106). O6 ocTaJlbHEIX CBOMCTBax y Hac
VMEIOTCA TOJBKO HaIVIALHO-MHTYNTHBHEE IIpeAcTaBleHnda. Kceraru, B
3TOM HET HHYEro ILIoXoro. M3 MCTOpuM PasBUTHs MATEMATHKH H3BE-
CTHO, 4YTO YE€JIOBEYECTBO YaCTO M HOJIT0 IIOJb30BAJIOCH DPa3IMUHBIMH
CcBOIiCTBAMM TeX HJM MHBEIX 00BEKTOB, HE 3HAs TOYHBIX OIpeAEcIeHNH,
IToToM, KorZla TaKkue oIpeAesIeHns YIaBalIoCch C(POPMYINIPOBATE, BCE CTA-
HOBWJIOCH HA CBOK MeECTA.

3. DyHKkuma y = %

I'paduxoM PyHKUME ABIAETCA runep00sa, OCH KOOPAMHAT CIy-
JKaT acuMnToraMu runep6osast (puc. 95, 96).

CaoiicTBa QYHKIUH y§ = %
1) D(f) = (=03 0) U (0; +o0);
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3 . YACHIOBBIE dYHKUMA

k
¥=% y=§
(>0) (k<0)
N —
S 0] ;—_ 0 - ::‘“
] [

Puc. 95 Puc. 96

2) ecnu k > 0, To dyskuusa yGriBaeT Ha OTKPBHITOM Jayde (—00; 0) u
Ha OTKpHITOM Jyue (0; +0o°) (puc. 95); ecau k < 0, To GyHKIUA BO3-
pacraet Ha (—°°; 0) u Ha (0; +0o°) (puc. 96);

3) He orpaHuueHa HY CHHU3Y, HM CBEPXY;

4) HeT HM HAMMEHbINEro, HN HaMOOJIBIIEro 3HAYEHHUH;

5) ¢yHKLMA HenpephIBHA HA OTKPBLITOM Jyde (—0°; ) ¥ Ha OTKpSI-
ToM Jyde (0; +°);

6) E(f) = (—o0; 0) U (0; +0).

4. Dynxumsa y = \/;

T'paduxom dpyrxuum sBasercsa BeTBb mapaboan (puc. 97).

—_

ye CroiicTBa QyHKIHH Y = \[J—C

1) D(f) = [0; +00);

2) Bo3pacraer;

Jx 3) orpaHuueHa CHU3y, He Orpa-

—12 vy HUYEHa CBEPXY;
1 4)Yy...= 0,y HE CyLIecTBY-
—l 5) HempepHBHA;
: 6) E(f) = [0; +00);
Puc. 97 7) BEIIYyKJa BBEPX.
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3 - YACSIOBLIE dYHKUKUK

Ha c. 105 MBI YIIOMAHYJIH, YTO B IPHHIIUIE Mbl B COCTOAHUM AJIS
n3BecTHBIX (PpyHKuIuMii obocHOBaTh cBoiicTBa 1) — 4). Cuenaem sTo
B Ka4ecTBe IpuMepa AjaA QYHKIHH Yy = \/; . Beegem npuBbsIuHOE 060-

sHaueHue: f(x) = J_ .
1) D(f) = [0; +°°). Peus ugeT 0 ecrecTBEHHOH 00jJacTu omnpezneie-

Hus QYHKIUH, T. €. 00 obJacTu onpefesieHusi BhIpaXKeHH s \/; . Ona
3agaeTrca HepaseHCTBOM X > 0, orciofa u caexyer, uro D(f) = [0; +0),

2) Ilyery 0 < x, < x,. llpeanonoskum, 410 NE ,/xz. Torza
Wx ) = (Jx, ), T. e. X, 2 X,, YTO [IPOTUBOPEYIHUT YCIOBUIO. 3HAUMT,

Hale NpeJNoJ0KeHne HEBEPHO, T. €. BEPHO HEPABEHCTBO ./X; < \/X,.
Hrak, us 0 < x, < x, creayer f(x,) < f(x,), a 310 1 o3HauaeT, 4TO
dyHKRIUA Bo3pacTaeT Ha Jgyde [0; +00),

3) fcHo, uTO QYHKIUA OTPAaHMYEHA CHU3Y, IIOCKOJbKY AJA JIGOT0
x 2 0 BBHIDOJHAETCA HEPABEHCTBO \/; 2 0. OokaxeMm, 4To GPYHKIHMA

He OrpaHMuYeHa cBepxy. IIpeAmoJio:KuM IIPOTHBHOE, UTO OHA OrpaHH-
YyeHa CBepPXY, T. €. CYIEeCTBYeT II0JIOKKUTeabHOe unciao M Takoe, 94To

215t JEo6oro x > 0 BEIIOTHAETCA HepaBeHeTBO vx < M. BoabMeM Touky

x,=(M + 1)%. Torna f(x,) = \/Z =J(M+1P = M +1> M. Urax,
MBI IIPEJTNOJOXATHA, UTO AJs JioGoro x > 0 BBINOJHAETCA HEpPaBeH-

cTBO VX < M, ¥ B TO ’Ke BpeM#A HaULIN KOHKDPETHYIO TOUKY X,, B KO-
TOPOI1 3TO HEPABEHCTBO HE BEINOJHAETCA. [loayueHHOE IPOTHBOpEUNE
03HAYAeT, YTO Halle IPEAIIOJIOoNeHHe HeBepHO, a MoToMy (QyHKIUA
HEe OrpaHMYEHa CBEPXY.

4) Umeem: f(0) = 0, u ana arpobGoro x > 0 BhiIOJHAETCA HepaBeH-

CTBO \/; 2 0. Jro 3HAYHUT, UTO Y
HEe OTPaHUYEHa CBEPXY, Y

oy = 0+ A MOCKOJIBKY QYHKUHA
He CYILIECTBYET.

Haub

5. DyHKUMS y = |x|

I'padpurom ¢pyaxuum aenserca obbeauHeHne ABYX Jydei: y = x,
x20uy=-x, x <0 (puc. 98).

CgoiicTBa dyHKUNH Y = |x|
1) D(f) = (=005 +00);
2) ybriBaeT Ha ayue (—o°; 0], Bospacraer Ha jayde [0; +00);
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3. YACNIOBLIE dYHKLIMM

vk v4
J |
/\'5‘ \ Jy=axz+bx+c
3| \ @>0)
\
uy R
| 0 L Yo _ b X
9] x %
Puc. 98 Puc. 99

3) orpaHVMUYeHA CHM3y, HE OTPAHNYEHA CBEPXY;

4)y_..=0, y .. He cylecTsyer;
5) HenmpepHBHA;
6) E(f) = [0; +o0).

6. DyHkums y = ax* + bx + ¢

T'padburoM ¢pyHRIUM aABNgeTca mapabojsia ¢ BEpIIMHOH B TOYKe
(%03 Y,)> THE

b
X =

0 _—2;’ yo=f(xo)= ax§+bx0+c0’

U C BeTBAMM, HAIPABJEHHLEIMH BBEDX, ecaMm a > 0 (puc. 99), u BHHu3,

b
ecan a < 0 (puc. 100). Ilpamas x = T9g fBIAETCA OCBHIO napaboJIkL.

CroiictBa dynxuuu y = ax? + bx + ¢

Oaa cayyas a > 0 (puc. 99):
1) D(f) = (=005 +0);

b b
2) ybuiBaer na myue ["oo; - 5} , BO3PACTAET Ha JIyde ['27; +00 ];

3) orpaHUUeHA CHM3Y, He OTPAHMYEHA CBEPXY;
4) Yyore = Yo> Yoo HE CYLIECTBYET;



LUAX MOXKHO CUMTATH 3aKOHYEH- 2a
M. Pasymeercs, mpusemenmniM | Yo
mepevYHeM B PEAJbHOH KH3HM He
oboiiTncs. Hexoroprie HOBbIE hyHK- [9) I \ Y

HaM yKe B 9TOH IJjase.

rpabux dpyaknum y = f(x), sagan-
Ho#t rpaduuyecku (pmc. 101), rge
OCh X — TOpPH30HTAJIBHAA ACHMII-

5) HempepHIBHA;

6) E(f) = [y, +°);

7) BHIIYKJa BHUS,

HOua caydaa a < 0 (puc. 100):
1) D(f) = (-00; +00);

b b

2) Bo3pacraer Ha JIyue [-°°; - %] , YOBIBaeT Ha Jyde [—z; +°°);

3) He orpaHMYeHA CHHU3Y, OTPaHHYEHA CBEPXY;
4) y_ .. He CYINECTBYET, ¥ _ . = Y.

5) HeIIpepBIBHA;

6) E(f) = (-°°; y,I;

7) BHIIYKJA BBepX.

A -
CMoOTp HalIMX 3HAHNH 0 QYHK- y

. =ax?+bx+
IMH M MX CBOMCTBA BCTpPETATCH I \ (a < 0)

o

IIpumep 5. Ilpounrars

ToTa rpadpuxa.

P e e B u e. IIpounrars rpa-

bux dyExknum — 3TO 3HAYHUT,

onmpasdch Ha rpaduk, mepeduc- ve
JUTH cBOiicTBa OYHKIINH.

1) D(f) = [-4; +°°);

2) BospacraeT Ha orpeske [—4; 0], /
yOuiBaeT Ha Jjyue [0; +00); b

3) orpaHMuYeHa M CHH3Y H

CBEPXY; -4 0 x

4) y_ . He CYLIECTBYeT, y_ .= 3;
5) HeOpephIBHA;

6) E(N=(0;3]. @ Puc. 101
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3 - HYACNOBbLIE ®YHKLIMA

§ 11. YETHBIE M HEYETHBIE DYHKLMM

B npegsigyiiem naparpade Mbl 00CYRKAAIHN TOJBKO TE CBOM-
¢TBa QYHKINI, KOTODPEIE B TOM WMJIM MHON CTEeHNEHH yxKe OBIIM Bam
3HAKOMBI 13 Kypca aaredpnl 7—8-ro KjaccoB. Tam ke ObLIO OoTME-
YE€HO, YTO 3amac CBOMCTB QYHKIHI OyeT IOCTEIeHHO IONMOJHATHCAH.
O ZBYX HOBBIX CBOIiCcTBAaxX M MoiileT peub B HACTOAINEM Iaparpade.

Onpegenenue 1. ®yaxomio y = f(x), x € X Ha3LIBAIOT 4erT-
HOM, ecau AJsd JI000ro sHadeHus X U3 MHOMKecTBa X BBIMOJHAETCA
PaBEHCTBO

f(=x) = f(x).
Onpegenenne 2. ®ynxnuio y = f(x), x € X Ha3LIBAIOT HEYeT-

HOM, ecau AJA JI000ro 3HAUEHHS X M3 MHOMXKecTBa X BLIMOJHACTCSA
PaBeHCTBO

f(=x) = —f(x).

IIpumep 1. JokasaTs, 9T0 y = x* — ueTHAd QYHKONA.

Pewre nne. Umeem: f(x) = x%, f(—x) = (-x)*. Ho (—x)* = x*. Bua-
4uT, OaA J000T0 X BHIIOJHAETCH paBeHCTBO f(—x) = f(x), T. e. dyHK-
OUA ABJAETCH YETHOMH.

AHAIOTMYHO MOXKHO JOKasarTh, 4To GYHKDuM y = X%, y = x°%,
Y = X% ABIAIOTCA YETHBLIMU.

Hpumep 2.Joxasars, 4ro y = X° — HeyeTHas QyHKIHA.

Pe e mue Umeem: f(x) = x3, f(-x) = (—x)%. Ho (-x)® = —x%. 3ua-
YHUT, JJ5 J1000r0 X BEIIOJHAETCS pasBeHCTBO f(-x) = —f(x), 1. e. DyHK-
U ABIAETCA HEYETHOM. (]

AHAJIOTMYHO MOMHO JOKA3aTh, 4TO QYHKIMK Y = X, Yy = X%, y = X7
ABISIOTCH HEUETHBIMH.

Mzl ¢ BaMH He pa3 yoKe yOeKIaJauch B TOM, YTO HOBLIE T€PMHHEI
B MaTeMaTHKe 4ale BCero MMEIOT «3eMHOe» IIPOMCXOMKAEHME, T. €. MX
MOXKHO KaKuM-To 06pasoM o0baACHUTh., Tak 00CTOUT A0 ¥ ¢ YeTHBIMHU
u HeyeTHuIME GyHKnuamu. CMmorpure: y = x°, y = x5, y = x" — Heuer-
Hble QYHKINY, TOTAA Kak y = x%, y = x*, y = ¥ — uerHbIE DYyHKIUH,
W BooOmie ajad ar000i GYHKOMK BHAA ¥ = X" (HMMKE MBI CHEHUAJILHO
3aliMeMCsa H3yYEeHHEM 9THX GYHKIMiT), rme n — IMEeJ0e YMCJIO0, MOMKHO
CIOeJIATh BBIBOJ: €CJAM N — HEYEeTHOe UUCJI0, TO PYyHKOuA y = X" —
HeYeTHAad; €CJM JKe 1 — YeTHOe YMCJI0, TO QyHKIusa y = x" — yeTHad.
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3. YACNOBLIE YHKLIMA

CymecTByioT QyHKIUH, He ABJAAININECS HU Y€THHIMH, HU HEYET-
HeiMu. TakoBa, Hanpumep, dyHxnus y = 2x + 3. B camom gexe, mo-
aokuM f(x) = 2x + 3 U cCpaBHHM, HANOPHMEpP, 3HAUYCHHA QYHKIHH B
Toukax X = 1 m x = —-1. Umeem: f(1) = 5, f(-1) = 1. Kak sugure, 3nech
f(=1) # f(1) m f(-1) # —f(1). 3BauUNT, He MOXKET BBHIITOJIHATLCH HH TOMXK-
nectBo f(—x) = f(x), Hu TOXKIECTBO f(-x) = —f(X).

HTak, QyHKIHA MOMXKeT OBITh YETHOI, HEUeTHOH, a TaKyKe HH TOM
Hu apyroii. FsydeHme BOmpoca O TOM, ABJAETCA JM 3aJaHHAA DYHK-
A UeTHOM HJIM HEUeTHOH, OOBIYHO Ha3BIBAIOT uccledosanuem (QyHK-
Yuu Ha YemHoCmb.

B ompegesennsx 1 u 2 peds uaeT 0 3HAYCHHAX QYHKIUH B TOU-
Kax x u —xX. TeM caMBIM IpeAmoJiaraercs, 4TO QYHKIIHS OmpeaeseHa
M B TOYKE X, © B TOYKE —X., JTO 3HAUMUT, UTO TOUKA —X IPUHALICIKHAT
objiacTu ompejeaeHusa GYHKINA OLHOBPEMEHHO ¢ TOUKOoi x. Ecou unc-
JIOBOE MHOKeCTBO X BMeCTe ¢ KajKJALIM CBOMM 3JIEMEHTOM X CONEDIKHT
M OPOTHUBOIOJIOXKHBIN 3JIeMEHT —X, TO X Ha3bIBAIOT CHMMETPHIHBIM
mHo:xecTBoM. Craxem, (-2; 2), [-5; 5], (-o0; +90) — cuMMeTpHUUHEIE
MHOXECTBa, B TO BpeMsa Kak [0; +0), (-2; 3), [-5; 4] — mecummeT-
puYHBle MHOXecTBa. Ecau gynryua y = f(x) — vwemnan uau ne-
Yemnas, mo ee obaacms onpedenenun D(f) — cummempuinoe muo-
awecmeo. Ecnu xe D(f) — HecHMMeTDHYHOE MHOJKECTBO, TO QYHK-
ouda y = f(x) He MOKeT ObITh HM YETHOH, HM HEeYeTHOL.

YunThiBasg CKasaHHOE, PEKOMEHIyeM IIpY MCCIe0BaHuN QYHKINN
Ha YeTHOCTHh HMCIO0Jb30BATH CACAYIOLIHAM aaTOPUTM.

Anaroputm mccaenoBauus (pyHrmuu y = f(x) Ha YeTHOCTH w

1. YcraHoBUTh, CHMMETPHMYHO JH MHOKecTBO D(f) — obaacTs on-
pepenenusa ¢GyHrkuuu. Eciu HeT, TO 00bABUTH, YTO QYHKIIUA HE
ABJAETCA HU UETHOH, HM HeueTHOM. Eciu ga, TO mepexoauTh Ko
BTOPOMY IIAry AJrOPHUTMA.

2. CocraBuTrh BHpaxkeHue s f(—x).

3. CpaBuuTts f(—x) m f(x):

a) ecau f(-x) = f(x) paa moboro x € D(f), To GYHKINA YeTHA;

0) ecau f(-x) = —f(x) gaa moGoro x € D(f), To byHKIUA HeueTHAN;

B) ecaiu X0TA ObI B 07HOI! Touke X € D(f) BHIIOJIHAETCA COOTHOIIIE-
uue f(-x) # f(x) u xors 66l B 0gHOH TOuKe X € D(f) BHIIOIHA-
eTcsa cooTHoueHne f(—x) # —f(x), To QyHKIuA He ABIACTCA HHU

YeTHOH, HA HeYeTHOI.
\. ’ Y,
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3 . YACHIOBbIE dYHKUMU

IIpumep 3. HccaenoBaTh HA 4ETHOCTh QYHKIIMIO:

x—-4
x2 -9’

2

a) y=x4+F; B) y=
3

0) y=x5—F; r) y=vJx-3.

Pemenmne. a) y = f(x), e f(x) = x* + ;25-

1) dyarnua onpefeTeHa UPK BCceX 3HAUEHHMAX X, Kpome x = 0.
CnepoBarenbro, D(f) — cuMMeTpHdYHOE MHOKECTBO.

2 2
2) f(-x) = (-x)* + v xt + Pk
3) 3ameuaemM, uTO A4 Jo6oro x us objacTu ompegeneHus byHk-
MY BEINIOJHAETCA PaBEHCTBO f(—x) = f(x).

2
Takum oGpasoM, y = x* + 76 — UeTHad byHRIUMA.

6) y = flx), e f(x) = 2 - 5.

1) Oyuxnusa ompejeseHa IPH BCeX 3HAUYEHUAX X, Kpome x = 0.
CuenoBatensHo, D(f) — cuMMeTpuYHOE MHOMKECTBO.

3 3 3
2) f(=x) = (-x)° - CoF 0+ g = - =)
3) 3ameuaeM, UTO AJA JIOOOro x u3 00JacTH ompeesieHUA DYHK-
YUY BRIOOJHAETCA PABEHCTBO f(—x) = —f(x).

3
Takum ob6pasoMm, y = x° — —; — HeueTHasd QyHKIHA.
x

B) y = f(x), tme f(x) = 2 _g

1) dysxnua onpeleseHa BO BCeX TOUKAX X, KPpoMe TeX, KOTOpHIE
o6paniaoT 3HaMeHATeab APoOH B Hyab., W3 ycaosuda x? — 9 # 0 Haxo-
IuM: x # = 3. 3HauuT, 00JaCTh OompeAeNeHuA PYHKIUKN — YKCI0Bas
npsamasi, U3 KOTOpoil yaajeHbl ABe TOUKK: 3 ¥ —3. 3T0 cCMMeTpPHYHOe
MHOJKECTBO.
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3. YACNOBbLIE YHKLIMU

N (-x)-4 _ _x+4
2) f=x) = x)2-9 x2-9°

3) Cpasuus f(-x) u f(x), samMeuaeM, UTO CKOpee BCero He
BBEIIIOJIHAIOTCA HH TOKIECTBO f(—x) = f(x), HE ToxkAecTBO f(—x) = —f(x).
YroOel B 3TOM y0eauThCA, BO3bMEM KOHKPETHOE 3Ha4YeHHe X, Ha-

npumep x = 4. Hmeem: f(4) = —%, a f(-4) = 0. 3mauur, f(—4) # f(4)
u f(-4) # —f(4).

Taxum obpasom, GYHKIHNA He ABIAETCA HU UeTHOM, HN HEUETHOI.

r) @yaxknoua y =+/x - 3 oupesenera npu ycxosuu x — 3 > 0, T. e,

Ha Jgyue [3; +00), IToT JAyY — HECHMMETPUIHOe MHOXKECTBO, 3HAUMUT,
(JYHKIUA He ABJACTCA HU YETHOM, HM HEYETHOMH. @

Ilpumep 4. HccaegosaTh HA YETHOCTh QPYHKITHIO:
ayy=lxl, xe 22, B y=2 xe (-5 5
6)y=|x|,xe[—3; 3); r)y=x% x e (-5; 5]

Pemenue. a) D(f) = [-2; 2] — cuMMETpHYHOE MHOMKECTBO, H
ansa aboro x € D(f) BeImOJHsETCS PaBEHCTBO |—x|= |x| . 3HauuT,
3afaHHasA GQYHKIMA — UeTHad.

6) D(f) = [-3; 3) — mecuMMeTpUUHOE MHOKeCTBO. B camom peue,
TOYKA —3 NPHHAAJEKHUT NOJYyUHTEPBaly [—3; 3), a IPOTHBOIOJIOK-
Hafdg TOUYKA 3 He MPHHAAJIEIKHT dTOMY OJYMHTEpPBaJy. 3HAUYUT, PYyHK-
IS He sBJISeTCHA HHM YeTHOH, HY HedYeTHOI.

B) D(f) = (-5; 5) — cuMMeTPHUYHOE MHOMKECTBO, 1 (—x)° = —x® gaa
Jaioboro x m3 mHTepBajga (—5; 5). 3mauur, 3ajgannas PyHKIUA —
HeYeTHad.

r) PyEKUUA 3aJaHa HA HOJYHHTEPBaje, KOTOPLI He sBJIAETCA
CUMMETPHUYHBIM MHOJKECTBOM. 3HAUYKUT, QYHKUIHAA — HM UeTHAHA, HU
HeueTHasA.

Teneps o6CyaMM TreOMETPHUYECKHI CMEBICJ CBOMCTBA UETHOCTH M
CBOMCTBA HEUETHOCTH (DYHKIIHH.

IIyers y = f(x) — verHasa GyEROUA, T. €. f(—x) = f(x) pra aoboro
x € D(f). PaccmoTrpum aBe ToukM rpabuka dymxnuwm: A(x; f(x))
u B(—x; f(-x)). Tark kak f(-x) = f(x), T0 y Touek A u B abcnuccn
ABIAIOTCA IPOTHBOMOJOMHBIMI YKCJIAMK, 2 OPAHHATH OJHHAKOBEHI.
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3 . YACJIOBLIE PYHKLIMK

(—xl; f(.—x).) ya (x;. f(alc)) 77 Y (x; }‘(x)') A
B A .

Py
o

—X

[
>

]
*

B
—x0 9] q |x (%3 1(=x))

Puc. 102 Puc. 103

OTH TOYKM CHMMETPHUYHEI OTHOCHTENBHO ocH Y (puc. 102). Takum ob-
pasoM, ANA KaKAOH ToukHM A rpadria uerHoil dyHknmuu y = f(x) cy-
IIeCTBYET CHMMMETPHUYHAA €fi OTHOCHTEJBHO OCH Y TOuKa B Toro xe
rpaduka. ITO O3HAUAET, UTO ZPAPUK YeMmHOU PYHKYUU cCumMempu-
YeH OMHOCUMEeNbRO OcU Y.

IIycers y = f(x) — HeueTHas GyHKIMA, T.e. f(—x)=—f(x) gna mo-
Goro x € D(f). PaccMoTrpuM aBe Touku rpadmra pyuxmum: A(x; f(x))
u B(-x; f(—x)). Taxk xax f(-x) = —f(x), T0 y Touex A u B abcmuccel
ABJISIOTCA IPOTHBOIIOIOMKHBIMI YUCJIAMU U OPAUHATEL ABAAIOTCA IPO-
THBOIOJOKHEIMHA YHUCAAMU, ITH TOYKH CHMMETPHUYHLI OTHOCHTEJIBHO
Havaja xoopauuatr (puc. 103). Takum obpasoM, ANA KayKA0H TOUKH A
rpaduka HeueTHOH QyHKNIUM y = f(X) cyIiecTByeT CUMMETPUUYHAA el
OTHOCHTEJIbHO Havajla KOODAMHAT Touka B Toro :xe rpadpmra. Iro
03HAUaeT, UTO 2paur Heuemnol PYHKYUU cCumMMmempPUier OMHOCU-
menvHO HAYARA Koopdunam.

Beprn u o0OpaTHBIE YTBEeD)KACHUA:

1. Ecau zpagur ¢pynxyuu y = f(x) cummempuien omnocumend-
HO ocu opdunam, mo y = f(x) — wemnas pyrnxyus.

B camom gene, cuMmMerpusa rpadurka pyHrnmm y = f(x) ormocu-
TEeJBHO OCH Y O3HAYaeT, UTO AJA Ji060ro x u3 o0iacTu olpeAeseHUsA
(byHKIIMH cIpaBeauBO paBeHCTBO f(—x) = f(x), T. e. y = f(x) — uer-
Had QyHKIHA.

2. Ecau zpadgux ¢pynryuu y = f(x) cummempuien omrnocumend-
HO Hauaaa Koopdunam, mo y = f(x) — HewemHnas ¢ynxyus.

Cummetpus rpadura GyHKINy y = f(X) OTHOCUTEIBHO HavYaIa KO-
OpAMHAT O3HAYAET, UTO AJA J1000ro x U3 06JacTu onpeaeeHns QyHK-
MK CIIPAaBeAJIMBO PaBeHCTBO f(—x) = ~f(x), T. e. y = f(x) — HeueTHas
GyHEIHNA.
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3. HYACNTOBLIE dYHKUMUN

IIpumep 5. HccrenoBaTk HA YETHOCTh QYHKIIHIO
y=+9-x%.

P e e u ue. Ilepsolil cnocoB.
f(x) =vV9-x%; f(-x)=/9-(-x)? =v9—-x? . Buauur, fus moboro

x € D(f) cupaBeganeo paBeHctTso f(-x) = f(x), T. e. DyHKIIUA ABAA-
eTCHA JEeTHOI.

Bropoit cooco6. I'padukoM DYHKOIUM CIYEKHT NOJYOKPYIKHOCTH
C IIEHTPOM B Hadajle KOOPAMHAT M paguycoM 3 (cM. puc. 78), oHa cuM-

METPHUYIHA OTHOCHTEJLHO OCH Y. ITO OZHAYAET, UTO lf = JO—x2 — uer-
Hasg QYHKIHA.

§12. OYHKUMM y = x" (n€EN),
UX CBOMCTBA U TPADUKM

@yaxnuio Buga y = x", rae n =1, 2, 3, 4, 5, ..., Ha3sIBAIOT
crenemHOM (PyHKIMEH ¢ HATYPAJBHBIM NOKa3aTelieM.

HOBe crenernurie GYHKIUKM MBI ¢ BAMM y)Ke U3yumyn: y = X (1. e,
y=x)uy = x% OTHM IepedeHb HAIMX JOCTHKEHHMH MCUEDIILIBA-
ercA, u00, HauUMHaA ¢ n = 3, Mbl 0 QYHKHIUH Yy = X" IOKA HUYEro He
sHaeM. Kak BHIraagar rpaduku GyExnmit y = x%, y = x4, y = x5,
y=x%u 1. 1.? Kaxkossbl cBoiicTBa aTux ¢yarnumit? 00 sTom M moigeT
peub B HacroameM maparpade. Ilpaeaa, B § 11 ogHO CBOICTBO MBI C
BAMH OPELYCMOTPUTENLHO 00CYANAM: AOKA3AJNH, YTO Y = X* — yeTHAd
dyuknusa, a y = x> — meuetrHaa dyurnud. Y aro, keratu, Ham celi-
Yac oueHb IpHUroaurTcA. Mul BeAb 3HAEM, UTO rpadui ueTHOH DYHK-
MM CHMMETPHYEH OTHOCHUTEJBHO OCH OPAMHAT, a rpadMK HEYeTHOMH
OYHKOVK CUMMETPHYEH OTHOCHUTEJILHO HAuaja KOODAWHAT. 3HAUMHT,
MEI MOJKEM M I QYHKOuA ¥ = X%, ¥ an1a GYHKIUE § = X° DOCTyoUTH
TaK: pacCMOTPETHL 9TH QYHKIMH Ha Jdyue [0; +0°), mocTpouTs UX rpa-
¢bukn (Ha yKasaHHOM Jyue). 3aTeM, MCIOJIL3YA CUMMETDPUIO, HOCTDO-
UTh rpaduK QYHKIIMMA Ha BCEH YHCJIOBOM MPAMOH M ¢ IIOMOIILIO Tpa-
¢uxa mepeuncAUTh CBOMCTBA (QYHKIINM IO TOH CXeMe, KOTODYIO MBI
BeHIpaboTanm B mpeAabIAyINuUX maparpadax (goO0aBUB CBOMCTBO ueT-
HOCTH).
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3 . YACNOBbLIE DYHKLIMU

1. Dynkuma y = x4, x 2 0

CocraBuM TabJauIly 3HAYEHHH AJIA 3TOH QYHKI[MH.

1 3

1 il —

x| 0 2 2
1 81

y10 |1 —_— —
16 16

216) |2 16
miaockocta (puc. 104a); 0OHH HaMeUYalT HEKOTOPYIO JUHHAIO, IIPOBEAEM
ee (puc. 10406).

1 1 3 81
IToctpoum roukm (0; 0), (1; 1), ( ), [ ) Ha KOODAMHATHOI

2. MyHKuMs y = x*

Hob6apus K rpadukry, naobpakennoMy ua puc. 1046, tunmuiio, cuM-
METPHUYHYIO IIOCTPOEHHOH OTHOCHTEJIbHO OCH OPAHHAT, IIOJYYHM Irpa-
dur dyurnum y = xt, x € (—o0; +00) (puc. 105). On nmoxosx Ha mapa-
6oxy (1o napaGosoit ero He HA3EIBAIOT).

ITpesxne ueM mePedUCIUTH CBOMCTBA QYHKIIMH, 3aMETHM, UTO MBI
OyneM NIpPUAEPKUBATHLCA TOrO K€ IOPAAKA XOL0B, KOTOPHIM HMCIIOJIb-
soBasu B § 10, ¢ ogHO# mOIpPaBKOil: CBOMCTBY UETHOCTH QYHKIMH OT-
BeZleM BTOPYIO IO3UIJHIO.

yA ya y A
81 81 "
16 d T16 y==x
1 1 \ 1
o - 1é ;— o] 1 § ?— -10] 1 ;__
2 2 [ |
Puc. 104a Puc. 1046 Puc. 105

116



3. YACNOBbLIE BDYHKLIMK

CaoiicTBa dynxnuu y = x*

1) D(f) = (=005 +0);

2) yeTHad QYHKIHA;

3) yOniBaer Ha sryue (—o0; 0], BospacTaer Ha ayue [0; +0o0);

4) orpaHMYeHa CHH3Y, He OTPAHNYEHA CBEePXY;

9) Yoo = 05 U,..c HE CYLIECTBYET;

6) HempepbLIBHA}

7) E(f) = [0; +2);

8) BeIIyKJIa BHU3.

ITH CBOICTBA MBI IPOYMTAJM N0 rpadHKy, YTO, KOHEUHO, HE AB-
AAeTCA AOKA3aTeabCTBOM. OOBLIYHO IOCTYMAlOT HAOOOPOT: MCCIEAYIOT
cBoiicTBa (hyHKIHH, a IIOTOM, OIIMPAACh HA PE3YJIbTATHl IIPOBEACHHO-
0 HMCCJAEeOBaHMA, CTPOAT ee rpaduk. B cocrofsHMHM JU MBI ¢ BaMu
yiKe Temeps JeicTBOBATh TAK, KaK IpHUHATO B MaTtemaTuke? IToka emge
He coBceM. 13 mepeuncIeHHBIX BBIIIe BOCBMM CBOMCTB OYEBHAHO IIEeD-
Boe (IIOCKOJBKY J1000€ YHCI0 X MOM{HO BO3BECTH B UETBEPTYIO CTe-
neHb). B npegpiaymem naparpade JOKasaHO BTOpoe ¢BOicTBO. Mouxk-
HO NIOKAa3aTh M TpPeThe: B CaMOM jfeJe, ecln X, > X, > 0, To 1o cBo#-
CTBY YHCJIOBBIX HEDPABEHCTB xil>x§1 , @ 9T0 M O3HAaYaeT BO3pacTaHHUEe
dyaknun Ha ayde [0; +00).

Hoxasxem uderBeproe u msaroe ceoiicrsa. ITomoxum f(x) = x%. AcHo, uro
A J0Goro X BBINOJHAETCA HepaBeHCTBO x! > 0. Dro o3Havaer, 4YTo PYyHK-
oM y = x* orpanuyena cHu3y. IIpeAnmosio;KuM, YTO OHA OrpaHMYeHa CBEpPXY,
T. €. MPEANOJOKHM, YTO CYIIECTBYET NOJIOKUTEJIbHOE umcao M TaKoe, 4To
Mg o6oro X BHIMOJHAETCA HepaBeHCTBO x* < M. Bosbmem HaTypajbHOE
uyncyao n > M u paccmorpum 3Havenme QYHKIHEH y = x* B TOUKe X, = K.
Umeem:

fx)=n*>n>M.

Wrak, MBI HAlLTH TAKYIO TOYKY X,, B KOTOPOH BHINOJHSETCSA HepaBeH-
¢TBO f(x,) > M, 4TO NIPOTHEOPEYMT HALIeMy MPEANOIOKeHHIO 00 OrpanuyeH-
HOCTH QYHKLMHU CBepXy. 3HAUmMT, GYHKIUA He orpanuyena csepxy. Ilockons-
Ky GYHKIHA He OrpaHMYeHa CBePXY, HanboJbIIero 3Ha4YeHns y Hee HeT. B TO
e BpeMsA fACHO, uyro y__ = 0.

Yro ae He IOKA3aHO, I'ie MEl BRIHYXKAEHEI I0OKa OMMPAaTLCA Ha I'eOMeTpH-
yeckyio natyunmio? He goxkasann csoiictsa 6, 7 u 8.

Bnpoyem, npy sKeJaHUM MOKHO JaTh NOACHEHHE M CBOMCTBY BBIIYKJOC-
™ pyaxmun BAM3. [lokakem, Hanpumep, uTo Ha orpeske [0; a], rae a > 0,
rpadur GYHEKOHH y = x* pacmojoxeH HuKe oTpeska OA (puc. 106).

Ha unreppaine (0; a) BozbMeM NMPOM3BOJILHYIO TOUKY X, U BOCCTABUM H3
3TOH TOYKM NEPIEeHAMKYJIAP K OCH X A0 IepecedeHMs ¢ TPadhUKOM QYHKLMM
y = x*(B Touke P) u ¢ npamoii OA (B Touke M) (puc. 106). Opgunara Touxu P
paBHa X; . A demy paBHa opAwHAaTa TodKH M? BelacHEM 3TO.
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3 - YACNOBbIE dYHKUMU

Y y A
(==
y=xt II
) A
\\ Ml 1
' 01 %1
FI
o xl; 5—_
L l
Puc. 106 Puc. 107

IIpamasa OA npoxozuT Yepe3 Ha4ajl0 KOOPAWHAT, 3HAUUT, ee YpaBHeHue
uMeeT BUA y = kx. OTa mpsaMas IPOXOJUT uepes Touky A(a; a). Ilogcrasus
KOOPAMHATHI TOUKHM A B ypasHeHue Yy = kx, moayuum: a® = ka. 3Hauur,
k = a, 1. e. ypasHenue npsamoit OA rakoso: y = a’x. Teneps sfCHO, YTO OpAn-
HaTa Touku M pasHa a®x,.

HNrak, opaunaTra Touku P paBHa x{‘ , @ OpamHara Touku M pasBHa a3xl.
Kaxoe u3a srux uncen Goabnie? Mimeem: 0 < x, < @, 3HAYUT, 0O CBOHACTBAM
YHC0BBIX HepaBeHCTs X < a® u ganee X, -x, < a® -x, T. e. xf <a’x.Yro
o3HauaeT mocjeaHee HepaBeHCTBO? To, uTo Touka P pacmoJsiaraeTcs HUKe
Touku M. A 0TCIOZa MOXKHO CHE€JIATh BBIBOA: €CJIH IPOBECTH IIPOU3BOJILHYIO
npamyio OA, To oxaxkercs, uTo rpadpux dymxmuy y = x* Ha orpeske [0; a}
JIGXKUT HMMKE COOTBETCTBYIOLIEro y4acTka mpsamoii OA.

3. DyHkyus y = x°

SaMeruM IIpex<ze Bcero, 4ro y = x° — HeveTHasA QYHKINA, CIeI0-
BATEJIBHO, €e I'papHK CHMMETPHUEH OTHOCHTEJbLHO HadaJja KOODAWHAT.

Tpadur bysxuum y = x° npu x > 0 B UpHHIMIIE BHIMNISIUT TaK
sKe, Kak rpadpuk dyakimu y = x* npu x = 0 (puc. 1046), HyKHO JTHIIbL
Y4YecTb, UTO HOBaA KPUBaA UyTh MEHee KPYTO HUIET BBEPX U UYTh Aallb-
IIIe OTCTOHUT OT OCH X OKOJIO HauaJa KoopauHaT. JJoGaBUB JIMHUIO, CHIM-
METPUYHYIO IOCTPOEHHO OTHOCHUTEJIBHO Havuajla KOOPAWHAT, IOJTYINM
rpadur dbyuroum y = x° (prc. 107). 3Ty KpUBYIO HASHIBAIOT KyGnde-
CKO#1 mapa6ooii.

3ameuanme. Mexpy NPOYMM, 3TO OOMH M3 PEAKMX Cry4Yaes, Korpa
MaTEMaTHKM MCMONb3yrOT HEe O4eHb yaadHbii TepmuH. Mapabona — reo-
MeTpHuyecKas urypa ¢ onpefeneHHbim1 csoncTsamu. JiuHus, usobpamen-



3 . YMCNOBLIE DYHKLIMM

Has Ha puc. 107, atumu csolicTBamu He obnapaeT, NosTomy nyuwe Ebino
66l NpuaymMartbe el ppyroe HassaHue, 6e3 ucnonb3oBaHMs TepMMHa «napa-
bona» («Kybuueckas napabona» — 3TO UTO-TO BPOAE «KBaAPATHOM OK-
pyxHoctu»). Ho TepmuH «kyBuueckas napabona» npvKMRCs 8 MaTemaTH-
Ke, NPUAETCS U HaM ero UCNonbL30BaTh.

OTMeTHM HEKOTOpHIe I'eOMETpHUECKHEe OCOGEHHOCTH KyOHuecKoli
napaGoJssl y = x3. ¥V Hee ecTh IeHTp cuMmmeTpun — Touka (0; 0), Ko-
TOpad OTAeJAET APYT OT APyra ABE CHMMETPHYHEIE YaCTU KPHUBOLi; aTH
CUMMETPUYHEIE YaCTH HA3LIBAIOT 6emeamu Kybuueckoil napaboavt. O6-
paTuTe BHUMAaHUEe: KOTQa OJHA BeTBb KyOMUECKO#l nmapaboJbl mepexo-
JUT Yepe3 Havaj0 KOOPAWHAT B APYTYIO BETBb, 3TO IPOUCXOAUT ILJIAB-
HO, 0e3 uajomMma.

CaoiicTBa dynxuun y = x°

1) D(f) = (-00; +00);

2) HeuyeTHAA PYHKIHA;

3) Boapacraer;

4) He orpaHUveHa HU CHU3Y, HU CBEPXY;

5) HeT HM HaMMEHBINEr0, HU HAUOOJLINETO 3SHAUEHMIA;

6) HempepEIBHA;

7) E(f) = (-00; +00);

8) BrimykJa BBepX Ha (—o0; 0], BeIIyKJa BHU3 Ha [Q; —00).

4. DyHKUMA y = x"

Peub uaer o pynKIuax y = x°, y = x® u BooGme 0 cTeneHHOi QyHK-
IME ¢ YeTHER M HaTypaJbHBIM IOKasaTejeM cTeneHH. I'padpuk
a1000# Takoil GYyHKIMM NOXO0K Ha rpapuk QyHKuum y = x*
(puc. 105), ToanKo ero BeTBu GoJjiee KPYyTO HaIpaBJeHE! BBEPX.

OTMeTHM eIle, YTO KDHBAA Y = X" Kacaemcsa OCU X 8 mouKe
(0; 0). 'eomeTpuyecKH 3TO 03HAYUAET, UYTO OZHA BETBh KPHBOI ILIaBHO
IEPEXOIUT B IPYTYIO, KaK Oh IPMKNMaACh K ocu x. Tounoe onpene-
JIeHHe IOHATHA KacaHudA Oyzer mano B 10-M Kuacce.

5. DyHKuma y = x> *+1

Peub uger o pysKumMax y = x5, y = x°, y = x" u BooOmie 0 cTemeH-
HOHM QYHKIMM ¢ HedeTHBI M HaTypPaJbHLIM IIOKA3ATEJEM CTEIICHH
3, 5, 7, 9 u r. n.). I'padpuk mr06oii Takoil GyHKIUM IOXOMXK Ha Irpa-
bux dyaxuun y = x° (puc. 107), ToapKo ueM GoJblile IIOKa3aTelb,
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3 . YACJTOBBIE dYHKLIMM

YA
\\ y=x
3
\ |/
14--% 4
0

et of

\y=3—2x
I \

Puc. 108

TeM Gojlee KPYTO HAIIpaBJEHBI BBEPX (U COOTBETCTBEHHO BHU3) BETBU
rpadbuka. OTMeTuM eme, YTO KpuUBasg y = x* *! xacaemcsa ocu x 8
mouxe (0; 0).

IIpumep 1. Pemurs ypasuenne x° = 3 — 2x.

Peme uue. 1) Paccmorpum aBe pyrkuuu: y = x°uy =3 — 2x.

2) ITocrpoum rpadpur ¢yErmuu y = x° (puc. 108).

3) Ilocrpoum rpadpuk guHeHHON GyHKUHEM y = 8 — 2x. 3TO Hp4A-
Masa JuHUA, npoxozAmasn ueped TouxkH (0; 3) u (1; 1) (puc. 108).

4) Cyza o geprexy, IOCTPOEHHEIE Mpa¢HKH II€PECeKalTCA B TOU-
ke A(1; 1). IIpoBepka IMOKA3HIBAET, UTO HA CAMOM JeJjie KOODAMHATEI
Touky A(1l; 1) yEOBIETBOPAIOT ¥ YPABHEHHUIO J = X°, M YPABHEHUIO
Yy = 3 — 2x. 3HauuT, ypaBHEHHE HMEET OLHH KOpeHb: X = 1 — aro
abcmucca TOuKu A.

OrBeT: x=1.

Mexay mpouuMm, reoMeTpuyecKas MOZEJb, IpPEICTaBICHHAS Ha
puc. 108, HarIaZHO MILIIOCTPUDPYET CIAELYIOIIEE YTBEPKIACHUE, KO-
TOPO€ MHOTJa IO3BOJIAET M3SAIIHO PeIlaTh JOBOJLHO CJIOKHEIE VPaB-
HEeHus:

Echu ¢pynryus y = f(x) eo3pacmaem, a pyuxyus y = g(x) yboi-
6aem u ecau ypaenenue f(x) = g(x) umeem KopeHsv, mo MoOAbLKO
00un.

Hoxaxem aro yrBep:xpeHue. IIpeAnonoxuM, uTO ypaBHEeHHe
f(x) = g(x) KpoMe KOpHA X, UMEET eIlle OfMH KOPeHb X,. IIycrs x, <x,.
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3 . HACJIOBbIE dYHKUMA

TlockonpKy X, # X, — KODHHM 3aJaHHOI'0 YDABHEHUSA, TO BHIIIOJHAIOTCA
pasercrBa f(x,) = g(x,) u f(x,) = g(x,). Pyuxnusa y = f(x) sospacraer,
4 MOTOMY BHIIIOJHAETCA HepaBeHCTBO f(x,) < f(x,); dyHKImA
y = 8(x) yOniBaeT, a IOTOMY BHIIIOJHAETCA HepaBeHCTBO g(x,) > g(x,).
HUraxk, f(x,) > f(x,) = 8(x,) > 8(x,). Iloryuunocs, uro f(x,) > g(x,).

ABaJIOrHYHO MOXKHO JOKa3aTh, 4TO €CJIM X, > X,, TO f(x,) < g(x,).
Hrak, B mobom ciaydae momydaercs, 49to f(x,) # g(x,), T. e. x, He AB-
nAeTCH KOpPHEM ypaBHEHUs. 3HAYNT, YPaBHeHHE MMeeT TOJBLKO OFUMH
KOpeHb, YTBepXKAeHUEe AOKA3aHO.

BoT kak, omupasck Ha 9TO yTBep KAeHUe, MBI MOKeM Oe3 uepTreska
pelluTh ypaBHeHHe u3 npumepa 1:

1) samerum, uTo Ipu X = 1 BHIIOIHAETCS PABEHCTBO

15=3-2 -1,
3HAUYUT, X = 1 — KOpeHb ypaBHeHUdA (3TOT KOPEHb MBI yraJaJiu);

2) dyukmua y = 3 — 2x yb6uiBaeT, a GyHKIOUA y = x5 Boapacraer,
3HAYUT, KOPEHb V 3aJaHHOI'0 ypaBHEHWSA TOJBKO OAMH, M ITUM KOD-
HeM ABJSETCS HalifleHHOe BHINIe 3HaueHue X = 1.

B kypce anreGpeH 8-ro Kiacca MBI I'OBOPHMIH O TOM, KaK, 3Has
rpaduk GyHKIEH y = f(x), MOXKHO HOCTPOUTH rpaduk GYHKIWUH
y = f(x + m) + [. BcioMHUM, KakK 3TO AeJjaeTcs.

HDpumep 2. Iocrpours rpadur pyHKmuE y = (x — 1) — 2.

Peire H ue. 1) [TepeiizeM K BCIOMOraTeIbHOM cucTeMe KOODPAH-
HaT ¢ HayaJgoM B TouKe (1; —2) (nyHEKTUpHEIE HpAMBE X = 1 u y = -2
Ha puc. 109a).

yA ;x.=1 y‘
I
|
I
! y=(x-1)p-2
T
| | "
o[ 1 c1 o1 4
{
-————4-—,——_———_—_—-_
-2l y=-2 -2
|
1
|
Puc. 109a Puc. 1096
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3 . YACJTIOBbIE YHKUMU

2) «IIpuBsxem» QyHKIMIo y = x® K HOBOIl cucreMe KOODZHUHAT.
s sroro BEIGepeM KOHTPOJIBHEIE TOUKM AJaA GyHKumu y = x5 (0; 0),
(1; 1), (-1; 1), HO cTpouThL MX OyZeM He B CTapoii, a B HOBOI cu-
cTeMe KOOpAHMHAT (3TH TOYKH OoTMedeHHl Ha puc. 109a). 3arem uepes
KOHTPOJIBHEIE TOYKH IIPOBEJEM JHMHHIO, IOXOXKYIO Ha Ty, KOTOpas
nszobpaxkena Ha puc. 105, — a10 u Gyzer Tpebyemsiii rpadux
(puc. 1096). Pazymeercs, eciii Ha3HIBATH BEIH CBOMMHU HMEHAMH, JTO
3CKH3 TpebyemMoro rpaduxa. @

§13. ®oyHKUMM y = x7(n *N),
MX CBOWCTBA M FPAMMKM

IIpomos:kaeM paciIMpATh Kjacc QYHKIMI, ¢ KOTODBIMMU
HaM HYXHO, 00pasHO rOBOPS, MO3HAKOMUTLCH HAKOPOTKe. B mpegki-
IyiieM naparpade TaKOBHIMY OLIJIM CTEIICEHHBIE (DYHKIIMY C HATYPAJIb-
HEIM NIOKa3aTeJsieM y = X", a B 9TOM Iaparpade MBI paCCMOTPUM (DYHK-
IHYU BUAA Y = X", T4e N — HaTypaJibHOe UuCio. VIx Ha3kIBalOT cTeneH-
HbIMM QYHKUMAMHU C OTPHUATEJIbHBIM LEJBIM II0KA3aTeIeM.
ITo ompepenenuIo CTENeHW ¢ OTPULATENLHEIM IIOKa3aTeIeM

1
Tloaromy BMecTO 3amucu y = X" MOKHO HCIIOJIL30BATH 3aIIUCH Y =
OnHY QYHKIHIO TAKOrO BHAA MEI C BAMHM HU3YYHUJM B Kypce ajured-

1
puI 8-r0 Kiacca — 3To Obljia GYHKUHAA Y = e BaMm H3BECTHEI B CBOM-
cTBa 3TO¥ QyHKIMHU, U ee rpadpuk — runepbona (puc. 110). Cuenaem

" 1
CIeAVIOIMIA Iar; pacCMOTPUM QYHKIUIO Y = = Haunewm ¢ uccaegosa-

1
HUA QYHKUMM J =—; Ha YeTHOCTS, 4TO, BHAMMO, BAC HE YAHBUT.
BcnomuuTE, Beabh M B IPEAHIAYIIEM naparpade Mbl HaUMHAJH C
HCIIOJIb30BAHUA YETHOCTH (PYHKIUU y = X! U HEYETHOCTH (HYHKIUN
y = x5
1
Hrak, JoKa)KeM, 4TO Y = -2 “emnad yHKUUA.

3aMeTuM NpeKAe BCEro, u4TO O0JIACThL OmpeleieHus GYHKUUU —
MHOYKECTBO BCeX AEHCTBUTENBHEIX UHCEJ, 32 UCKIIOUYEeHHEeM 3HAa4YeHHUH

1

x = 0; aTo cumMMeTpM4YHOEe MHOXecTBO. [amee ummeem: f(x) = pry
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3 . YACJIOBBIE DYHKLIMA

] A
s
1
<10| 1 %
-1
Puc. 110
1 1
f(-x) = W = ?; TaxuM oOpasoM, AJd Jg00oro x M3 006JacTH OI-

pedenennsa GyHKUHM BBIIOJIHAETCA PaBeHCTBO f(—x) = f(x). OTo 3Ha-
1
YUT, YTO y = T3 — UerHad byrKRITA.

CRoiicTBO YeTHOCTH PYHKIUH Y = % HaM ceiiuac OYeHb IIPUTO-
gurcsa. MM BeIb 3HaeM, uTO rpaduK 4YeTHON QYHKIUU CHMMETPUYEH
OTHOCHTEJILHO OCH OPANHAT. 3HAYUT, MOXKHO IIOCTYIINTD TaK: PACCMOT-
peTh 3Ty GYHKIOHUIO Ha OTKPHITOM Jyue (0; +0°°) m mocTpouTh ee rpa-
buK Ha YKa3aHHOM Jyue. 3aTeM, UCIOJb3ys CHMMETPHIO, IIOCTPOUTH
rpadux GyHKIIUN Ha BCEH YMCIOBOI IIPAMOM M ¢ ero mOMOIILIO Iepe-
YHUCJUTH CBOICTBa QYHKIUM IO TOM cxXeMe, KOTOpas ObLIa MCIOIb30-
BaHa& B IIpeAbIAyIeM maparpade.

1. PyHKUMA y = }1;, x>0

Jo cux mop Mbi cTpousiu rpaduK GYHKIMHA, a IOTOM IOBOPUJIH O
ee cBoiictBax. Ha camoM Jesie, KaKk MBI YK€ He pa3 OTMEUYaJH, MaTe-
MaTUKM OOBEIYHO CHavaja HCCJEeAYIOT CBOiicTBa GYHKUMU B COOTBET-
CTBHH CO CTPOTHMY OIIPEAEIEHUAMH 3THX CBOHCTB, a IIOTOM HCIIOJb-
3YIOT IIOJyYEHHEIE DE3YJbTATHl AJA NOCTpoeHus rpadura. Bu yxe
npuobpenr HEKOTODHIM OIEIT B MCCAEAOBAHUM (DYHKIUMU, BOCIIOJL3Y-

eMcA UM JJISl MCCIeNOBAaHUA QYHKIUM y = Lz,x > 0. Bsegem mpwu-
X

BEIUHOE oOo3Hadenue: f(x)= —17
X
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3 - YACJIOBbIE dYHKLINMK

1. D(f) = (0; +0). Tyr obcyxaaTh HEUEro.
2. ®ynruua yboiBaioman. B camom gmene, mycts 0 < x, < x,;
TOTZa II0 CBOMCTBAM UMCJIOBEIX HEPABEHCTB IIOCJIEAOBATEILHO IIOJIY-

1 1
qaemM: xf < xf; = > —-.

Urax, us x, < x, caenyer f(x,) > f(x,),
Xi X3

a 9TO M O3HauaeT yObIBaHMe QYHKLIMHU.
3. OyHKIMA orpaHHUYeHa CHU3Y W He OrpaHuYeHa csBepxy. Orpa-

1
HHYEHHOCTb CHH3Y CJlIeAyeT M3 OUCBHAHOrO HE€PaBEHCTBAa ) > 0.
X

IIpeamonosxum, 4TO PYHKIUA OrpaHHUYEHA CBEPXY, T. €. CYILECTBY-
eT IIOJIOKUTEJIbHOE YUCa0 M TaKoe, 4TO JJidA J000ro x > O BHIIOJIHS-

1 1
ercsa HepaBeHCcTBO — < M. IIyets x, = —=——_. Torzga
x? UM+
fx) =~ =1:—L— - M+1>m.
0 xZ M+1

Hrak, MBI HaIIJIN TOYKY, B KOTOPO# 3HaueHHe QYHKIUHM 0OJIbIIE
umnciaa M, BoIpeKH HaleMy IOPeAIIoJIOMKeHHI0. SHAUUT, [IPeAIIOIoNe-
HUEe HEBEpPHO, T. €. QYHKIIUA He OrpaHUYEHa CBEDXY.

4.V pyHKIUM HET HN HaMMEHbIIEr0, HU Han0oJIbIIero 3HaueHH .
To, uTO HeT HAMOOJHIIETO 3HAYEHMS, BHITEKAET M3 HEOTPAHUYEHHO-
cTH DYHKIMH CBepPXy. A KaK JOKa3aTb, UYTO HET HaMMEHbIIIEro 3Havue-
HUA, BeIb CHU3Y-TO (GyHKLHUA orpaHmueHa? ByaeM paccy:KIaTh Tak.

IIpeanonoxuM, 4TO HauMeHblIee 3HaUeHHNe CYIeCTBYeT. 3TO 3Ha-
THT, YTO CYIIECTBYET TOUKA X, TaKasd, 4T0 Ajia moboro x > 0 BHmo-
HAeTCA HepaBeHCTBO f(x) > f(x)). Ho ecim B3aTH TOUKY X, > X, TO, B
cuwiy yObiBaHUA (DYHKIMH, BHIIOJHAETCA HEpaBeHCTBO f(x)) < f(x,),
YTO IPOTHMBOPEYHUT HalIeMy IpeAIOojoKeHHIo. UTak, QyHKIUA He
UMeeT HAMMEHBIIEr0 3HAUYEHUS,

Teneps MOCTPOUM TpadUK DYHKIUH.

CocraBum Talnuiy 3sHaUYeHHI IJA 3TOM QYHKIIHH,

x1%23

o -
O =
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3 . YACJTIOBLIE dYHKUMA

v4 y4
4 3o
1 1
IR RN ST T
Puc. 111a Puc. 1116
1 1 1
TocTponm Touku (1; 1), (-2-; 4), (2; Zj’ (3; 3) Ha KOOpAUHAT-

HoO# maockoctH (puc. 111a), oEM HaMeuaOT HEKOTOPYIO JUHUIO, IIPO-
BeJleM ee, YUYUTBLIBAA NMOJYUYEHHBIE BHIIIE cBoiicTBa 2, 3, 4 (puc. 1116).

2, DyHKUMS y = X2

Jlo6aBuB k rpadpukry, usobpakeHEoMy Ha puc. 1116, BeTBb, CHM-
METPHYHYIO IIOCTPOEHHOH! OTHOCHTEJBHO OCH OPAHUHAT, IIOJYYMM T'pa-

bux dyHKUIHN Y = % » T. €. y = x% (puc. 112),

CroiicrBa dynxunn y = x2

1) D(f) = (o035 0) U (0; +00);

2) veTHada GyHKIHA;

3) yOriBaeT Ha OTKpPEITOM Jay4e (0; +0°), Bo3pacTaeT Ha OTKPHEITOM
ayqe (—o0; 0);

4) orpaHuvYeHa CHU3Yy, HE OTPAHUYEHA CBEPXY;

5) HeT HU HaMMEHBINET0, HA HAMGOJILIIEr0 3HAYEHMIA;

6) HenpepoBua npu x < 0 (1. e. Ha oTKpeIiTOM Jyue (—°°; 0)) u
npu x > 0 (7. e. Ha oTKpEITOM Jy4de (0; +00));

) E(f) = (05 +);

8) Boinyxja BHu3 ¥ opu X < 0, n mpu x > 0.
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3 . YACNIOBbIE dYHKUKMN

ya

I
A
-10] 1 x|
i
Puc. 112

3. DyHKUus y = x~2"

1 1 1
Peus mper o pyuknuax y = Y= @my=zu T. 1. I'pa-

1
duk m060if Tako# GyHKUMU OX0K Ha rpadux QysKmum y = )
1

(puc. 112). OTmMeTHM, 4TO KpHUBad y = L2n GCUMIMOmuUNECKU npu

6auxcaemces k ocam xoopfunam. ['oBopAT TaKxKe, ITO OChb X (T. €. IIpsH-
Maa y = () aBiageTca 20pu3oHmanvHol acumnmomoii rpaduka Qysx-

1
oud Y = 57, & OCh Y (. e. mpsaimasa x = 0) aBAdeTCA 6€PMUKANLLHOI
acumnmomoil aToro rpaduka.

4. DyHKumua y = xn+ 1)

1 1
Peus maer o QpyHrUImAX Yy = B V=5 ETA I'padur mroboii

1
Tarko¥# pyHKIMY moxox Ha rpaduK QyHKIUuU y = > (puc. 110).
OTMeTuM, UTO OCh X ABIAECTCH 20PUI0OHMAAbLHOIL acumnmomoil rpa-

1 .
ura QyHKUMY y = ——, & OChb Y ABIACTCA 6EPMUKANLHOL acuMn-
X

momoii 3Toro rpauka.
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3. YACJIOBBIE YHKLMA

CroiicrBa bynxuum y = x~@+1

1) D(f) = (=035 0) U (0; +o0);

2) HeuerHada GHYHKIUA;

3) yOniBaeT Ha OTKPHITOM Jyue (0; +00) M HA OTKDHITOM Jyue
(=005 0);

4) He orpaHEUYeHa HU CHU3Y, HU CBEPXY;

5) HeT HU HaMMEHBILIEr0, HY HAUOOJIBILEr0 3HAYCHMIH;

6) HenpepriBHA 1pu x < 0 u pu x > 0;

7) E(f) = (-o0; 0) U (0; +o0);

8) BeinykJaa BBepx npu x < 0, BeImykJia BHu3 npu x > 0.

IIpumep 1. Halitu Haumensiee u HauboJsblllee 3HAYECHU

1
GyEEDUN y = 52 Ha 38JaHHOM NPOMEXCYTKe:

1 1
2) [5;3]; 6) [‘2; ‘g]; B) [1; +00).
Pemenne. a) laa ynoberea paccyxaenuii Bregem obosHaue-
nue: f(x) = ;12— dyrKnua y6eiBaer npu x > 0, sHAUUT, HAMMEHD-

11ero 1 HauOOJbIIEer0 SHAUEHUH OHA MOXKET OJOCTHraTh TOJIBKO Ha

KOHI[@X IIPOMEXYTKa (COOTBETCTBEHHO Ha IIPABOM H JIEBOM), €CJH,
pasyMeeTcs, 5TH KOHIKI NIPUHAAJEKAT IIDPOMEXKYTKY. B paccmarpu-
BAEMOM CJIyYae

1 1
Yuame =FB) = g Y = fl 3 | = 4-

0) ®yuknusa BospacraeT npu X < 0, 3HAYXAT, HANMEHDLILIETO U HaM-
60b1IeT0 3HAUYEHHI OHA MOXKET AOCTHraTh TOJIBKO Ha KOHHAaX IIpO-
MEXYTKa (COOTBETCTBEHHO HAa JIEBOM M IIPAaBOM), €CJIH, PasyMeeTcH,
9TH KOHIBI IPpHHAAJEXAaT IIPOMEXYTKY. B paccMaTpuBaceMOM Ciydae

Yoo = 7(=2) =737 & Yype HE CYIIECTBYET (npaBbBIil KOHEI HE IIPUHAIJIe-

JKUT 3aJaHHOMY IIPOMEXYTKY).

B) C nomoisio rpadura Gyuknuu (puc. 112) ycranasiuBaem, 9To
He cymecTsyer, ay, =1, @

IIpumep 2. IMocrpours rpadux ¢pyurmuu y = (x — 1)3 + 2.

Pemenue. 1) IlepeiigemMm K BCIOMOraTeNLHOM cucTeMe KOODAHU-
HaT ¢ HayaJoM B Touke (1; 2) (NyEKTHUpHBIE IpAMEIEe X =1 B y = 2 Ha
puc. 113a).

yumu
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3 - YHMCJIOBbIE dYHKLIMU

yh yA
x=1
y=(x-1y3+ 2
2 [ ——
y=2
2 1
P ° . ;
(0] 1 x
Puc. 113a Puc. 1136

2) «IIpussmxem» QYHKIMIO ¥ = X3 K HOBOH CUCTeMe KOOPAHHAT -
aTo u Gyzer TpeGyemsuiil rpaduk (puc. 1136). 1

§14. oyHkuMs y = ¥x,
EE CBOWCTBA M TPA®MK

OnpeaeneHue 1. Yucno b HasnBaoT KyGUYECKMM KOP-

HeM (M1 KOPHEeM TpeTheil CTeneHHu) M3 YNCJAA 4, eCJIY BHIIIOJHAETC
paseHcTBO b® = g.

MumyT: Ya =b;a— nodKopeHHoe HUCA0, 3 — noKasamenb KOPHA.

TaxumM o6pasom, paseHcTsa 3a = b, b® =a n ({"/2)3 = @ SKBUBa-

JIEHTHEI, T. €. BRIDAYKAIOT OJHY M Ty K€ 3aBHCUMOCTL MEMXIY Aeil-

CTBUTEJLHHIMHU umciaMu a u b, Kopoue 3T0 MOMKHO 3anucaTh Takx:

fa=bo b= a; & — 3HAK IKBUBANCHIMHOCMU.
Hanpumep, ¥27 = 8, rak xak 3% = 27; i‘/i =1, tak Kak 13 =1;
30 = 0, rax xax 03=0; ¥~64 = —4, Tax Kak (—4)} = -64; 3,/3-2— = —g-,
3} _ 27
TaK Kakx (-—) ====3
2 8
Ky6uueckuii KopeHb % CYLIECTBYET AJIs JIo00ro umcja g. I3To

YTBeDXAeHNEe AOKA3LIBAeTCA B Kypce BhICIHEH MareMaTuku. Ml Oy-
AeM IOJL30BAThLCA MM 0e3 A0KasareJbCTBa., PeayJbTaT H3BJICUECHUS

oo |eo
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3 . YACNOBBIE ®DYHKLIMNU

KyOHMYeCcKOoro KOpPHA CPaBHHUTEJLHO PEIKO OKa3hbIBaeTCs palHoHaIb-
HBEIM 4YHMCJIOM. Yallle HOJy4aeTCA HMPPALMOHAJIBHOE YUCJIO, AJNA KOTO-
pOro MOKHO HaiiTh JHINb IpUOIMKEeHHOE 3HAUeHHe.
TJokaxeM, AJd OpUMepa, 4TO % — uppanunoHaJbHOe umeso. Ilpenmo-
JIOXKHM NPOTHBHOE, 4TO % — panuoHAJbHOE YHCJO, T. €. 3’/5 =1 rge
n

3

m
mn_ HecOKpaTuMad oOBIKHOBeHHas Apo6b. Torma | — | = 5, T.e. md = 5ns.
n n

IMocennee paBeHCTBO o3Hadaer, uro md i 5, T.e. HarypaJabHOe yucao mé
aeaurcdA Ha 5 6e3 ocTaTKa (HAMOMHKM, UTO CMMBOJI i 03HAYAET «JEJHUTCA Ha»).
Ho sTo B03MOXHO TOra U TOJBLKO TOTAA, Korjga m : 5, 7. e. m = bk, rhe
k — HekoTopoe HaTypaJabHOe umciao. [logcraBuM BBIpa)keHe 5k BMECTO M B
paseHeTBo m? = 5n; moayunm: (5k) = 5nd, orkyaa n® = 25k, Tlocmennee pa-
BEHCTBO O3Havaer, 4ro nd i 25 u yx reMm Gosee nd i 5. Ho Torma u n i 5.
Hrak, monyumum, uto m : 5 u n ¢ 5. Orcioga ciaegyer, 4To APoOHL mn_

COKpaTuMas (ee UMCJNUTENs M 3HAMEHATENb MOMKHO COKDATUTh Ha 5), a aTo

NIPOTUBOPEYNT YCJOBHIO, COIJIACHO KOTOPOMY m . HeCOKpaTuMas npOﬁb.
n
HOJIY'-IEHHOG IpoTHBOpPEeYNnEe O3Ha4vaeT, dYTO HaIll¢ IIPeANOJOMeHNe O pa-
OUOHAJBHOCTH 4MCJIa 35 HEBEPHO, T. €. 9TO YHCJIO — HPpPanuOHaJbHOC,

EOpeHI: Tpe’l‘beﬁ CTEIIEHH M3 IIOJOXHUTEJIBHOI'O YHCja — IIOJIOKH-
TeJIbHOe YUCJIO, & KOPEHBb Tpe'rbefi CTEIEHN N3 OTPUUATEJbHOIO YHC-
Jla — OTPpHUIIaTeJIbHOE YNUCJIO. 3o caenyeT U3 TOro, 4To IpHu BO3Bede-
HIHH B K.Y6 3HaAK 4YHCjia HEe MEHETCA. CnpaBeannBo TOXAECTBO

¥z = 4.

B camom gexe, mycTe d-x =b, a {’/; = ¢. Torga b® = —x, a
¢® = x. Orcroza caeayer, 4ro b® = —¢%, unm b® = (—¢)®. Y3 nocaeguero
paBeHCTBa CJeAyeT, 4To b = —¢, T.e. ¥—-x = -¥x.

IIpumep 1. doxasark, 4TO:

3
a) Yab = ¥a - ¥b; o) 32 _Ya (b = 0).
b P
3 3 3

Pemeumne. a) Umeem: ({”/E . Q[I;) = (3‘/21-) (3/5) = ab. 3ua-

qur, ¥a - 36 — aro uncno, Kyb KoTOpOro paseH ab. A TAKMM UHCIOM

ABJIAETCA {”/E. 3Hauwur, E/a— = {"/E . 5/1_)-

6) JoxassiBaeTCs aHAJOTHYHO (cAenmaiiTe aTo!l). ]

5 Mopaxosmd, 9 k1., 4. 1 129



3 . YACNOBBIE DYHKLIMA

Paccmorpum pyHKUUIO Y = 3/.1_(: , OTMETHM HEXOTOpEIE ee CBOMCTBA

u nocrpoum rpadux. Beegem npuseiuHOe oGosHaueHme: f(x) = ¥x.

1) D(f) = (—o0; +00) (peub UAET O eCTECTBEHHOI 00JaCTH Onpejee-
Husa QyHKIuM — cM. ¢. 87), IOCKOJIBKY, KAK MBI OTMETUJU BHIIIE,
KyOIiecKni KOPeHb MOKHO MSBJIEYD U3 JIIOOOTO JeHCTBUTENLHOTO YHCJIA.

2)y= 3/5 — HedeTHad PYHKIHA. OTO BHITEKAET M3 JOKA3AHHOTO
BhIe To:xzecta Y—-x = —x.

Yy= 3/5 — Bo3pacrarom@as QyHxiusa Ha ayde [0; +00).

B camom gexne, mycets 0 < x, < X,; HaM Hafo AOKa3aThb, YTO TOTAA
u x < ,3/x2 . IIpegnosoxuM TpOTHBHOE, YTO ;"/xl = ,3/x2 . Torga mo

- 3 3
CBOMCTBY UMCJIOBBIX HEPABEHCTB (;"/ac1 ) > (.3/x2 ) ,» T. €. X, 2 X,, 9TO

IPOTUBOPEYUT YCJIOBUIO. 3HaunT, Hale IpPeAIIoJIOKEeHNEe HeBEepPHO, a

[OTOMY %/Z < {’/Z .

Hrax, us x, < x, crexyer, uro f(x,) < f(x,), a 970 03HaUaeT BO3pa-
cTaHue (QYHKIUH.

4) DyHKIUA Y = ?/E He OrpaHHYeHA CBepxy Ha Jjyde [0; +00).
IIpeamosnosxkumM mpoTUBHOE: CymiecTByeT umcjo M > 0 Taxoe, 4TO AJA
aiboro x € [0; +90) BHIONHAETCA HEPABEHCTBO 3/; < M. Bospmem

Ha jgyde [0; +00) Touky x, = (M + 1)2. Torma f(x,) = ,3/(M + 1) =
=M +1 > M. ATtax, MH HallI¥ TOYKY X,, B KOTOPO# BHINOJHAETCH
HepaBeHCTBO f(x,) > M. ITO IPOTHBOPEUUT UPEAIONOKEHHIO O TOM,
410 AA4a J1000r0 X 2 0 BHINOJHAETCA HepaBeHCTBO f(x) < M. 3Hauwur,
Hallle OPEAII0JOXKEeHNe HEeBEpPHO, T. €. GYHKNHNA He OrpDAHMYEHA
cBepxy. B To e Bpema OHa orpannyeHa CHHM3y: Ha jyde [0; +0°) BEI-
nosiHsAeTCA HepaBeHcrso 3x > 0.

5) HemmocpeACTBeHHBIM CJIEACTBHEM IIPEABIAYIIEr0 CBOMACTRBA ABJIA-
ercs cjepymoliee cBoicreo: y =0, y_ . He cymecTsyer.

IIocTpoum rpadpux pyHrumu y = E/; Ha jgyue [0; +00), Cocra-
BUM Tabnumy 3HaYeHH.
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3. YACNOBLIE dYHKLIMK

ye y
L9 2 —
1 e 11 e i
P- P
o] 1 8 x 0] 1 8 x
Puc. 114a Puc. 1146

IToctpoum Touxu (0; 0), (1; 1), (8; 2), [3%; 1,5] Ha KOOPAHHAT-

HOM maockocTu (puc. 114a); oHM HaMe4yalOT HEKOTOPYIO JHHMIO,
npoBegeM ee (puc. 1146). MbI yUHTEIBaEM IPH 3TOM U TO, UTO QYHK-
[IMA BO3pacTaeT, U TO, YTO OHA He OrPAHMYEHA CBEPXY.

BocnoabsoBaBmucs TeM, 4TO Y = ?/; — HedeTHad GQYHKIKA, KO-
6aBuM K rpaduxy, HOCTpOeHHOMY Ha puc. 1146, BeTBb, cHMMETDPHY-
HYI0 eMy OTHOCHUTEeJbHO Hauaja KoopAuHaT. Toraa moaydum Bech rpa-
bux GyHKUHH Y = i‘/; (puc. 115).

CpoiicrBa dpynruun y = ‘«3/;:

1) D(f) = (=003 +0);

2) y = ¥x — mHeuernmas QyHKUUS;

Z)
9 y=4x
4 0 >
-8 1 8x
I _.—-A’Ar
l L
T 1 1 1]
Puc. 115
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3 . YACJIOBbIE dYHKLIMK

3) byuKIUMA Y = 3/; BO3pacTaeT Ha BCeil YUCJ0BOM IIpAMOIL;

4) dysknua y = a”/; He OrpaHHYeHa HU CHHU3Y, HU CBEPXY;

5) y GyHKUMHK HET HX HANMEHBIIEro, HM HANOOJBILIEro 3HAYEHHIH;

6) byHKIuA HempephIBHA HA BCEUM UNCJI0BOH mpAMOiL;

1) E(f) = (—90; +0);

8) dyuKumsa BeimyKJa BHH3 Ha (—°°; 0] u BRIyKJa BBEpPX Ha
[0; +00),

IIpumep 2. Pemurh ypaBHeHUE i’/; =10 — x.

PemeHue. Ilocrpous B oxHOH cHcTeMe KOOPAUHAT Ipaduixm
byanui y = i’/; uy =10 - x (puc. 116), ybexgaemMcsa, 4T0 OHM
nepecexarorca B Touke (8; 2). Tak xak y = i’/.; — Bo3pacralonias
byurnus, a y = 10 — x — yOuBaromaa ¢GyHKIUA, TO X = 8 — enuH-

CTBeHHBIH KOpeHb 3aZaHHOro ypasHenud (cM. c. 120),
OrBerT x=8.

7}
10
y=10-x
) y=3x
//’
(0]
P
8 10 X
-//
Puc. 116
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3 . YACNOBLIE DYHKLIMA

y A
x=-1
O ———’————- 7 X
y=-2
’/
y=Yr+1-2
Puc. 117

IHpumep 3. Ilocrpours rpabur bysxmun y = §x+1 - 2.

Pewme H ue. IlepeiifeM K BCIIOMOTaTeJIbHOM cucTeMe KOODAM-
HaT ¢ HayaJioM B TouKe (—1; —2) (myHKTUpHEE HpaAMEle X = -1, y = —2
Ha puc. 117) u «npuBAxeM» GyHKIHIO Y = \”/} K HOBOH cucremMe Ko-
opguHar. [lonyuum Tpebyemsiit rpadpuk (cm. puc. 117). ]

Il pumep 4. ITocTpouTs M IpouynTaTh rpadukK GyHKINN
-2 - x,ecam x < -1,
y =
\"’/; ,ecad x 2 — 1.

P e ue H u e. IlocTpouM npaMy:o y = —2 — X U BO3BMEM €€ YacTh
npu x < -1 (puc. 118). Ilocrpoum rpadbux byHKIUU Y = ?/; u
BO3LMEM €ro 4acThb npu X > —1 (puc. 119). A Teneps obe mocTpoeH-
HBle JUMHUHX PAacIOJOKHM B OZHO#I cucreMe KoopamHaT (puc. 120) —
ato u 6yzer Tpedyemulil rpadux.

IIpounTaemM mocTpoeHHEIN rpadbux.

- D(f) = (—0; +00),

. ©DyEKONA He ABJAETCA HU YETHOMH, HU HEUETHOH.

. Y6riBaeT Ha (—°0; —1], Bospacraer Ha [—1; +0).

. OyHKIUA orpaHNYeHa CHU3Y U He OI'DaHHYEeHa CBEPXY.
. ¥ ¢pyHROuM HeT HAMGOJIbIIErO SHAYEHHUA, & Y, = —1.

Ov O Do
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3 . YUCNOBLIE dYHKLIMU

y4 y
y=3Yx |
] m
-1
P >
-2 kO x o x
W —T=
vMlo -t =1
\
N\
N
~
N x=-1
x=-1 M
! .
Puc. 118 Puc. 119
v A
N
1 e
».
—2 il (21 X
Puc. 120

6. PyHKINA HEIpEepPLIBHA HA BCEH UMCJIOBOH IDAMOIL.
7. E(f) = [-1; +o0). @

3aBeplias 9Ty IVIaBy, YIOMAHEM €eIle OJHO CBOMCTBO, KOTOpOE
HHOTAA OBIBaeT IOJIE3HEIM IIPHM HCCIAeJOBaHMH (GYHKIMM, IIPH II0-
cTpoeHNu ee rpaduka, IpU pelreHUN HEPABEHCTB rPAQUUYECKUM METO-
ZoM. Peun nget o npomexcymrax snaxonocmosancmea Gynkyuu, T. e.
O TeX IIPOMENKYTKaX OCH X, Ha KOTOPHIX PYHKIMA COXPaHSAET IOCTO-
AHHBIE 3Hak. Tax, gAaa pyHKIUUU, rpadpuK KOTOpoil m300paskeH
Ha puc. 120, npomeXyTKaMu 3HAKOMOCTOAHCTBA OVAYT: OTKPBITHIH
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3. YUCIIOBLIE dYHKUMA

Jy4 (—o0; —2) — 3mech QYHKIUA NPUHUMAET II0JOKHTEJIbHEIE 3Ha4Ye-
Hud; (—2; 0) — Ha aTOM HHTEpBaJie GYHKIUA IPUHUMAET OTPULATeIhb-
#ble 3HaueHud; (0; +00) — Ha 9TOM OTKPEITOM Jyde (PYHKOUA OPU-
HMMAaeT IIOJOKHUTEJbHEIE 3HAUYEHU.

OCHOBHbBIE PE3YJIbTATbHI

e B oT0if rnaBe MBI HaBeJIM OTHOCHTEJLHLIH IOPAZOK B HaUIUX IIpex-

cTaBJeHHAX O GYHKIMAX, UX cBoiicTBax M rpadbukax, KOTOpbIE
CKJIAZBIBAJHUCH HOCTEIIEHHO B XOZ€ H3YUEeHUHA ajredpel B 7-M U
8-m Kiaccax.

Mzul chopMYIUPOBAIY OIPEAECHCHUA CACXYIOIIMX ITOHATHIA:
¢byEKOUA, o0aacTh oupeneseHnd, 00JacTh 3HAUYCHUN DYyHKIUM;
MOHOTOHHOCTH (Bo3pacTaHue M yObIBaHHE) DYHKUIUN;
OrPaHUYEHHOCTh (DYHKIMU CHU3Y, CBEPXY;

HauMeHblllee ¥ HauboJbluice 3HAUCHHA QYHKINHU;

YETHOCTh M HEYETHOCTb (PYHKIIMH.

BhI no3HAKOMMJIKCE ¢ PABJIMYHBIMHE Clioco0aMy 3aaHusa QYHKIIUM,
TaKUMH, KaK:

aHAMIUTHUYEeCKU#l, rpadmuecKkuii, TaOJMUIHBIH, CJIOBECHBIIL.

Bbl y3HaJIM HOBEIE MaTeMATHYECKNE TEPMHHBI:
yeTHad (PyHKIUA, HeueTHadA QPyHKOUA;
crelleHHad (pyHKOu#A.

Mp1 BBeIM HOBBHIE 0603HauUEHUSA (HOBHIE CHMBOJEl MATEMATUYECKOIO
fA3LIKA):

D(f) s obnactu onpezenenusa GpyHEKuuM y = f(x);

E(f) pna o6aactu sHaueHuil QyEKknuu y = f(x).

Bel ysHanu HOBEIE MaTeMaTHMYECKHE MOAENH — (QPYHKIUHU
y=Xx", y=x", I'fie n — HaTypaJbHOe YUCJO, U QYHKIHUIO J = ¥x ;
paccMOTpeaH MX cBOMCTBa M rpaduxu.

Mm1 o6cynunn reoMerpuueckmne ocobenmocT rpaduka:
Bo3pacTaroeil GyHKuuu, yobiBamomei byHKINH,
yeTHON QYHKIIMM, HEUETHOH (GyHKIUHU;

OrpaHUYeHHON CHM3Y, OrpaHNMUYEeHHOH CBepxXy QyHKIWHU;
HeNnpepbiBHOH (MYHKIUH;

BBIIIYKJIONM BBEPX, BHINYKJOi BHM3 GhyHEKOUH.



FNABA
4 NPOIPECCHM

§ 15. Yucnossie nocnegosarensHocTH

§ 16. Apugpmerndyeckas nporpeccus

§ 17. Feomerpuueckas nporpeccus
OcHoBHble pe3ynsrarsi

§15. 4y1CnOBLIE NOCNEROBATENBHOCTH

1. Onpepenenme YMCNOBOM NOCNEeROBaTENLHOCTH

PaccmoTpuM deThIpe QyHKIUU:
y=x* xe [0;1]; 3) y = x%
2) y = x%, x € [0; +0); 4)y=x% xe N.

Onu 3aganbl OLHON U TOM ke (Gopmynoi y = x%, HO obacTu ompese-
JeHUs (PyHKUuUE pasauuenl. B nepsom ciayuae D(f) = [0; 1]. Bo BrO-
pom — D(f) =[0; +°0). B TpeTbeM — 00siacTh onpepesieHUs QYHKITUN
He ykasaHa. CorisacHO mefCTBYIOIIell B MaTeMaTHKe ZOTOBOPEHHOCTH
nogpasymMeBaeTcd, 4To B 3TOM caydae D(f) coBmagaer ¢ ofiacTbio
OIpefiesIeHUsA BBIPAyKeHUs, 3a4aK01nero (PyHKIIHUIO, T. €. ¢ 061aCTHIO OIl-
peneneHusa BelpaskeHus x2: D(f) = (—o0; +00). HakoHell, B 4UeTBepTOM
ciaydae 006,1aCTBIO OIpeAeaIeHNA PYHKIUY sABAsieTrcd MHOKecTBO N Ha-
TypanbHeix umcesa: D(f) = N. I'padpuku atux GyHKUU 1300pasKeHb:
Ha puc. 121—124 (8 pasauuHBIX MacmTabax).

Corsacurecs, 4To HepBbie TPH QPYyHKIMY OoJiee IPUBHIYHBI A1 BacC,
HeKeau dyerBepTasd. Ha HpOTA»KeHMHM TPeX JieT U3ydeHus aiareOpsl B
IIKOJIe MBI PACCMATDHUBAJIN CaMble PasHBbIe GYHKIINU, HO 00JIaCTHI0 UX
onpefieJleENA IPAKTHUECKH Beeraa OBl KaKkoi-1160 IPOMEXKYTOK HIIV
o0beIMHEeHNE HECKOJBKUX IIPOMEKYTKOB, a rpadur GyHKIMM cocToan
M3 OJHOI MW HeCKOJbKHMX CIJIOIIHBIX JMHHII. A Kak 00CTOUT JeJso ¢
yeTBepToii QpyHKIIMeH? Ee o0sacTh ompeaeaeHMs -—— MHOKECTBO Ha-
TYPaJbHBIX YMCEJ — COCTOHUT M3 OTAEJbHBIX TOYEeK (MaTeMaTHKH Io-
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4. MPOIPECCHH

BOPAT: M3 M30JUPOBAHHEIX TOYEK); COOTBETCTBEHHO M rpadpuy QyHKIMH
COCTOUT M3 OTAENbHBIX TOUEK. BOZHMKAET BOIPOC: a HYXKHO JIA H3Y-
yaTh QYHKUNHK, 3alaHHBIE HA MHOYKECTBE HATYPAJIBHLIX YKMCEJ, BCTPE-
Yal0TCA J¥ OHH B PEAJIbHOM JKM3HM; TOUHEE, BCTPEUAIOTCA JIU CUTYa-
UuK, MaTeMaTHYeCcKHe MOJEJH KOTOPBIX IPEACTaBIAIOT Co60i PYyHK-
ouu ¢ obsacThio onpegenenusa N?

ya o2y
: /
! /
N 4 /
1
/
4 1
(0] 1 ;_ >l
| o] 123 x
Puc. 121 Puc. 122
T T 7
\ y=x 16
\ :
\ / .
\ / :
4 o1 |4
\ / Y N
. el i
o] 1 2 3 % 1234 "
Puc. 123 Puc. 124
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4. MNPOrPECCHH

BeromunMm sagauy mus yueOHMKa «Anrebpa—7». Ha ckiane umeercsa
500 T yrad, KaskALIA ZeHb moaBo3AT 1o 30 T. CKoabKo yraa Gymer
Ha CKJaje 4depes AeHb, 2 AHA, 3 xHA, 15 aueil u T. 1.? Ecau 3a x
IPUHATH YUCJIO gHel, a 3a ¥ — KOJHYECTBO yIis (B TOHHAX), TO
MaTeMaTu4ecKOoil MOJe/bI0 CUTYalluu OygeT JuHeiHasa GYHKIUA, 3a-
IaHHasA Ha MHOMKecTBe N HaTypaJbHBIX YHCEN:

y = 500 + 30x, x € N.

Emre npumep. Ha GaHKOBCKHI cueT HOJIOXKHIM @ P., 0aHK exeme-
csAYHO HauucasgeT p % . CKOJIBKO JeHer Ha CUeTy CTAHEeT uepes MecHll,
2 mecana, 12 mecaues u T. 1.7 OKasHBaeTCd, MATEMATHYECKOH MOJe-
JIBIO BTOH CHTyanuu CAYIKHUT GYHKIHUA Yy =a - 2%, x € N; agecp y —
cymMMa BKJaza (B py0asx), X — YHCIO IOJHBIX MECALEB, HPOIIEH-
OIXX ¢ MOMEHTA OTKPBITUSA CYeTa, & B — HEKOTOPHIA II0J0MKUTEIh-
HBINA K03G(hUIMEHT, CBA3aHHBIA ¢ 0AaHKOBCKHUM MPOIIEHTOM P (00BI9HO
WCITONL3YIOT NpubamKerHylo popmyay k = 0,014p).

OTBeT Ha IHOCTABJIEHHBIH BOIIPOC MBI MONYYHIM: (DYHKIINY, 3a7aH-
Hble Ha MHOYKECTBe HarypaJbHBIX umucesa (y = f(x), x € N), HyKHO
H3y4aTh.

Bmecro sanmucu y = f(x), x € N, oOBIYHO HCIIONB3YIOT 3aIIKUCh
y = f(n), AOrOBOPHBIIKCH Pas ¥ HABCET/A IIOAPAa3yMeBaTh B 3TO 3amm-
CH, uTO apTyMeHT 7 — HaTypajbHoe uuciao (n € N). B paccmorpen-
HBIX BBINIE IIPUMeEpax:

BMecTO Y = x?, x € N, MOXHO 3aumcarh y = n¥

BMecTo y = B00 + 30x, x € N, moxkno 3anucars y = 500 + 30n;

BMecTO y = a - 2, x € N, MOKHO 3anmcath y = a - 27,

U eme BoT 0 uem moroBopusMCH MaTeMaTHMKH: ecaud y = f(n), To
Bmecro f(1) Oymem mucats y,, BMecTO f(2) — y,, BMecTo f(3) — y,,
BMecTO f(n) — y, u T. A. 3HaueHHA GyHKUMH y = f(n) MOXKHO 3anu-
carb nocaedosameasvto oguo 3a apyrum: f(1), f(2), f(3), ..., f(n), ...
WJH, B COOTBETCTBHM C YKA3aHHOH BEIINE JOTOBOPEHHOCTBIO, Y, Y,»

Yss =+ Y, - . Hanpumep, fana byHKuuE y = n? nmeem:
y,=1=1;
y,=2%=4;
y,=32=9;

y=4=16ur. 1.
ITonyueHHbIe 3HaYeHMA MOXKHO 3aIMCaTh nociedosamensHo OXHO 3a

IPYTHM:
1, 4, 9, 16, ..., n?, ....
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4. MNPOrPECCHN

Yucsno 1 B 9T0# 3anmcy HaXOJUTCA HAa IEPBOM MecTe, 4 — Ha BTO-
pom, 9 — Ha TperbeM, 16 — Ha uerBepTOM, a n? — Ha n-M Mecre.

Onpegenenme 1. ®ynxmmo y = f(x), x € N, HasuBaoT QyHk-
nueil HaTypaJbHOTO0 APTyMeHTa WK YHCJI0BOH MOCIe OBATEIbHOCTHIO
1 0003HAYAIOT Y = f(R) WK Y, Yys Ygs voes Yps oee -

3HauYeHud Y, Y, Y, (& T. 4.) HABLIBAIOT COOTBETCTBEHHO NepauLM,
emopbvim, mpemoum (U T. 1.) waeHamu nocaedosamenvrocmu. B cum-
BOJIe Y, 9HCJIO 7l HAasBIBAIOT UHOeKCOM, KOTODHIH 3a/j8eT MOPSAKOBbIA
HOMEp TOT'0 WJIM MHOTO WieHa IocliegoBaTesbHocTH. MHorga misa 06o-
BHAYEHMS IOCIEA0BATENbHOCTH HCIOJIb3YeTCA 3amuch (y,).

Muorotounsa B 0003HAYeHUY IOCJIEIOBATEIBHOCTH (UMEETCA B BUALY
BAIHUCD Y,; Yys Ygs o5 Y,» ---) O3HAYAIOT, YTO IIPABEE Y, PACIIOJIATAIOTCSH
AaJbpHeHIIue WIeHb IIOCIEAOBATENBHOCTH (Y, 5 Yys Yg U T. A.), PAAOM C
y, HaxozxsaTcs (a B caydae HeOOXOAMMOCTH U 3alCHIBAOTCA) Y, _, (cie-
Ba) n y, ,, (copasa). Uneny y, _, IPeAIIEeCTBYeT Y, _,, & 32 Y, | CAEeRy-
ery, ., u T. O

Jia 0603HaUEHNA WIEHOB IOCJIEAOBATEILHOCTH MOIYT MCIIOJbL30-
BATBCA PA3IMIHBIE GYKBHI: X, X, Xgy eees X5 oees WIHR @), Gy Qgy ees
Qs o unu b, by, by, iy b, o WL

Kax maBecTHO, QYHKIUA MOXKET OBITH 3ajaHa PasJMYHBIMH CIIO-
cofamMu, HampuUMep aHAJUTHYECKU, rpauyecKu, CJIOBECHO H T. 1.
(cm. §9). IlocnenoBaTeIBHOCTE TOM<E€ MOYKHO 33[JaBaTh Pa3INYHBIMU
criocofaMu, CPeas KOTOPHIX OCOGEHHO BaKHBI TPH: GHAJLUMUYECKUIL,
CA06ECHbLIL U peKYyppeHmHbLil.

n+1

2. AHanMTMYEeCKOe 3ajjaHue
nocnepoBaTeNnbHOCTH

ToBopsAT, uTO HOCJIEOBATENBLHOCTD 3aJaHA GHAIUMUYECKU, €CIH
ykasaHa Qopmyia ee n-ro urena y, = f(n).

ODpumep 1.y =n? OT0 aHATUTHYECKOE 3aTaHHUE IIOCIEHOBA-
TensHOCTH 1, 4, 9, 16, ..., n?, ..., 0 KOTOPOI 11JIa pedYb BHIIIE,

YKazaB KOHKDPETHOE 3HAYEHME N, HETPYAHO HANTH UJIEH ITOCIERO0-
BaTEJIBHOCTH C COOTBETCTBYHOLMM BomepoM. Eciu, Hanpumep, n =9,
T0 Y, = 9% T.e. y, = 81; eciu n = 27, 10 y,, = 273, T. €. y,, = 729.
Hanporus, ecju B3AT ONPEAEJICHHBLIM UJIeH IOCJeA0BATEIbHOCTH,
MOXKHO yKasaTh ero Homep. Hampumep, ecnu y = 625, To us ypasHe-
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4. MNPOrPECCHN

Hua n? = 625 saxogum, yto n = 25. 9To 3HAUNUT, 4TO YHMcia0o 625 Haxo-
IUTCA Ha 25-M MecTe 9TOI IOCJIe0BATEILHOCTH.

1
Hpumep 2.y, = (—1)"; . Ameem mociiezoBaTeNILHO:

g= -] =1
b= C1F - 3 =33
gy= C1F - 3 =-3;
po=C - =g

Taxum oﬁpasoM, moJjiydyaeM IIOCJIeJOBaATEJBHOCTD

1 1 1 .
_1’ Es __3_, Z, ey ("1) ';, YRS
3aMeTHM, UTO 3Ty K€ IOCJEHOBATEJILHOCTh MOKHO OBLIO 3afjaTh
aHJIUTUYIECKH B BHJE KycouHoil pyHKuuu y = f(n), rge

, €CIM N — HEeueTHOE HATYPAILHOE UHCIIO;
f(n)=

, €CJIN N — YEeTHOE€ HaTypaJlbHO€ UYMCJIO.

RN|- |

Kak u B npegsigyiemM npumepe, HETPYZAHO HAWTH WIEH IOCJIe0Ba-

1 1
TEJIbHOCTH ¢ 3afaHHBIM HoMepom. Hanpuwmep, y,, = “37°28Ys= 13-
Hpumep 3. y, = C. IT0 3HAYUT, YTO PeUb MAET O IOCJIEAOBa-
tensHOCTH C, C, C, ..., C, ..., KOTOPYIO HAa3LIBAIOT CMAUUOHAPHOLL.

NNpumep 4. y, = 2", JTo aHAJIUTHYECKOE 3aZaHUe IIOCJeLOBa-
TeJpHOCTH 2, 22, 23, 24, ..., 2, ... .

Kax Bugure, 3Haa popMmysay n-ro 4WieHa HOCIE€LOBATEJILHOCTH,
HeTPYZHO HaliTi ee NepBLIil, BTOPOIi, TPeTHii YWIeHEI M BOOGIE JH000H
qJeH ¢ YKa3aHHHIM HoMmepoM. ['opaszio TpyZHee, HO 3aTO M MHTepec-
Hee pemaTh OGPATHYIO 3af%avuyy: yra 4 bl B a T b BO3MOXKHYIO (GOpMY-
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4. MPOIrPECCMH

JIy n-TO YJ€Ha ITOCJeAO0BaTeNLHOCTH, AJIA KOTOPOHM yKasaHO HEeCKOJILKO
HavaJbHHIX 4JIHOB. IIpuBefeM IpHMephHl TAKOIO yraigbiBanms. IIpwm
9TOM IIPHXOAUTCA ITPEAINOJIaraTh, YTo 0O0HAPYKeHHAaA 3a8KOHOMEPHOCTh
npucyia Beei MOCIeZOBATEILHOCTH.

IIpumep 5. 1,3,5,7,9, ....
3mech y, = 2n — 1 (mociexoBaTEIbHOCTL HEUETHEIX YMCE).

NDIpamep 6. 2,4, 6,8, 10, ....
3mech y, = 2n (moCIENOBATEIBHOCTD UETHHIX UKCE).

Hpumep 7. 4, 8, 12, 16, 20, ... .
3zmecs y, = 4n.

NDpumep 8. 7,11, 15, 19, 23, ... .

Kaxawpiit unen aroil mocieoBaTeJbHOCTH Ha 3 GOJIBIIE COOTBET-
CTBYIOIIlETO YieHa IIOCJIEOBATEJbHOCTH M3 IPeABIAYINETO IpPHMEpA.
3mauur, y, = 4n + 3.

Ha puc. 125 uzobpasken rpapuk mocefoBaTeIbHOCTH Y, = 41 + 3,
7. €. rpaduk dyHknun y = 4x + 3, x € N. OH coCTOUT U3 TOYeK IIps-
Mot y =4x + 3 c abcuuccamm x =1, x =2, x=3 u 1. &.

7y !
194 1
T
1
15¢ |Ply=4x+3
]
114
/]
744
1
o}
III
[ ] 3 |
‘b1234 5
I
Puc. 125
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4. NPOrPECCHM

2 3 4 5 6
IIpumep 9. 1°2°9°16° 25° " °
nr-:;l (upoBepbTel).
IDIpumep 10. 1, 2, 4, 8, 16, 32, 64, ... .

3necw y, = 21,

Speces Y, =

3. CnoBecHoe 3afjaHMe NOCNEAOBATENbHOCTM

CYTb aToro cmocofa 3aJaHUA MNOCIEAOBaTEeJIbBHOCTH IIOACHHM Ha

npumepe. UsBecTHO, uTO /2 = 1,41421... . C 3TMM HMppanMOHAJIbL-

HBEIM YKCJIOM MOXKHO CBA3aTh PasHble IOCHEAOBATEJIBHOCTH:

1) mocrenoBaTEIBHOCT JECATHYHEIX NPUOIMMKEHRH THuciIa 1/ 2 1o
Hegocratky: 1, 1,4, 1,41, 1,414, 1,4142, 1,41421, ..;

2) nocnefoBaTeNbHOCTD ACCATUYHEIX NPUOIMKeHuH uncaa 2 no
usGeITRy: 2, 1,5, 1,42, 1,415, 1,4143, 1,41422, ...;

3) mocemoBaTENBHOCTE AECATHYHEIX 3HaKoOB umcsaa 1,41421...:

1,4,1,4,2,1, ....

Bo Bcex Tpex ciaydasix npaBHJIO COCTABJIEHHS IIOCJIELOBATEILHOCTH
OIIMCAHO CJIOBaMH (He (opMyJoii).

Eme oguE npuMep — HOCJHEAOBATENBHOCTD IIPOCTHIX UHCEJ:

2,3,5, 7 11, 13, 17, 19, 23, 29, ....

ITocnemoBarenbHOCTE 33ZjaHa CIOBECHO.

HaxomxaeHre aHaJINTHYECKOT0 3aJaHUS MOCJIEAOBATEJBHOCTH IIO
ee CJIOBECHOMY OIMCAHKIO YacTO OBIBAET CJIOKHOM (2 MHOrja u Hepas-
pernuMoit) 3axaveil.

4. PeKyppeHTHOE 3ajjaHHe MOCNeA0oBaTENbHOCTM

BaskubI# qa npritoxeHnil crocob 3aJaHusA II0CIeI0BATEIBHOCTH
COCTOUT B TOM, UTO YKA3bIBAETCH NPAGULO, NO3BOLAIOULEE GbILUCIUME
n-ii waen nocniedosamenvHOCMU, eCil U36eCmHbL ee npeduidyusue YaeHbl.
IIpu BuIUMCIEHENN WIEHOB NOCAEA0BATEJIBHOCTH I0 3TOMY IPABMJIY MEI
Kag Obl Bce BpeMsI BO3BpalllaeMcd Has3ajk, BRISICHIAEM, Y€MYy PDaBHEI IIpe-
AeIAyue wieHsl. Takoil crocob 3agaHuA mocJIeI0BaTeJbHOCTY HAa3bI-
BalOT pexyppenmHuim (OT JIAT. recurrere — BO3BpallaThes). Yarre BCEro
B TAKUX CJAyYaAX YKasbiBaloT (QOPMYJY, MO3BOJANINYIO BEIPA3UThL
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4. NPOrPECCMA

n-# WieH MOCJeJOBATEJIbLHOCTH UYepe3 MPeAbLIAYINEe, H 3aJal0T OfHH-
IBa HAYAJbHEIX WICHA MOCJHEIOBATEIbHOCTH. IIpHBeAeM IpHMEpHI.

Dpumep 11. y, =3;y, =y, , +4,eciun=2, 3, 4, ....
HWubiMu ciropamu, n-if WwieH IOCIEAOBATENBHOCTH IIOJIYYaeTCS U3 IIpe-
pepymero (n — 1)-ro uineHa npubaBjeHueM K HeMYy 4ducja 4.

Nmeem: y,=3;

y,=y, +4=3+4=T;
Y=y, +4=T7T+4=11;
y,=y,+4=11+4=15ur. z.
TeM caMBIM NOJYYaEM IOCJIELOBATEIBHOCTD
3, 7,11, 15, ... .

3ameTHM, YTO 9Ty IOCHEZOBATEJIBHOCTh HETPYAHO 3aZATh QHAJIUTH-
4yecKu: y, = 4n — 1 (mposepbTel).

MIpumep 12.y =3;y, =2y, _,,ectu n=2, 3, 4, ... . Uanmu
CJIOBaMHM, n-#i WieH NOCHKeZOBATeILHOCTH ITIOIYYAeTCA K3 IIPERBIAYLIETO
(n—1)-ro unena ymMHOXKeHueM ero Ha 2.

Hmeem: y,=3;

y,=2y,=2-3=6;
y,=2y,=2-6=12;
y,=2y,=2-12=24ur. g
TeM caMBIM IIOJIYYa€M IIOCJIEROBATEILHOCTH
3,6,12, 24, ....
3aMeTnM, UTO M 3AeChb HETDYAHO IEPeHTH K aHAIUTHUIECKOMY 3aza-

HHIO IOCJIEAOBATEILHOCTH: = 3.2"-! (mposeprTe!l).
n

Opumep 13. y =L y,=L;y, =y, ,+y,_pecmn=3,4,

n-~2

5, ... . IaEIME cnoBaMu, 71-i 4JIeH MOCHEZOBATEILHOCTH PABEH CyMMeE
IBYX MPEAIIECTBYIONIUX €My WICHOB.
HNmeem: y,=1
y.=1;

Y=y, +ty,=1+1=2;
Yy, =y, ty,=1+2=3;
Yy, =y, +ty,=2+3=5;
Y=y, +y;=3+5=8 ur. &
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4. MNPOTPECCMMA

TeMm caMBIM ITOJIYYa€M IIOCJEAOBATEIHHOCTD
1, 1, 2, 38, 5, 8, 13, 21, 34, 55, ....

ATy IOCJIeAOBATEILHOCTD CIEUANIBHO N3YYAI0T B MATEMATHKE, II0-
CKOJIbKY OHa 0o0JiaaeT IEJIBLIM PAAOM HHTEPEeCHBIX cBoilcTB. Ee Ha-
3BIBAIOT nocJaedosamenvrocmbvio Puborayyy — MO MMEHU HUTaJbAH-
cxoro marematuka XIII B. Bagate nmocmeaosarenbHocTh PuGOHATUH
PEKYPPEHTHO JIErKO, a aHAJMTUYECKM — TPYAHO (OHa 3ajaeTcdA ¢ IIo-

1 [(1+8) (1-BY
S :

mompio popmyasr Buné: y, = — -

J5 2

Cpeny peKyppeHTHO 3aJaHHBIX NOCJEJOoBaTeJbHOCTEH 0c060 BEI-
IeJATCH ABa HauboJsiee MPOCTHIX U B TO jKe BPeMs BaKHBIX CJIydYasd.

Iepshiii coydali. YKasaH nepBhIil WieH OCIeNoBaTeNbHOCTH Y, = 4
¥ 3aJaHO PEKyPPEeHTHOe CooTHomeHue y, =y, _, + d (a u d — uucia),
rren=2,3,4, ....

Bropo#t ciyyail. YkasaH mepBblf YIeH IIOCIEAOBATENIbHOCTH Y, = b
¥ 33/laHO PEeKyPPeHTHOe COoOTHoIneHue y =y _, - ¢ (b m g — uucna),
rien=2,3,4, ...

B nepBoM caydae roBopAT, UTO 3afaHa apupmemuiecKas npozpec-
cusa (cm. Buiure npumep 11, 3aecs a = 3, d = 4). Bo BTOpoM ciyuae
TOBOPAT, UTO 38JaHA 2e0MempuiecKas npozpeccus (CM. Bblioe NIpH-
mep 12, specs b = 3, ¢ = 2). IloapobHee 0 mporpeccusax pedb NOUAET
Huxe, B §16 u 17,

5. MOHOTOHHbIE NOCNefOoBaTEeNbHOCTH

YupcpoBas IOCIEA0BATEJBHOCTL -— YaCTHEIH Ciaydai#l dHCJIOBOH
¢GyHKINHN, a IOTOMY HEKOTOpPBIE CBOHCTBA (hYHKIMI paccMaTPHBaIOT
U AJA mocaedoBaTesbHoCcTe. MBI OrpaHUYMMCSH 3J€Ch JIMILIL CBOI-
CTBOM MOHOTOHHOCTH (0O APYIHX CBOMCTBAX YMCJIOBBIX IIOCJIEAOBATENL-
HocTell peub noiger B 10-M Kiacce B Kypce «Anrebpa 1 HavaJia MaTe-
MATHYECKOro aHaJIM3a»).

OnpeaeneHue 2. TlocnenoBare bHOCTD (y,) HasuBaIOT BO3pac-
Tamomei, ecan Kamkaul#l ee wieH (KpoMmMe mepBoro) Gosbuie mpe-
OBIAYINErO:

y1<y2<y3<y4<"'<yn<yn+1<"' :
Onpeaenexnne 3. TlocnenopaTesbHOCTH (y,) HASHIBAIOT yOBIBA-
fonieit, ecu Kax/Ablii ee WwieH (KpoMe IepBOoro) MeHble NPebIAyIIero:
N2 Yo7 U 2 Yy Z e 2 Yy 7 Yy e s
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4. NPOrPECCHH

Bospacraromue 1 yOBIBaIOLIME [IOCIEI0BATEILHOCTH O0HEIHHAIOT
O0IIMM TEPMMHOM — MOHOTOHHBIE IOCJIEIOBATEIBLHOCTH.

IIpumep 14. 1,3,5,7,...,2n-1, ....

ITO BO3pacTAOLIAsA MOCJIEHOBATEIHHOCTD.

1 1 1 1
IIpumep 15. 1, -, 3L g
910 yOBIBAIOINAA MMOCJELOBATENBHOCTE.
11 1 1
I 16. 1,——, =, ——, ..., (D)%, —, ...
pumep 3'3° "1 o A

ITa MOoCJIeIOBATENLHOCTD He ABJIAECTCA HY BO3PACTAIONEH, HY YOBI-
Bamomiell (HeMOHOTOHHAA IIOCJIELOBATEJIHHOCTD).
— n
IIpumep 17. y =2
Peur uget o mocaemoBarensHocTn 2, 4, 8, 16, 32, ... . 910 Bo3pa-
cTapIas IoCAef0BATEILHOCTS.

Boobmie, ecau a > 1, mo nocredosamenvHocms y, = a* 603pa-
cmaem.

1"
IIpumep 18. y, = (-3-) .

1 1 1
Pedr meT 0 mocaefoBaTeIbHOCTH 3°9° 27° 8L’ """ 910 yOBI-

BAIOIIAS IOCIELOBATEILHOCTE.

Boobe, ecau 0 <a < 1, mo nocaedosamensnocms y, = a" yoviéa-
em.

§ 16. APUDOMETMYECKAS NPOTPECCHUS

1. OcHOBHble NOHATUSA

OnpeaenerHne. YucnaoByo mOCIeROBATEIBHOCTD, KAXK-

OBl ujieH KOTOpPOil, HAYMHAA CO BTOPOTO, PaB€H CyMMe IpeAbIgyIIe-
ro 4JeHa M OJHOIO M TOrO iKe umcia d, Ha3niBalOT apudmMeTHuecKoin
nporpeccueii. IIpn aToM umcsio d HA3HIBAIOT Pa3HOCTHIO IIPOI'DECCHH.
Takum 00pas3oM, apupMeTHYecKas MPOTPeCcCUs — ITO UHCIOBAS
IIOCJIEA0BATENBHOCTD (@), 33/JaHHAA PEKYPPEHTHO COOTHOIICHUAMMU:

a=a a-=¢a_,+d
n=2,8,4,..)

(@ u d — 3ajaHHBIEe YHKCIA).
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4. NPOTrPECCHH

MoxxHO 1, IJISAA Ha YHUCJIOBYIO IOCJIEAOBATEJBHOCTD, OIIPEre-
JIATh, ABJISIETCS JIX OHA apudMernuecKkoii mporpeccueii? MoxHo. Eciun
Bbl y0eAMJHCH B TOM, YTO PAa3HOCTh MEXJY JIOOGRIM YJEeHOM
IIOCJIEAOBATEJILHOCTH ¥ NDEAIIESCTBYIOINNM €My YJIEHOM MOCTOSHHA
(r.e.a,-a,=a,-a,=a,—-a, =...), To nepes BaMd — apupMeruue-
CKag mporpeccus. Pasymeercs, Ipy 3TOM IIPeAIIOJaraeTcs, 4YTo o0Ha-
Py eHHasA 3aKOHOMEPHOCTh CIIPaBeJINBa HE TOJILKO AJIA ABHO BEIIH-
CaHHEIX YJIEHOB IIOCJIEAOBATENbHOCTH, HO M AJS BCeil MOC/IeLOBATE b
HOCTH B I[€JIOM.

ODOpumep 1. 1,3,5,7,9, 11, ....

9o apumermuecKas mporpeccus, y xKoropoit a, = 1, d = 2.

IIpumep 2. 20, 17, 14, 11, 8, 5, 2, -1, -4, ... .

9o apumerruecKas mporpeccus, y Koropoii a, = 20, d = -3.

IIpamep 3. 8,8,8,8,8,8, ....
9o apumerruecKas mporpeccus, y xKoropoi a, = 8, d = 0.

OueBupgHO, UTO apupmemuuecKas npozpeccus A8AAemMca 803-
pacmaiwouweil nocaedosamenvrocmoio, ecau d > 0 (cm. npumep 1), u
y6vieaouell, ecau d < 0 (cm. mpumep 2).

s 06o3HaYEHAA TOrO, UTO IOCJIEAOBATENILHOCTE (Q,) ABAAETCA

apupmMeruuecKoil mporpeccueii, nHorga GEBaeT yZoOHA CJIeAYIOLIaA
3aMNCh:

Ay Gy Qgy coes By ues
3HAYOK + 3aMEHSeT CJIOBOCOUYETAHUE «apH(pMeTnuecKasa mIporpeccus».
Ecau B apudmeTnueckoii mporpeccun oTOPOCHUTL BCE UJIEHEBI, CJIe-

AYIOI[e 3a KAKMM-TO KOHKPETHEIM YJI€HOM IIOCJIeZOBaTeJILHOCTH, Ha-
IPpHUMED 3a @, , TO HOJYIYUTCHA KOHEYHAA aputpmemuuecxaﬂ npoepeccus

+a, a, a4 ..., 4.
HWHoraa B KoHeuHOM apudMeTHUECKOIl IPOrpeccuy YEOGHO 3aIIUCHI-

BaTh He TOJBKO HECKOJILKO YJIEHOB B HA4aJjie, HO M HECKOJLKO UJIEHOB
B KOHIle, HAIIPUMEDP TaK:

A, 8,0 00,0 0.

B ganpHeifimmnx myHKTax sroro maparpada paccMoTpHM HauboJiee
BasKHBEIE CBOMCTBa apudMeTHUECKOH! MpPOrpeccuu.
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4. NPOrPECCHUN

2. MdopMmyna n-ro uneHa apudpMmeTHuecKoin Nporpeccum

Cnocob 3aganmsa apubMeTHIECKO Iporpeccuu, 0 KOTOPOM HAET
pedb B OompefeJieHHN, ABJAETCA PEKYPpeHTHHIM. Bo MHoOrmx ciayda-
AX OH HeyAoGeH: YTOOR! BHIUUCINTD, HAIPUMED, &, , Hajo npeasapu-
TeJIbHO HaliTu npeaiecTByoomme 99 uieHOB HOCIe OBATENLHOCTH, OTY
BEIYHCJIMTENBHYIO paboTy MOMKHO CYIIIECTBEHHO YIPOCTHTh, €CJIK yia-
cTcA HallT GopMysay n-ro wieHa, T. e. IepeliTH K aHAJIUTHUYECKOMY
3aJaHUI0 apUPMeTHIECKOH HpOrpeccuu,

PaccmoTpuM apuMEeTHUECKYIO HPOTPECCHIO G, Gys Qyy vovs Qs+
¢ pasHocThIO d. Umeem:

a,=a;

a,=a, +d,

a,=a,+d=(a, +d)+d=a, +2d,
a,=a,+d=(a,+2d)+d=a +3d,
a,=a,+d=(a, +3d)+d=a,+4d ur. &

Herpyano mgoragarbcd, uro Ay Ja1000rc HoOMepa NI CIPaBelIMBO pa-
BEHCTBO

((a,=a+@-1d ) Q)

9To gopmyra n-20 yaeHA ApUpMemuULecKoil npozpeccuu.

Bax+Hoe 3amevanune. «HeTpyaHo porapathcsa», «MOXHO coobpa-
3UTb» M T. A. — 3TO CTUAUCTMHECKMe 0BopOoThbl M3 oBnacTM MHTYWLUM,
Aoragku, osapeHus. Pazymeetcsi, maTeMaTMKM MMM MOMb3YyHOTCH, HO B OC-
HOBHOM N5l OTKPbITHS KaKMX-TO HOBbIX (PAKTOB, a He ans ux 0BOCHOBaHMS.
Mopmyny (1) mbl «<npouyscTeoBanM», HO He obocHosanu. Mpuesepem (ans
MHTEPECYIOLUMXCA) AOKA3aTenbCTBO.

Ecm n=1, 10 a, = a, + (1 — 1)d — BepHoe paseHcTBO, T. €. ¢op-
myna (1) ans n = 1 eepHa.

Mpeanonoxum, uto opmyna (1) BepHa ana HaTypanbHOro 4Mcna
n=k, 1. €. NPeAnoOnoMXu1Mm, 4TO BEPHO PaBeHCTBO &, = &, + (k — 1)d. Hoka-
eMm, uto Torpa hopmyna (1) BepHa u ans CrnepytoLLEro HaTypanbHOro YMcna
n=k+1,7.e. pokaxem, uto a, ., =4, + kd.

B camom pene, no onpegeneHuto apudMeTMYECKON MPOrpeccun
a,,,=a + d. Danee umeem:

k
a,,=a +d=(a + (k- 1)d) + d=a, + kd.

147



4. MPOTPECCHH

A tenepb cmoTpute: ana n = 1 dopmyna (1) sBepHa (370 mbl Npose-
punu). [danee mbl pokasanu, 4to ecnu popmyna (1) eepHa ana n = k, To
oHa BepHa u gns n = k + 1. Bocrionbayemca atum: cdopmyna (1) BepHa
ans n = 1, 3HauMT, OHa BEPHa M ANs N = 2; TaK KaKk OHa BEepHa gna n = 2,
TO OHa BepHa W ana n = 3 u 1. a. 3Haumt, chopmyna (1) sepHa ans nioboro
HaTypanbHOro 41cna n.

MNpuBepeHHBIN METOA PacCyAEHUH HOCMT Ha3BaHWE «METOJS Mmare-
MATHHECKOH HMHAYKUMHM»,

Ilepennmem ¢opmyny n-ro umeHa apudMETHUECKOH IPOrpPeCcCHH
a,=a, +(n-1)d B Buge a, = dn + (a, — d) u BBeieM 0003HAUEHU:
a,=y,a — d = m. lloxyunm: y = dn + m, uinu, noapodHee,

y=dx+ m, x €N.

3HaunT, apubMeTUYEeCKYI0 IIPOrPECCHI0 MOXKHO PaCcCMaTPHBATH KakK
aunetinyo pyuryuw (y = dx + m), 3adannyio na mroxecmee N Ha-
mypanbHolx wucer. YriioBoi KoaddunueHT 3TOM JUHEHHOH QyHKIIIN
paBeH d — pasHOCTH apudpMermuecKoii nporpeccuun. Ha puc. 126 cxe-
MaTHyecKku muso0paikeH rpadur apudMermuueckoil mporpeccun (Zas
cayuas, Korga d > 0) — usonupoBaHHbBIE TOYKM HA npaMoi ¢ abcmuc-
camu x=1,x=2,x=3wurT. A
Bepuemcs x mpumepaM 1 u 2, pacCMOTPEHHBEIM BHIIIIE.
D1,3,5,79,11, ... . 3ro apudpmMeTnUecKada mporpeccus, y Ko-
Topoit a, = 1, d = 2. CocraBuM HopMyy n-ro UjeHa:
a,=a, +(n-1)d;
a=1+(@®m-1)-2;
a,=2n-1.

o
A M
"—1 Ld ”46{‘&
1 2 [ L-¢ T_‘9
—> . >
o [.e- 6 9 |«

Puc. 126
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4. NPOrPECCHA

(3ameTuM, d9To 3Ty GQOPMYJIy HETPYAHO OBLIO yrajgaTb, MIAAA Ha 3a-
JaHHYIO ITOCJIeL0BATEIbHOCT:, HEUETHRIX umcea 1, 3, 5, 7, ....)

2) 20, 17, 14, 11, 8, 5, 2, -1, -4, ... . 9T0 apudmMeTHUUYECKad IPO-
rpeccud, y Kotopoit a, = 20, d = —3. CocraBum GOPMYJy n-TO UJIEHA:

a, =a, +(n-1)d;
a, =20+ (n-1)-(3)
a,=23 - 3n.

IIpunmep 4. Jana apubmeTuuecKas nporpeccus
a, Ay Qgy eeey Qs one s

a) UssectHo, uto a, = 5, d = 4. Haiiru a,,.

6) UssecTno, uro a, = -2, d = 3, a, = 118. Haiitu n.

B) UssecTro, uro d = -2, a,, = 83. Haiitu a,.

r) UssectHo, uTO @, = 7, a,,= —35. Haiitu d.

P e m e H u e. Bo Becex ciyuasx B OCHOBE DEIEHHS JEXKHT (op-
MyJa n-To dujieHa apudMeTHYecKoil Iporpeccuu:

a, =a +(n-1)d.
a)a,,=a,+21d=5+21-4=89.
6)a,=a, +(n-1)d;

118=-2+(n-1)-3;
118 = 3n - 5;
n =41,
B) a,~ a, + 38d;
83 = a, + 38:(-2);
a, = 159.

r) a,=a, + 14d;
-35=17 + 144d;
14d = -42;
d=-3.
OrBerT: a)a, =89;6)n=41;8)a, =159;1) d =-3.

Opumep 5. Ilpu genenunn aeBaATOro 4jeHa apudmMeTHuecKoi
Iporpeccuy Ha BTOPOI ee YjIeH B YaCTHOM IIOJyYaeTcs 7; IIpH JejIeHUHU

149



4. NPOTPECCHM

JecATOro uieHa MPOrpeccHy Ha ee NMATHIA WieH B YACTHOM IIOJIydYa-
erca 2 u B ocrarke 5. Halitu aBagmaTeiil 4ieH 3TOM IpPOrpeccHuu.

Pemenue. Ilepeuiit aran. Cocmasnenue mamemamuiecKkoil
Mmodenu.

VenoBua 3afauyl MOYKHO KPATKO 3allMCATh TaK:

1) +a,; ay a,; .oy Q5 oon

2) a,="Ta,

3)a,, = 2a, + 5.

BocnosnbzoBaBmuch (HECKOJBKO pa3) opmysnod n-ro wieHa apud-
METHUYECKOH IPOTDECCHUHU, MOJYUHM:

a,=a, + 8d,
a,=a, +d,

a,,=a, +9d,
a,=a, + 4d.

Torma BTOopoe ycioBue 3ajaud (@, = 7a,) MOKHO 3anucaTh B BUJE
a, + 8d="T(a, +d),
T. €,
d = 6a,.
Tperbe ycnosue 3agaun (a,,~ 2a, + 5) MOXHO 3anucarb B BUIE
a, +9d = 2(a, + 4d) + 5,

T. €.
d=a, +35.

B urore monyuaeM o4eHB NPOCTYIO CHCTEMY ABYX JMHEHHBIX ypaB-
HEHWii C ABYMA [ePEMEHHBIMU a, U d:
d = 6a,
d=a +5,
KOTOpas B COYETAHMM C 3allMCAHHBLIM BhINIE ycaoBueM 1) ¥ mpencras-
aser coboll MareMaTHIEeCKyI0 MOJEJb 3aJaqH.
Bropoii aran. Pafoma ¢ cocmasienHoil modenvio.
Pemus cucremy, nomryunm: a, = 1, d = 6.

Ternephb MK MOMKEM 3aITHCATH apU(METHUECKYIO IIPOrPECCHI0
1, 7, 18, 19, 25, 31, ....
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4. MPOrPECCHMU

Tperuii aran. Omeem Ha eonpoc 3ada4u.
Tpebyerca BLIMUCIHTD 4, UmeeM: a, =a, +19d =1+ 19-6 = 115.

Orser: a,=115.

3amevanmne. B paccmoTpeHHOM Npumepe peub LUNa O KOHKPETHOM
maremaTtMHeckon mogenu — apudmMeTHueckon nporpeccuu. [epebii 3tan
peLieHns Mbl Ha3Banu, Kak OBbIMHO, «COCTaBIEHME MaTeMaTMHECKOK MO-
penu». Mony4vaeTcs, 4TO Mbi COCTABUAM MATEMAaTHHECKYIO MOBEenb ANs
martematndeckon mogenu. Kak ato noHumarts? [leno B Tom, 4To npu pe-
LWeHuM 33034 O4EeHb YacTO MPHMXOAUTCHA 3aMEHATb OOHY MAaTEMAaTHUECKYH
mogens gpyroi, 6onee npocroi. Tak 06CcTOUT OENO 1 B PACCMOTPEHHOMN
33faqe: MaTemaTtuHecKylo mopens, odopmnenHyio B Bupe ycnosui 1),
2) u 3), Ham ypanocb 3ameHuTb Bonee NPMBLIYHON MOOENbIO — CHuCTe-
MOWf ypaBHEHUM.

3. dopmyna CyMMbl 4NIeHOB KOHEYHOM
apumeTHUeCKON Nporpeccun
Tlycre maHa KoHeuHas apudMeTHuyecKasds MPOTPECCHUT
+0,8,0 .., 8,_,8,_,,4a.
OGosnaunm uepes S, CymMMy €e UJIEHOB:
S =a,ta,ta,+...+a,_,+a,

1 ta,.

PaccMoTpuM KOHKpPeTHRIA npumep oThicKaHus S,. Jlana xomeu-

Haa apudmerumueckas nporpeccus 1, 2, 3, ..., 98, 99, 100. Cymmy ee
YJIEHOB BBIYHCJIHNM CJIEAYIOmIUM 0Gpasom:

Sp=1+2+3+..+98+99+100=
= (1 + 100) + (2 + 99) + (3 + 98) + ... + (50 + 51) =

=101 + 101 + 101 + ... + 101 = 101-50 = 5050.

50 craraeMeIx

IIpuMepHO Ta Ke MAeA HCIOJbL3YETCH AJA BEIUUCIEHUS CYMMbI
YJIEHOB IIPOM3BOJIbHOM KOHe4YHo# apudMeTHUeCKOH Iporpeccui.
JJa Havajsa 3aMeTHM, 9TO

a, + a _,=a + a,.
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4. NPOrPECCHH

B camom gesie, 110 oIpejesIeHHIO apH(PMETHUYECKOUN IPOrpecCun
a,=a, +d, a,_, =a, —d. 3uauur,
a,ta, =@ +d)+(a,-d=a, +a,.
AHaJIOTHYHO MOJKHO YCTAHOBHUTB, YTO
a,‘a, ,=a,*a, ,=a t+a

-2 1

¥ BoOOIIe cymma ujeHa, Haxodauezoca Ha k-M Mecme om Hauala
KOHEuHOll apumemuyueckoll npozpeccuu, U wiena, Haxo0au,ezoca Ha
k-m mecme om ee KOHUQ, paBHA CYMMe NeEPE0z0 U NociedHezo YleHOs
npozpeccuu: a,ta,_,. ,=a +a.

Teneps Beiuuciaum S,. Nmeem:
.= ta,+ta, +..+a, ,+ta _, ta,
S =a +a, +a ,+..+ta,+a,+a,.
CiroxuB 9TH IBa PABEHCTBA, IIONYUYUM:
25,=(a,+a)+(@,+a,_)+(a,+a,_,)+..
et (@, ,ta)+(a,_,ta)+(a,+a)

B npaBoit uacTu paBeHCTBA 1 Iap CJaraeMbIX, Ka)Kjad Iapa, Kak
Mbl YCTAHOBHWJIM BbIlle, PaBHa a, + a . 3HAYHUT,

2S, =n(a, + a));

_ n(a, +a,)
( Sn - 2 . J

OTO POPpMYAA CYMMbL NEPEbvLX N UJAeHO08 apudmemuieckoil npo
zpeccuu.

ITpumep 6. Jana xomeuHad apudMervyecKas IPOrPECCHUA
a, ay Ay ..oy G,

a) UssectHo, ut0 @, =5, d = 4, n = 22. Haiitu S, 7. e. S,,.

6) UssecrHo, uro a, = 7, n = 8, S; = 140. Haiiru d.

Pemenue. a) UmeeM: a,, = a, + 21d =5 + 21-4 = 89,

3Hauur, ,822 = _22((11—4-(122)_

=11-(5+89) =1034.
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4. MPOrPECCHMA

0) Cuauana HafineM ag. Mmeem:
8(a, + a,)

S, = 5
140 = 4(a, + a;);
140 = 4(7 + a,);
35="T+ag;
a, = 28.
A renepb NpuMeHHM K @, GOpPMysy n-To WieHa apudMeTHUECKOH
[OpPOrPECCHH:

a,=a, + 7d;
28 =T+ 7d;
d=3.

OrBerT: a)8,=1034;6) d = 3.

IIpumep 7. Hafitu cyMMy BCeX YETHBIX TPEX3HAUHBIX UHCEJI.

P e e H ue. Peub uger o cymMMe 4IeHOB KOHEUHOH apudMeTHde-
ckoif nporpeccuu 100, 102, 104, ..., 998. ¥V aroii mporpeccuu
a, =100, a, = 998, d = 2. Hy»xHO BRIYHCIHUTE S, HO AJIA ITOrO CHaya-
Jia HaZO Y3HAaTh, YEMY PABHO 71, T. €. CKOJBKO UJIEHOB COAEPIKUTCS B
YKa3aHHOH KOHEYHOH apudMeTHUeCKON IpPOrpecCHi.

Hmeem mocaenoBaTenbHO:

a=a, +(n-1)d;
998 =100 + (n - 1)-2;
998 = 2n + 98;
n = 450.
Hrak, a, = 100, n = 450, a, = 998. Hama 3agauya — BHUYHUCIHUTD
S, 1. e. S, Umeem:

_ 450(a + a

S, s0) = 225 (100 + 998) = 247 050. ]

450 — 2

HHorga okassiBaeTcsa MOJE3HOH HeCKOJIBKO BUAON3MEHEHHAA (op-
MyJia CYMMHI 7 4IeHOB apu¢MermuecKoil mporpeccuu. Ecau B ¢dop-
MyJe A S, y9ecTs, 9To a, = a, + d(n — 1), To mosryuum:

[S,, = ——2% * dz(n =D n.]
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4. MPOrPECCHHA

ITpenmmymecTBo 8TO# (POPMYJEI COCTOHT B TOM, UTO S MOXHO
BBIYNCINTD, 3HAA G, ¥ d ¥ He BEIYUCIAA Q.

IIpumep 8. Typucr, aBUraschk 0 CHJILHO IIEPECEUEHHOH MECT-
HOCTH, 3a HepBHIil yac myrm npomea 800 M, a 3a KaKABIA clexyio-
HIU# Jac OpoXoAuJ Ha 25 M MeHbIIe, 4yeM 3a npexabiayinuii. CKoJIbKO
BpPEeMEHH OH [TOTPATUJ Ha Bech IyTh, paBHbIHA 5700 mM?

Pemenue. Iepeuit aran. Cocmasnenue mamenamuieckoi
Modenu.

3a mepebiii wac Typucr npomrenx 800 M, 3a Bropoit — 775 M, 3a
Tpetuit — 750 M u T. x. MaTeMaTHueCKOi MOJAENBLIO ABJIAETCI KOHEY-
Haa apudMeTHUYeCKad IIPOTpPEccUs
+ A Ay gy vens G
y xoropo#t a, = 800, d = -25, S = 5700. Hago maiitu n — Bpema
ABHI)KEHNA Typucra (B dacax).
Bropoit arau. Pa6oma ¢ cocmasnennoil modenwio.
Bocnonbayemca Bropoit dopmysoi naa S,
2 d(n-1
§ = 2atdn-l) .
n 2
2-800 - 25(n-1)
2 e
64 - (n-1)
2
(06e uacTu ypaBHEHHA pasgeiaman Ha 25);
456 = n(65 — n);
n® - 65n + 456 = 0;
n, =8, n,=>5"7.

5700 =

228 = n

Tperuii aTan. Omeem Ha onpoc 3adayu.

CropammBaercs, CKOJLKO BpeMeHH OuL B nyT# TypHucT. [Io cMEIcTy
3agavyl #3 ABYX HalJleHHBIX 3HaYeHWi n BuiOuMpaeM nepBoe: n = 8.
IIposepsiire: 800 + 775 + 750 + 725 + 700 + 675 + 650 + 625 =
=5700.

O T B e T: TypucT GBI B IyTH 8 YacoB.
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4. MPOTrPECCHH

4. XapaKTepucTHuecKoe CBOMCTBO apMMeTHYEeCKOH
nporpeccmu

ITycTs naHa apupMETHUECKAA IPOTPECCHA A, Gy, Qgs «ves Ay one »
Paccmorpum TpH ee uneHa, cilelyiolliue APYr 3a APYroM: a4, _,, 4,
a,,,. AssectHo, uro

a,-d=a,_,

a +d=a,,,.
CJI0KUB 9TH DPABEHCTBA, TOJYUHUM:

a = a’n-l+an+1
2

ITO 3HAYUT, UTO KAKARIN uieH apndbMeTHUYECKO IPOorpeccun, KpoMe
mepBoro (¥ mocJaeAHero — B Cy4ae KOHEUHOH IIPOrpeccuH), paBeH cpe-
HeMY apudpMeTHIECKOMY IPEAIIECTBYIOIIETO H MTOCIEIYIOMIEro YIEeHOB.

BepHo u o6paTHOe: ecIu MOCIeA0BaTEIbHOCTD (a,) TAKOBA, YTO AJIA
J1060r0 1 > 1 BEIDOJHAETCA PaBEHCTBO

a = a’n—1+a’n+1
n 2 ’

To (a,) — apudMeTuyecKas NpPOrpeccus.

B camom pese, mociengHee paBEeHCTBO MOKHO IIepemucaTh B BHIE

an - an—l = an+1 - an'

IJTO 3HAYMUT, B YACTHOCTH, UYTO @, — @, = 4, — 4,, @, — 4, = Q, — 4,
u T. 1. MHBIME cJIOBaM#, PA3HOCTh MEXKAY JIOOBIM YJIEHOM IIOCJIEHO-
BATEJILHOCTH ¥ NPEAIIECTBYIOIIMM €My BCEerja OfHa U Ta yKe, a 9TO U
O3HAYAEeT, YTO 3aJaHa apHpMeTHIECKad IPOTPecCHsd.

Tem caMbBIM MEI JJOKA3aJ# CIEIYIOIIYIO TEOPEMY.

HJucnoeaa nocredoéamenbHocmb AGAAEMCA aAPUd-
Mmemuyeckold npozpeccueil mozda u monsko mozda,
Kozda Kaxwdvli ee wnen, kpome nepeozo (u nocred-
Teope.ua Hez0 — 6 cayvae KORewHoU nociedogamerbHocmu ),
paeen cpednemy apudmemuieckomy npeduiecm-
8youyezo u nociedyouiezo wienoe (xapaxmepucmu-
YecKoe Ceoillcmeo apupmemuveckoll npozpeccuu ),

Hpumep 9. Ilpn xaxom sHaueHUHU X ymucaa 3x + 2, S5x -4 u
11x + 12 06pa3yoT KOHEUHYIO apH(pMETHUYECKYIO IIPOrPeccHIo?
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4. NPOFPECCHUN

P e w e H u e. CorJiacHO XapaKTepHCTUYECKOMY CBOMCTBY 3ajaH-
Hbleé BBIDAYKEHHUS HOJDKHBI YIOBJIETBOPATH COOTHOIIEHUIO
Bx + 2) + (11x + 12)
5 .

bx-4 =

Peiitasi 570 ypaBHeHNe, HAXOLHUM:
10x - 8 = 14x + 14;
x =-5,b.

IIpu sroM 3HaueHUM X 3aJaHHbLIe BEIDaXKeHus 3x + 2, bx — 4,
11x + 12 mpuHMMAIOT COOTBETCTBEHHO 3Havenus —14,5, -31,5, —-48,5.
I10 apnpMernUIecKad IPOrpeccHd, ee PasHOCTh paBHa —17.

OTrBerT x=-5,5.

§ 17. rEOMETPUYECKAS NPOTPECCHS

Jusa ynoGecrBa uuraTesns 9TOT maparpad cTpouTcA TOYHO
IO TOMY € IIJIaHy, KOTOPOTO ME IPHUAEDKUBANKCE B IPEABLIAYINEM
naparpade.

1. OCHOBHbI@ NOHATHSA

OnpegenerHue. Uucnosyo N0CaeA0BATEIBHOCTD, BCE UJIE€HBI KO-
TOPOH OTJIMYHEI OT HYJA U KasKJblil UjieH KOTOpPOi, HaUuMHAasA CO BTO-
poro, mOJIY4aeTcs U3 MpPeABIAYINEero 4jeHa YMHOXKEHHEM ero Ha OJHO
M TO JKe YHCJIO ¢, Ha3hIBAIOT reoMeTpuYecKoii nporpeccueii. Ilpu aTom
Y¥ICJIO ¢ HASHIBAIOT 3HAMEHATEJEM NPOTDECCHU.

Taxum o06pasoM, reomeTpHuecKas HPOTrpeccHA — 9TO YHCIOBAA
IOCJIef0BATENbHOCTD (b,), 3aaHHAA DEKYDPPEHTHO COOTHOIIEHHIMM:

b=b, b =b_,q
n=2,3,4,..)

(b u ¢ — sagansnle uucaa, b # 0, ¢ # 0).

MoxxHO JM, TS HA YUCIOBYIO IOCJELOBATEJILHOCTD, OIpeze-
JINTh, ABJSAETCA JIX OHA reoMeTpuyuecKoil nporpeccueii? Moxuo. Ecan
BBI yOeguauch B TOM, YTO OTHOLIEHHE JIOGOT0 4jIeHa IoCJief0BaTeb-
HOCTH K IPeAbIAYIEMY YIeHy MOCTOAHHO (T.e. b, : b, =b,: b, =
=b,:b,=..), To mepex BaMuH — reOMETPHUYECKAHA IIPOTPECCHH.
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4. MPOrPECCHUA

OIpumep 1. 1,3,9, 27,81, ....
9T0 reomerpuyecKas IPOrpeccus, y Koropoi b, = 1, ¢ = 3.

3 3 8 3

Ilpumep 2. 3, 20 42 82 16 -

1
9ro reomeTpuyecKas NPOrpeccus, y Koropoi b, = 3, ¢ = PR
111 1
5’ 257 125° 625° 77 ° )

ITO0 reoMeTpUYECKasa IPOrpeccusd, y KOTopoi b, =5, ¢ = —5-

OIpumep 3. 5, -1,

IIpumep 4. 8,8,8,8,8,8, ....

9dro reomerpuyecKas Nporpeccus, y Koropoi b, = 8, ¢ = 1.

3aMeTHM, UTO 3Ta MOCIEA0BATEJLHOCTb ABIAETCHA U apudmermuye-
CKol mporpeccueii (cm. npumep 3 us § 16).

IIpumep 5. 2,-2,2,-2,2,-2,....

ITO reoMeTpUYECKAs MPOrpeccusd, y KOTopoit b, = 2, ¢ = -1.
OueBUAHO, UTO 260MEeMPUYECKAS NPOZPECCUS ABAACMCA 803DACMAI0-
weii nocredosamensrocmsvio, ecau b, > 0, ¢ > 1 (cm. npumep 1), u
youisaowel, ecau b, > 0, 0 < g < 1 (cm. npumep 2).
i1 0603HaUeHHsT TOrO, YTO LOCAEAO0BATENBHOCTS (b ) ABAACTCH reo-
MeTPHUECKO# mporpeccueii, Horga GbIBaeT yHo0HA CIEAYIOasa 3aIIHUCh:
#b,0b,b,..,0, ...
3HaYOK i 3aMEHSET CJIOBOCOUETAHHE «TeOMETPHUECKANA IPOrPecCus».
OrMeTHM OZHO JIIOGOIBITHOE CBOMCTBO reOMETPHUECKOI mporpec-

CcHH.
Ecau nocaedosamenvrocmo

By by Dy eves By o

ABAAEMCA 2eoMempuyecKoil npoepeccueli, mo u nocredoeamenbHOCMb
Kxeadpamos, m. e.

blz’ b22’ bg; acey b,%, seay

ABNACMCA 2eoMempuy4ecKoll npozpeccueil.
¥V Bropoit reoMeTpUYeCKOil mporpeccuy NepBblil yieH pasen b?,
a 3HaMeHareJb paBeH ¢2.

157



4. NPOrPECCHMN

Ecan B reomeTpuyeckoii mporpeccum oTOPOCHTH BCe UJEHBI, CJe-
aywomue 3a b, TO HOJIYUATCH KOHEYHAR 2e0MeMPULeCcKas npozpeccus

By by by ves b, b, b

n-12 “n
B panpHelmnx myHKTax 3TOro maparpada MBI PACCMOTPHM Hau-
6oJiee Ba’KHEIE CBOIICTBA reOMETPHUYECKOI IIPOrPECCHH.

2. dopMyna n-ro 4neHa reoMeTpH4YeCKOM NPOrpeccum

PaccmorpuM reomeTpryecKyo nporpeccuio b, by, by, ..., b, ... co
snaMeHareneM q. Mmeem:

b,=b,,

b,=b.gq,

b,=b,9 = (b,9)¢=b,¢%

b,=b,q = (b,g")g=b,g%
b,=b,q = (bg*)q=bg" nnr A

Herpyazo morazaTtbcd, UTO AJS JIOG0r0 HOMEpa N CHPaBeAJINBO

PaBEHCTBO

970 Popmyna n-20 wreHa zeomempuyeckoll npozpeccuu.

3amevanne. Ecnv Bbl npounv BaXKHOE 3ameuaHne M3 fpepbinyLero
naparpacpa v rnoHsnm ero, To nonpobyite pokasats dopmyny (1) meto-
AOM MaTEMAaTHMYECKOM MHAYKLWMM, NogobHO ToMmy Kak 3To Bbino caenaHo
ans popmynbl N-ro uyneHa apuPMeETUHECKOH NPOrpeccHn.

ITepenumem ¢opMyay n-ro ujeHa reOMeTPUUECKOH IpOrpeccHu
—_ -1
b,=bgq" ' B BHAE
b =

n

.q"

L= |»-p-

b
u BBegeM obosHaueHua: b =y, - = m. Iloryunm: y = mq", nin, HOA-
q

polHee,

y=mq*, x €N.
ApryMeHT X COZEpPKHUTCH B IIOKasaTeljie CTENEHM, II03TOMY TaKYIO
GYHKUMIO HASBIBAIOT NOKA3AMERbHOU. 3HAUNT, FeOMETPHUECKYIO IIPO-
IPECCHI0 MOKHO paccMaTpHBaTh KaK NOKA3ameabHyio GyHKUuUu, 3a
dannyw Ha muoxcecmee N namypaavroix yucen. Ha puc. 127a nsob-
pasken rpadbux dyaxkunu y = 2%, x € N, a Ha puc. 1276 — rpadux

158



4. MPOTPECCHA

y} ya
p [}
. 1}
] "
= [
8 . 3
. "
A K
s -
¥ <
cdododd4T 1 > 119 9 p.0- e
O[1p 34 % o[ 1| 2| 8| 4] 5] 6| x
Puc. 127a Puc. 1276

X

1
byBRIMN Y = 2] % € N. B o6oux ciaydadx HMeeM H30JMpPOBAHHLIE

ToukH (¢ abcmuccamu x = 1, x = 2, x = 3 u T. 4.), Jexamniue Ha HEKO-
Topoii KpnBo# (Ha 000MX PHUCYHKax IpPeACTaBJeHa OfHA M Ta K€ KPH-
Bafd, TOJILKO IIO-PA3HOMY DacHOJIOXKeHHad 1 n3o0pakeHHas B Pa3HBIX
MacinTabax). OTy KPpHBYIO Ha3bIBAIOT IKCNOHeHmMOll (3aMETHM B CKOO-
Kax, 4TO 3TOT TEPMHH HaM yKe BeTpeudaacsa — cMm. KoHen § 9). Ilox-
poOHee 0 noKasaTeJIbHON GYHKINM 1 ee rpadMKe pedb MOUAET B Kyp-
ce ajreOphl M HayaJ MATeMaTHUeCKOro aHajmsa B 11-m Kaacce.

Bepnemcs k npumepam 1—95 M3 IpegBIAYIEro IYHKTA.
1, 38,9, 27, 81, ... . 9T0 reomeTpNUYECKaa Iporpeccus, y KOTo-
poit b, = 1, ¢ = 3. CocraBum GopmyJy n-T0O WieHa:

b,=1-3""1,r.e.b =3""1

00| o

3 38 3
2) 3, 50 2° 816’ " 9T0 reoMeTpHUUECKasa IIPOTPECCHUA, Y KO-

. CoctaBuM (opMyJIy n-ro 4YieHa:

1n-1
e (1)

Do | =

Topoit b, = 3, ¢ =
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4. NPOrPECCUMA

1 1 1 1
3) 5, -1, 5° 25° 125° 625° ITo reoMeTpUUECKad IIPO-

1
rpeccus, y KOTopoii b, = §, g = —5- CocraBuM GopmMyJay n-ro dieHa:

1 n-1
bn=5- [——5-) .

8, ..., 8, ... . 3T0 reoMeTpuUYECKaA MPOTPECCHUA, Y KOTO-
q = 1. CocraBuM opMysy n-TO UJIEHA:

_ -1 =
,=8-1""%, T e. b =8
(uT0, BOpoYEeM, OBIIO ACHO C CAMOTO HAYAJIA).

4) 8, 8,
poit b, = 8,

5) 2, -2, 2, -2, 2, -2, ... . 9TO reoMeTpUYECKAas IIPOTPECCHI,
y Koropoii b, = 2, ¢ = —1. Cocrasum (opMyJy n-ro ujieHa:
b,=2-(-1)"1.

IIpumep 6. Jana reomerpuuecKas IPOTpeccus
by by by ey By ool

2
a) UasecTHO, uTO b, = 3:97 -3. Haiitu b,.
0) UssectHo, uTo b, = 3, ¢ = 2, b, = 1536. Haiitu n.
B) MaBecTHO, uTO ¢ = -2, b, = -512. Haiitu b,.

7 .
r) Ussectro, uto b, = 14, b, = 32 Hatitu q.
Pem e nue. BoBcex ciyuadax B OCHOBE PeIlleHMA JIEKUT Pop-
MyJia n-TO 4jieHa TeOMETPHUUECKOM IPOTPEeCcCHM:

b, =bg
_ 5 — E 5 —

a) b,=b,q" = 3 -(-3)* = -162.
6) b, =bg "

1536 =3-2"-1;

512 =2"-1,
Tak kak 512 = 2°, To moayuaem: n — 1 =9; n = 10,
B) b, =b - q%

=512 = b, - (-2)%

b, =-8.
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4. NPOrPECCHUM

T) b7=b1 q°;
l._14 6
32 ~ qs

1
?° =513

1
g=73 Wmg=-3. L

IDHpumep 7. YKasarb B 3aJaHHOIl reOMETPHUYECKON IpOrpec-
CUM HOMepa TeX UJIEHOB, KOTOphIe OoJIbIe 3aJaHHOIO umcia A:
a)l, 3,9, 27, ..; A=T729;

§,...;A= i;
8 64

8) b =100(1) ;A=1,
" 5 2
r)b1=%, g=+2; A=512.

Pemenue. a)3aece b, =1,¢=38,b, =bg"~! =31 Ham
HYKHO YKasaThb TaKue HOMEpa 71, OJIA KOTOPBHIX BLINOJHAETCA Hepa-
BeHCTBO 3"~ !> 729, 3ameuaem, uro 3¢ = 729, 7. e. upu n = 7
3" 1= 729, ITocKOJLKY 3aflaHHASA IIPOTPECCHA — BO3PACTAIOINAA, IPU
n > 7 ee uaensl OyayT Oonbine 729.

3 1 3 (1Y

Ham HYKHO YKa3aTh TaKhe HoMepa 1, AJIAd KOTOPBIX BBINNOJHAETCA

HepaBeHC é'—l-n—l>—3-'re —1-n—l>i 3aMeuaeMm
paBeH 'rBo2 2 6a’ T |3 32" s

2 2) 82
ITockonbKy 3ajaHHAA Iporpeccua — yOmBamomad, npu n < 6 ee

5 n-1
1 1 1
9TO E = ?, T.e. 1P n = 6 umeeT MecTO PaBE€HCTBO | 5

3
wieHsl OyayT Oonbmie S
B) Peub mzaeT 0 HaTypanbHBIX peineHusax Hepasedersa 100 - (
1 1
= > ==.
T e (5) 200

6 Mopakosuy, 9 ka., 4. | 161

Ot
A
3
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4. MPOTrPECCHUUN

BrinuiieM HeCKOJbKO HAYAJIbHBIX UJCHOB IIOCAELOBATEIBHOCTH
1Y,
X, = (g H

ﬂCHO, YTO JIAIIL II€EPBBIE€ TPH YJICHA 3TOM mOCJIex0BaTENbHOCTH

6 1
OJIBIIIE 200 °

1 1 1 1 1

n-1
1‘)311ect.b1=l, g=+2, b, = l(\/ﬁ) .
3 3
Ham Hy»XHO yKa3aTh TaKue HOMepa 7, AJIA KOTOPHX BHITOJHSETCA Hepa-
n-1
BEHCTBO % . (\/5) > 542,

ITocnenoBaTeIbHO IOJYYAEM:

(VB > 1578

(v2) ,
5 > 1542;

(Jé) > 30.

5
3ameqaeM, UTO «/_2_ u =[{J2 ’ = 2 = 32, snauwur, npu n = 10 BI-
(

n
TIOJHAETCA HEPABEHCTBO (\/é) > 30. Tem Gosee OHO BHINOJHAETCHA IPU

9
n > 10, Ecau B3ars n = 9, TO (\/_2_) =2 = 202 = 16J2. Tak kak
\/5 < 1,5, 10 16\/5 <16-1,5, T. e. 16\/5 <24, m yx TeMm G6oJjee

n
16J§ < 82. 9TO 3HAYMT, UTO NpH n = 9 HepaBEHCTBO (\/E ) > 30 He BHIIOJI-
usaerca. TeMm GoJiee 0OHO He BHITOJIHAETCA NpH n < 9.

OrBemTa)n>7;0)n<6;8n=1,2,3;r)n > 10.

IIpumep 8. PazHocTh MeXKAY CEABPMBIM M IATHIM TWIEHAMYU
TeOMEeTPHUYECKOH IIporpeccuu paBHa 48, cyMMa IIATOTO M IECTOI'0 Uie-
HOB IIpOrpecCHM TakKsKe paBHa 48. HailTu apeHazmarbiii ujeH 3Toil
IIPOTPECCHH.

Pemenne. [lepBuiit atan. Cocmasaenue mamemamuieckoil
Mmodeau.
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4. MPOrPECCHHM

Yeaosusa 3aauyr MOXXHO KpPpaTKO 3anucaTrTb TaK:
1) 2 b, by, By eves by e 3

2) b, - b, = 48;

3) b, + b, = 48.

Bocnoas3oBaBImnck GOpPMYIOM 7-T0 ujeHa MeOMETPUYECKOM Ipo-
FPECCHH, IOJYUUM:

b,=b4q°% b,=bg' b,=Dbg".
Torga BTopoe ycioBue 3agauu (b, — b, = 48) MOKHO 3anHUCATDH TaK:
b,q° - b,q* = 48;
b,g*(g® - 1) = 48.
Tperbe ycnosue sapaum (b, + by = 48) MOMHO 3anHMCaTh TakK:
b,g* + b,q° = 48;
b,q(g + 1) = 48.

B urore moxydaeMm cmCTeMy ABYX YPaBHEHHH C AByMd IlepeMeH-
HBIMH b, ® q:

{blq‘* (#-1) =48,
bg(g+1) = 48,

KOTOpas B COUETAHHUM C 3aIIMCAHHBIM BHIIIE yCJIOBHeM 1) m mpexacras-
JseT coboil MaTeMaTHYEeCKYI0 MOAEIb 3alajuu.

Bropo#i sran. Paboma ¢ cocmasaernoit modenvio,
IIpupaBHAB JieBBle YACTH O0OMX YpPaBHEHHMH CHCTEMBI, IIOJYUMM:

bgt(g® - 1) = bg*(g + 1);
¢?-1=qg+1

(Mb1 pasgenunm ofe 4aCTH yPaBHEHMS Ha BhIpasKeHue b g*, OTIMUHOE
OT HyIs).

W3 ypaBuenus ¢ ~ ¢ — 2 = 0 naxogum: g, = 2, ¢, = -1.

IloacraBuB sHaueHUEe ¢ = 2 BO BTOpOe YpaBHEHUE CHCTEMBI, IOJY-
upM: b,-16-3 =48, 1. e. b, = 1.

IlogcraBus 3nauenme ¢ = —1 BO BTOpoe ypaBHEHHE CUCTEMEI, IIO-
ayaum: b - 1.0 = 48; sT0 ypaBHeHHE He HMeeT PeLIeHHH,
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4. MPOTPECCHMN

Hrax, b, = 1, ¢ = 2 — ara mapa ABJAETCA PEILIEHMEM COCTaBJIEH
HOH cHCTEeMBI YpPaBHEHMIL.

Teneps MBI MOXKEM 3AIHUCATH T€OMETPUUECKYIO IIPOTPECCHIO, O KO
Topoii mieT peus B 3ajaue: 1, 2, 4, 8, 16, 32, ... .

Tperunii aran. Omeem Ha @onpoc 3adauu.

Tpebyerca Brluncautsd b,,. Mmeem:

b, =0b,g" =1.2" = 2048.
OrBem b, =2048.

3. ®opMyna CYMMbl YNEHOB KOHEYHOM
reoMeTpH4eCKOH NPOTrpeccMM

IIycts JaHa KOHEUHAA reoOMeTpPHYECKasl IPOTDPeCCHs
b, b, b, b b,_»b,.
OGosnauum yepes S, CymMMy €€ UJIEHOB:

S, =b +b,+b,+..+b _,+b _

n-2°

,tb.

BriBeaem dhopMyay Ans OTHICKAHUA 3TOH CYMMEI.
Haumem c camoro mpocroro ciydad, Korga ¢ = 1. Torza reomer

nuecKad nporpeccus b, b, b, ..., b CcOCTOMT M3 n umces, PaBHbIX
1 2 3 n
b,, T. e. mporpeccusa umeeT BuA b, b, b,, ..., b,. Cymma aTuX uucen
paBHa nb,.

IIycrs Temeps g # 1. [lna oTbICKaHusA S, IPAMEHNM HCKYCCTBell
HBlH npueM: cHayaja paccMorpum S g.
Nmeem:

Sqg=0,+b,+b,+...+b _,+b _,+b)g=
=bg+bg+bg+..+b qg+b g+bg=
=b,+b,+b,+...+b,_,+b +bg.
3Haywur,
S =b+(b,+b,+..+0b),
Sqg=(0,+b,+..+b)+bg.
BrruteM M3 BTOPOro paBeHCTBa HepBoe:

Sqg-S,=bg-b.
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4. MNPOTPECCHH

B neBoit yacTu BhIHECEM 32 CKOOKHM OOMIM# MHOMKHUTENb S , a B
npaBoit — ucHosab3yem (opmyny b = b,g" ! um BhIHECeM 3a CKOOKH
o0muit MHOXKHUTEND b,

S(g-1)=b-q""'-q-b;
S(qg-1)=0b(q" - 1);

S = bl(qn—]').
n q—l

OTO hopMYAQ CYMMbL NEPEbLX N YAEHO8 2e0MemPUYECKoll npozpec-
cuu (pna caydas, Korga q # 1).

DHpumep 9. [JaHa KoHeuHas reoOMeTPUYECKAas IPOTpeCcCHs
b, b, by, ..., b

HssecTHo, uT0 b, = 3, ¢ = 2, n = 6. Haitru:
a) cyMMy YJIEHOB Iporpeccuu; 6) CyMMY KBaZipaTOB €€ UJIEHOB.

.
n

Pemenmnue.

bg® -1 32% -1
a) SG = l(q ) = ( ) = 3-63 = 189.
g-1 2-1
6) Breime (cM. c. 157) MBI yKe OTMeUa M, UYTO €CJAHM BCE UJIEHE
reoMeTpPUYeCcKo MpOrpecCHy BOSBECTH B KBaJApaT, TO MOJYUHUTCHA I'€O-

MeTpuYecKas IPOrPeccHs ¢ MepBHIM uneHoM b? m sHameHaTesneM g>.
Torza cymMma IIECTH UJIEHOB HOBOM mporpeccuu OyAET BHIUMCIASATBLCH
bZ((g%)° -1)

no ¢opmyse S, = 77
g% -

. IloacraBus B aty Qopmyay b, = 3,

g = 2, monyuum:

9(212 1)
221

OTBe T a)189; 6) 12 285.

S, = = 34095 = 12 285.

IIpnmep 10. Hatitu 8-if unen reomerpudecKoli nmporpeccuu,
y Koropo#t b, = 3, b, = 96, S_= 189,
Pemen ue. Tak gak b, = b,g" "', To monyuaem:
96 = 3¢”~1;
q"' = 32.
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b]_ (qn - 1) .

S = 41—
Hanee A -1
189 = 3¢"-1).
g-1
63(g-1)=q" - 1. (2)
Brimte MB!I Hanwm, yTo ¢"~ ! = 32. YMHOxKHUB 00e yacTH 3TOrO pa-

BEHCTBA Ha ¢, noayuum: q" = 32q. Ilogcrasus 32q BmecTo ¢* B dop-
myay (2), HaxozuM:
63(q — 1) = 32q - 1;
31lqg = 62;
qg=2.
3HadA, UTO b1 =3 u ¢ = 2, BEIUUCIAUM b8:
b, =b,-q" =3.2" = 384,
Orsem b, =384.

4. XapaKrepMcTH4YeCKOe CBOMCTBO
reoOMeTPHYECKOM NPOrpeccMM
Ilycts pama reomerpuueckas nporpeccus b, b,, b,, ..., b, ... .

PaccmoTpum Tpu ee uieHa, CleAyOLIMe Apyr 3a apyrom: b, b, b .
HM3BecTHO, 4TO

b

2 _p
q n-1

bnq = bn+l'

HepeMHO)KI/IB 3TH PaBEHCTBA, IIOJYUYMM:

( brf = bn—lbn+1' )

OTO 3HAYMT, YTO KBaJpaT KAayKIOr0 WiIEeHA IeOMETPUYECKOM Iporpeccu#,
KpoMe IepBoro (M IOCJeZHEr0o — B cJaydyae KOHEUHOH Iporpeccuu),
paBeH IPOM3BEAECHUI0 NPEAIIECTBYIOLIEI0 U IIOCHEAYIOIET0 UJIEHOB.

Bepno u o6paTHOE: eciH IOCIeA0BaTeIbHOCTE (b ), cocToAniaa u3
YHCeJ, OTJIHYHBIX OT HYJfA, TAKOBA, YTO AJA Jio6oro n > 1 BBEIIOMHA-
eTcsA PaBeHCTBO

bp2=b, b

n-1"n+1?°
To (b,) — reomeTpHMyecKas IMPOTpecCHs.
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4. MPOTPECCHH

B caMom jgene, nociiegHee paBeHCTBO MOKHO II€PeIMCATL B BHAE
b :b =b 1 b,

n n-1 n+1
O9TO 3HAUMUT, B YACTHOCTH, uTO0 b, : b, =b, : b,, b, : b,=b,: b, u T. 1.
UnpiMu coBaMu, OTHOIIEHHE JIOGOTO WieHa IOCIeJ0BATENbHOCTH K
IPe/IIeCTBYIOIIEMY WIEHY BCETAA OQHO M TO XKe, 4 3TO M O3HAYaeT,
YTO 3a/aHA reOMETPHUYECKAA [IPOrPecCHs.

DaKTHYECKN MBI JOKA3AJIM CJIEAYIOILYIO TEOpEeMy.

Hucnoéas nocnedosamenvbHocmb A8AAEMCA 2€0-
mempuieckoll npozpeccuell mozda u moavko mozoa,
xoz0a xeadpam kaxncd020 ee wneHa, KPOMe NepP60ZO
Teopema (u nocnednezo — 6 cayuae kKoHewHOU nocnedosa-
menvHOCMU ), paéer npoudeedenuto npeduecmayio-
ujezo u nocnedyiowezo Lnenoe (xapaxmepucmuie-
CcKOe c80licma0o zeomempuiecioil npozpeccuu ).

B mpeppipymem maparpadge MBI IONYUYNIN XapPaKTEPHCTHUECKOE
CBOMCTBO apudpmMeTHuecKOil mporpeccun: 060 ee ujeH paBeH cpen-
HeMy apu(MeTHYECKOMY [IPEALIAYIIEro U nocjaeayoiero ujaeHos. 06-
paTHMCH TElEPh K XapPaKTEPUCTAYECKOMY CBOMCTBY I'eOMETPHUECKOM
OPOrpecCHM ¥ BBHIIIOJHUM HEKOTOPHE IpPeobpa3oBaHMS DaBEHCTBA

b =b, ,b,,
8 = b b
b, = v n—lbn+1 -

n
Yncno vJab HassiBaoT cpednum zeomempuueckum yucen a u b, Ta-
KM 06pasomM, mocjefHee PaBEHCTBO O3HAUAET, UTO MOOY.ab 1100020
YIeHA 2e0MempuUYecKoll npozpeccuu pasen cpedHemy 2eoMempuiecKko-
My npedvidyuiezo u nocaedywuwezo vaerod. B taxkoit dbopMyanposke
oTueT/MBee OGHADYKUBAETCA AHANOTHA MEXKAY XapaKTEPUCTUUCCKH-
MU cBolicTBaMu apudMeETHUECKOM M reoMeTpHuecKoM mporpeccuii.

HOpumep 11, ITpu xaxkom 3Hauenuu x uwmcyaa 10x + 7, 4x + 6
u 2x + 3 06pa3yoT reoMeTPUUYECKYIO0 IPOrPeCCHI0?

Pe e r ue. CormacHo xapaKTePUCTUUECKOMY CBOICTBY 3aJaH-
HBIE BHIPAKEHUS JOJIKHEL YIOBJIETBOPATH COOTHOIIEHUIO

(4x + 6)* = (10x + 7)(2x + 3).
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4. MPOTPECCMM

Pemras 970 ypaBHEHHE, HAXOZUM:
16x% + 48x + 36 = 20x? + 44x + 21;
4x* - 4x-15=0;
x =25, x,=-1,5.

Ioacrasnaa x, = 2,5 B 3anauuble Bolpaxkenus 10x + 7, 4x + 6, 2x + 3,
HaXOfMUM COOTBeTCTBeHHO: 32, 16, 8. 9To KOHeuHasa TeoMeTpUUe-
ckas nporpeccus. IloacraBasaa x, = —1,5 B 3ajaHHBEIe BRIDAYKEHHSA
10x + 7, 4x + 6, 2x + 3, HAXOAMM COOTBETCTBEeHHO: —8, 0, 0. JTO He
TeoOMeTpHYeCKasa IPOTPEecCHs,

OrBerT: x=2,5.

3aBepiuas PasroBop 0 IPOrpecCUsX, PACCMOTPHM AOCTATOUHO CJIOMKHBIM
npuMep (U3 CepuH TaK HasblBaeMBIX CMEIIaHHBIX 3afay Ha IIPOTPecCHH).

IIpumep 12. Bsaau Tpu umcia, KOTOphle 06pasyloT KOHeUHYIO BO3pa-
CTAalOIYI0 FeOMETPHYECKYIO IPOrPeCCHI0., 3aMEeTHJ/IH, YTO €CJIH BTOPOE THCJIO
YBEJIMUUTS HA 2, & IEPBOE K TPeThe YNCIa OCTaBUTL 0e3 M3MeHEeHH, TO IIOJY-
uyurca apudMernuecKas mporpeccus. Ecim mocye 3Toro Tperbe YNCIO YBeIH-
YUTh Ha 9, TO CHOBa MOJYYHTCA reoMeTpHUecKas mnporpeccusa. Kaxkwme Tpn
ypcia OBIM B3ATHL cHadasja?

PemweH ue. IlepBriit atan. CocmasaerHue mamemamuieckoii modeau.

YcnoBusa 3amadM MOMKHO KPaTKO 3aliMCcaTh Tak:

1) 20, b, b3

2) +b,b,+2 b

3) Hb,b,+2,b,+9.

CorsacHO XapaKTepHCTHYeCKOMY CBOMCTBY apu(pMeTHUECKOH IIPOrpeccHu
ycyioBue 2) 03HAYAET, ITO

+
b2+2=b12b3.

Jasee monydaem:
2(b,g +2)=b, +bq%
b,(1 + ¢ - 29) = 4. 3)

CoriacHO XapaKTepuCTHYEeCKOMY CBOMCTBY IreoMeTpPHYECKOH Iporpeccmu
ycnoBue 3) o3HavaeT, 4TO

b, + 22 =b,(b, +9).
Hasee monydgaeM:
(b,g + 22 =1b,(b,¢* + 9);
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4. MNPOTrPECCHA

biq*+4bg+4=Dblg*+ 9 ;
b,(9 ~ 4q) = 4. 4)
Taxkum obpasom, nojiyuaeMm crcreMy AByX ypasHeHwuii ((3) u (4)) ¢ aAByma
nepeMeHHbIME b, B ¢:
b1 +q%-29) = 4,
b,(9 - 4q) = 4,
KOTOpasi B COYETAHUM ¢ BANMCAHHLIM BHIIIIE YCJOBHEM 1) M IpeAcTaBIdeT cO-
00 MaTeMaTHUYeCKYI0 MOJAEIDb 3aJauH.
Bropoit atan. Paboma ¢ cocmasgnentoll mModenvio.
TIpupaBHAB JeBBIe YacTH 000MX ypaBHEeHHI CHCTEMBI, TOJIy4aeM:
b1+ ¢ - 2q)=b,(9 - 49);
1+¢2-2¢g=9-4q
(mzl pasziesnin obe uacTH ypaBHeHKH Ha b,, T. e. Ha IHCJIO, OTIMIHOE OT HYIs).

Hanee rimeem:
P +2¢-8=0;

q9,=2, q,=—-4.

TloacTaBHB 3HaueHMe ¢ = 2 BO BTOpPOE ypaBHEHKE CHCTEMBI, IOJYYHM:
b, = 4. 3Han b, ¥ ¢, HETPYAHO 3al¥CATL TPH UHC]Ia, 00pPa3yiOLINe TEOMETDH-
YecKyio nmporpeccuio: 4, 8, 16.

TloacraBuB 3HaueHNe ¢ = —4 BO BTOPOEe ypaBHEHWE CHCTEMEI, IMOJYIHM:

b = ;5 . 8Hag b, ¥ ¢, HETPYAHO 3aW¥CATH TPH YHCHIA, 06pasyomue reoMeTpH-

4 16 64
YeCKYIO IIPOrPECCHIo; 5=, “BE » OF -

Tperuii sran. Omeem ra sonpoc 3adaxu.
U3 aByx HalileHHLIX reOMeTPHYECKHX IIPOrpeccHil TONLKO IlepBasi sBid-
eTcsa Boapacraroineii, Kak Toro TpebyeT ycioBHe 3agadu.

OrBer: 4,8, 16.

5. Nporpeccun M HaHKOBCKME pacyeTsbl

IIpeacTaBbre cebe, YTO Bhl OTKPLLIN B OaHKE BKJAJA B CyMMe @ D.
mox p % TOMOBHIX Ha ¢ JeT. ¥ Bac ecTb JBE CTPATETrWYU NOBEeACHUA:
aubo B KOHIlE KayKIOT0 roja XPaHEHHA BKJISJA CHUMATL OPOLEHTHI

O BKIAAY, T. €. IONYYEHHYIO NPHOEIIL B pasMepe T@% -a p., aubo
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4. MPOrPECCHA

upuiiTu B 6aHK OAMH pa3 — B KOHIE CPOKA XpaHeHHA BRJIaga. Kaxkoii
JOXOJ BBI IIOJYUYHTE B TOM M LPYIOM CIydaax?

B nepsom ciayuae mpu ¢ = 1 BH HOJy9YHTE [a + m a] p., Ipn
2
t = 2 Bamma UTOrOBAas CYMMa COCTABHUT [a + ﬁ)% . a] p.,mput=3 —

100

HeuHas apu¢MeTHUecKas IIPOTpecCHA

3
[a + l . a) p. 1 T. O. MareMaTHYecKasa MOZeJb CUTyanouu — KO-

2p 3p tp
Ja+ -2 . +=2L g, a+L .4, .,a+-2 . a
%2790 T 700 Y%7 100 %% 700

Hrax, npn neproit crpaTernu moBefeHHs 3a ¢ JeT BRI IOJYYHUTE

t
[1 + T g 5 ) P. — 9TO TaK HadwIBaeMas QOPMYAA NPOCMbLX NPOYEHNOE.

Ecan BeI pemnman npuiiTu B 6aHK TOJIBKO B KOHIIE CPOKA Xpame-
HHA BKJajga, 10 opm ¢t = 1 mosyuaeMass CyMMa COCTaBHT, KaK MU B Iep-

p
BOM CJI qae,a+—-a T.e. a| 1 + =— | p.; cymMa BKJIaja yBesu-
v 100 [ 100) P €Y anay
ypyack B (1 + 1—) pa3. Bo cTOABKO jKe pas OHa YBEJIHUYHUTCA H K

KOHIIY BTOPOrO roja XpaHeHHsA, H K KOHIY TPeThero roja XxpaHeHusd
u T. 1. Maremaruueckasd MOAEJL CUTYAIIHH — KOHEUHAs I'eOMeTpH-
YyecKas IIporpeccus

2 3 t
aa1+L al1+ 2 a1+L 5 vens al1+ -2
100 100 100 100
Wrax, nmpu BTOpOil CTpaTerHud HOBeAeHHMA 3a ¢ JET Bl IOJYIHUTE

3
a(l + _p_] P. — 9TO Tax Ha3bIBAeMas (YOPMYAQA CIONCHBLX NPOULHIMOG.

100
PaccmorpumMm kKouxperHbiil npumep. I[Iyers BKRIan cocrasiaser
10000 p., baux maer 10 % romoBeIX, CPOK XPaHEHHS BKJAga —
5 ner. Ecam BH BHIOpajJm CTPATErnio NMPOCTHIX NPOLEHTOB, TO
K KOHIIYy CPOKA XPaHeHHs BH HOJYYHATE B HTOTE CYMMY, PaBHYI
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4. NPOrPECCHMU

10 000 - + él%)- , T. €. 15000 p. Ecnu e BBl BEIOpasu crpare-

MU0 CJIOMHBIX IIPOLEHTOB, TO K KOHIY CPOKA XPAHEHUA BbI IIOJNYYNATE

5
B HTore cymmy, pasryio 10 000 - [1 + Tlt%) , T.e. 16 105,1 p. Kak

TOBOPHUTCA B OJHOM DEKJIAMHOM CJOraHe, IIOUYBCTBYiiTe pasHHUIY.



4. MNPOrPECCHUMA

OCHOBHbBIE PE3YJIbTATDI

Bn1 mosHaKOMHMINCE ¢ HOBOM MaTeMATHMYECKON MOAEJBIQ — YHACIO-
BOIf mociefoBaTeIbHOCTEIO (HDYHKIMEH HATYypaJdbHOTO apryMeHTAa).

Bbl y3Has M HOBBIE TEPMPHBEI MATEMATHYECKOIO A3BIKA:

YHCJIOBAasA IOCJEA0BATEIbLHOCTD, N-H 4jIeH II0CJIefOBATEIbHOCTH;
MOHOTOHHAas (BodpacTamolliasg, yOBIBAIOIAsa) IIOCAeLOBATEIbLHOCTD;
apudMernyecKas IPOrpeccHus, PA3HOCTL apudMeTHYeCKOoi IIporpec-
cuu;

reoMeTpuyecKas IIporpeccus, 3HaMeHaTeJ b N'eOMEeTPHYECKo# Ipo-
TPECCHUH.

Me1 BBesm HOBBIe 0003HaueHWA:

(y,) mou y,, Y,y Yo «er Y,» --. — AJA YHUCIOBOR IIOCIE0BATENID"
HOCTH;
-+ — i apudMeTHdecKo IPOTrpecCH;

i — [ reOMeTPHYECKO# Iporpeccuu;
S, — ana cymMmrr x, + x, + ... + X, UIEHOB IOCJIEAOBATEILHOCTH (X,).

Mzr o6cyguan Tpu cuocoba 3agaHMS YHCIOBOHM IOCIEeROBATENH-
HOCTH: aHAJWTHYECKUl; CJIOBECHBII; PeKYPPEeHTHBIH,

Mzs1 chopmysnpoBasi u 060CHOBAIH psf CBOMCTB apudMeTHYeCKOon
¥ reoMeTpuuecKoil mporpeccuit. CBeieM HX B OfHY Tabauiy.

Apudmernueckasn TFeomerpnueckas
IporpeccHs nporpeccHs

Onpepenenne a +d b=b, b =b_ _
b#0,g#0

@opmyaa n-ro uiaeHa | a =a, +(n - 1)d b,=bg !

XapaKTepHCTHYECKOE a = a_,+a,., ‘b |_ b b
cBoiicTBO n 2 nl = N Yr-1"r+1

Dopmyna CyMMEL
n 4JeHOB

10 D

+ b@" -1
Sn=f'1_5_a_".n Sn=_l(§__1_),q¢]_




rmABA{l SJIEMEHTbl KOMBMHATOPUKM,
CTATUCTUKM U TEOPUM
BEPOATHOCTEM

§ 18. KombBuHaropHsie 3ajzavqm

§ 19. Craructka — Am3aiH MHopMaLmu

§ 20. MMpocrefilume BEPOATHOCTHbIE 384a4YM

§ 21. DxcnepumeHTansHbie faHHbIE M BEPOSTHOCTH
cobbiThi
OcHosHbie pe3ynsrars

§ 18. KOMBMHATOPHBIE 3AJAYM

IIpocreiimmue KoMOGUHATOPHEIE 3a4aYM HECKOJIBKO HAIIOMM-
HAIOT JETCKYIO Nrpy B KyOmku. FIMeercd KOHEUHOE YHUCIO KYOMKOB,
WA 3JIEMEHTOB HEKOTOPOTO KOHEYHOr'0 MHOYKECTBA, 8 HYIKHO IOCUM-
TaTh KOJUYECTBO T€X MJIM MHBLIX KOMOMHALMI, COCTABICHHBIX B3 9THX
KyOuKoB (anemenToB). Eciu HyXKHBIX KOMOMHALIVI HE CIMIIKOM MHOTO,
TO BCE UX MOKHO IPOCTO MEPEUNCIUTD, WM, KaK roBopsaT, mepedparb
BCE BO3MOXKHOCTH. B 83TOM M COCTOUT Memod nepebopa 8apudarmos.
Hanpumep, ecan us nmudp 1, 5, 9 cregyer cocTaBUTh TPeX3HAUHOE
yucso 0e3 mOBTOPANINKXCA IM}P, TO BCe BO3MOKHLIE BADUAHTLI HE-
TPYAHO BEIIKCaThk. Jro 1569, 195, 519, 591, 915 u 951. 3mauur, Bcero
MOYKHO COCTABHUTh INECTh TAKMX UMCEJ.

IToxguepKkHEM, UTO yKe B 3TOM IIDOCTOM IIPMMEpE MBI IPUBEIX HE
cayJaiiHbIM, a pasyMHO Op2aHU3068aHHbLI nepebop. Crayana Ha Hep-
BOM MecTe 3aduKcupoBaau 1 M YBUAENH, UTO TAKMX BAPUAHTOB BCETO
ZBa: 159 u 195, 3arem Ha mmepBo€ MECTO MHOCTABHJIM 5 M yBHIENHU,
YTO HOJYYHJIOCH erre ABa Bapuanta: 519 m 591. Hakonen, takuMm Ke
o0pa3oM COCTaBHJIM YMCJa, HaUMHAKOIUECT ¢ 9, — aro 915 u 951.

Xopo1o nogoOpaHHBIH Iepe0Op BaApMAHTOB KpaiiHe BaykeH B 0o-
Jiee CJOKHBIX CUTYAIMAX, KOTJa M KOJMYECTBO BO3MOMKHEIX KOMOH-
HaIMil ZOCTATOYHO BEJIWKO, M HOACUET OPUXOLUTCHA BECTH, PaccMar-
pUBafA PA3NHYHBIE CIYYaM.

IDIpumep 1. s nudp 2, 4, 7 cregyer coCTaBUTH TPEX3HAUHOE
YKCJI0, B KOTOPOM HHM ofHA Iudpa He MOKET NOBTOPATHLCA DoJiee IBYX
pas.
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5. DJIEEMEHTbI KOMBUHATOPUKM, CTATUCTUKM U TEOPUM BEPOSITHOCTEM

a) Haittu nmaynMenbillee TaKOe YHCJIO.

6) Haittu maubGosbiee Takoe YHCJIO,

B) CKOJIBbKO TAKUX Umces, HAUMHAIOIUXCA C 2, MOKHO COCTABUTH?
r) CKOJILKO BCEro TaKMX UMCEJ MOYKHO COCTABUTL?

P e e g u e. a) HaumensinuMm unciiom Oyger 224, Beab eciau Ha
[epBoe WU Ha BTOPO€ MECTO BMECTO Iu(phl 2 mocraBuTh nudpy 4
iy uudpy 7, TO YBEIWUYHUTCH WK YMCJIO COTEH, HMJH UYHCIO HECHT-
KOB. A pas mu¢pa 2 yxe IOBTOPIJIACH, TO HA IIOCIEAHEM MECTE JOJK-
Ha cToATh nudpa 4 (a He 7).

6) Paccy:xaas aHaJOrM4YHO, HaMAeM HanboJIbIIIee YiCJI0 — 310 774.

B) Cuauasa HazoseM uncJa 0e3 moBTopeHnit mudp. 9to 247 u 274.
IToTroMm BHaBoBeM yMcia, B KOTOPHIX IOBTOpAETcA 2. 9To 224, 227, 242,
272, Yuciao, B KoTopoM mosTOpeHa mubpa 4, TOILKO 0ZHO — 9T0 244.
Ywucio, B KOTOPOM moBTOpeHa rudpa 7, TakiKe ogao — 3ro 277. Beero
noaxyumioch 2 + 4 + 1 + 1 = 8 uncesn.

1) KosnuecTBo umcesn, HaunHAOIIUXCA ¢ OTUGPH 4, MOMXKHO IIOCUH-
TaTh TAK JK€, KaK B MIyHKTEe B); UX BCEro BoceMb. PaszymeeTcs, TO xKe
BEPHO U AJS YMCeJ, HAUMHAIOINMXCA ¢ IHUPPH 7, UX TOXE BOCEMb.
Bceero monyuum 24 uwmcia.

OTrsBeT a)224; 6) 774; B) 8; r) 24.

dopMaJIbHO AJIA OTBETA B IIYHKTE I') MOXKHO ObLIO 6bl M HE pe-
maTh a) 1 6). OguaKo B KaKgo! 3ajade Ha nepeGop BapHaHTOB OLIBA-
€T II0JIE3HO ABHO BHIMMCATH HECKOJBKO THUIIMYHBIX KOMOMHammii, Ko-
JINYECTBO KOTOPBLIX MbI coGMpaeMcsl MOACYUTATD.

Kax m MHOrme maremaTumuecKme 3afadm, npumMep l r) gomyckaer Apyrou
cnocob pemennsa. Bor ox. Haiifem cHayaja KOJIMYECTBO 6CeX TPEX3HAYHBIX
4HCeJI, KOTOpble MOKHO coctaBuTh M3 uudp 2, 4, 7. Ilo npasuay ymmoice-
HUs, C KOTOPBIM MBI IIO3HAKOMEMCS 4yTh IIO3Ke, ux Oymer 3 + 3 * 3 = 27.
A Tenepsb BHIUTEM KOJUYECTBO UMCE) C TPOMHLIME IoBTOpeHuaMu mudp. Ta-
KMX yuces Bcero tpu: 222, 444, 777, 3uaumr, orser: 27 — 3 = 24.

Pemenne npumepa 1 B) Tak:Ke MOKHO 0pOPMUTH COBCEM IIO-APY-
TOMY, 3aIKcaB IIOCTPOEHME TPEX3HAYHOTO YMCJIa L1ar 3a 11aroM, B BUe
HEKOTODOTO «II03TAXHOTO» I1aHa. ITomecTuM nepByio mudpy 2 B Bepx-
HUIH IPAMOYTOJLHUK, OT KOTOPOI'O IIPOBEAEM TPH «Zoporu» (puc. 128).
OHM COOTBETCTBYIOT BhIGODY BTOPGI 1mdpbl. 10 Miu 2, uau 4, wiu 7.
Ilonyuum Tpu NpAMOYIOJbHHKA HAa BTOPOM YpDOBHe U Iepeijem
K BbiGopy Tperbei mudpri. Ecau BTopoii nudpoii okasanach 2, TO
IO YCJOBUIO TpeTheil mudpoil moker ObITh Mau 4, WiIKH 7. 3HAYNT,
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5. INEMEHTHI KOMBMHATOPUKU, CTATUCTMKU U TEOPMW BEPOSTHOCTEN

4 7 2 T 7

2
l | | I I

224 227 242 244 247 272 274 277

Beero: 8 umcen

Puc. 128

TYT BO3MOJKHO BCErO JBa BapHaHTa, B PE3YJILTATE KOTOPHIX IOJNYIATCH
Tpexa3HauHble urcyaa 224 u 227, Ecau ke Bropas nudpa passHa 4 mwiu 7,
TO AJs TpeThel mu(pPr OrpaHUYEHUil HET, X 3TO MOKeT OBITh WiIu 2,
wiu 4, uau 7. 3Ha4AT, B KAKAOM M3 3TUX ABYX CIYIAEB BO3ZMOIKHBI
II0 TPH BAPHAKTA COCTABJECHMUA TPEXSHAUHBIX ymceJa. Ilomydarca umcaa
242, 244, 247 u 272, 274, 277,

Msl cocTaBMIM TAK Has3biBaeMoe Jepeso G03MONCHLLX 8APUAHMOSE.
IIpeumyinecTBo aTOoro cmocoba pacCyXIeHHs COCTOUT B €ro HarJsan-
HOCTH: BCE BApHUAHTHLI BUAHH Ha KapThuKe (cM. puc. 128), u noHAT-
HO, KAK MMEHHO OpPraHM30BaH mepebfop BceX BO3MOMKHOCTEH,

IIpumep 2. «I3TOT Beuep cBOOOAHBIN MOKHO TaK IPOBECTH...»*:
TOMTH MPOTYJAATHCA K PEKE, Ha IJIOMAAbL WJIN B IapK M IOTOM IOi-
™! B roct# K Bure mau Kk Buke. A MOXHO ocTaTbcA AoMa, cHadasia
IOCMOTPETDH TEJEBH30D MM MOYMTATH KHIIKKY, a IOTOM IIOHTpPaTh C
OpaToM uMam pas3odpaThca HAKOHEI Yy ce6a Ha IIMCHbMEHHOM CTOJIe.
HapucosaTh gepeBo BO3MOXKHBIX BAPUAHTOB.

O T B e T: JlepeBo BapUAHTOB IpeACTaBJICHO Ha puc. 129.

IIpumep 3. B ypHe Jexar Tpu HepasJIHUYNMEIX Ha OLIyIb
mapa: ABa GeablxX ¥ oguH 4epHbii. IIpy BRITacKMBAaHWYM YepPHOro HIapa
€ro BO3BPAIAIOT 00PaTHO, a BHITAIeHHBIN Oesblil map OTKJIAABIBAIOT
B cropony. Takyo omepaniio mpousBOAAT TPU pasa IOAPAL.

a) HapucoBaTk JepeBo BO3MOXKHBLIX BapHUaHTOB.

0) B cKoJBKUX ciydaAxX TpPU BHITAIIEHHBIX Imapa OyayT ogHOrO
usera?

* «3JToT Beuep cBoGomHbIM / MoxHO Tak nmpoBectH:/ 3a TyMaHHEIH O6-
Boxublll / HeBsnauail sabpecrn...» (A. Kymrep).
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Beuep
IIporyaka
Pexka IInomans ITapk Kuuoxka
Bura Buxa Bura Buxka Bura Buxa Bpar Cron Bpar Cron

Beero: 10 BapuanTOB
Puc. 129

B) B CKOJBKHX CIyuadx cpeiy BHITAIEHHBIX IIapoB Gelbix Oyzer
6onbme?

r) Hapucosarh JepeBo BO3MOJKHEIX BAPHAHTOB AJIS YE€THIPEX
BBITACKHMBaHUH II1apOB.

Peme Hue. a)llepeBo BOZBMOKHBEIX BAPMAHTOB MPEACTABJIEHO
Ha puc. 130.

Cayuail BhITaCKMBaHMSA OBYX O€JbIX ItapoB oco0eHHBIN. B aToM
caydae ocTaeTcsa OJHMH YepPHBIH# Imap M TOJBKO ero IOTOM M MOXKHO
6yzer GpaTs.

/ \
BBY BY
‘-I B y k
BB‘I B4 9
BBY BY BYU 4 9
Bcero: 7 BaprnaaTos
Puc. 130
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B4 BY 9 q
)

/ \ / \ / \ 9 b
BBY BY BY 9 9 9

Beero: 11 BapuanTos

Puc. 131

0) Ilo mepeBYy BapHaHTOB BUAHO, YTO 3TO BO3MOKHO B €AMHCTBEHHOM
ciIyuae, Korga TPH pasa HoApAj BHITACKMBAeTCA Iap YEpPHOI'O IIBETa.

B) Tpex Genwix mapoB GBITH He MOKeT. SHAUUT, peub UJET O ABYX
0eJIBIX ¥ OJHOM YEPHOM HIiape. JTO BO3MOMKHO B TpeX cay4daax (cm.
zepeso BapuanroB: BBY, BYB, YBDb).

r) 3mech K IOcJegHEMY YPOBHIO [iepeBa BapHaHTOB Ha puc. 130
JoDaBUTCA €lle OJUH YPOBEHb, COOTBETCTBYIOIINIH E€TBEPTOMY BHIGO-
py (puc. 131). (]

Taxoro posa AuarpaMMbl B IIOAPOGHOCTAX YAOGHO PHUCOBATH TOJb-
KO [ CPaBHUTEJBbHO HeOOJIBIIOrO YMCJid BapHAHTOB, 4, HAIPUMED,
IJId COTEH KoMOMHAmKUI AepeBO BAPMAHTOB II€JIMKOM HE HapHCYENIb.
Torma mpuxoguTca AelicTBOBATL HO-Apyromy. Haime Bcero mpu pas-
JIMYHBIX IOACYETAX UCHOJbL3YIOT NPABULO YMHOMNCECHUS.

IIPABIJIO YMHOMEHHUA

na mozo umobvt HAllMU YUCRO 8CeX BO3MONCHBLY UCX0008 He3a-
sucuMmoz0 npogederus deyx ucnvimatuii A u B, caiedyem nepemno-
UMb YUCLO 6CeX UCX0008 ucnvimanui A u wucio écex ucxodoe
ucnsimarus B.

HJna o0bACHEeHUA MpaBuia YMHOMEHUA HAPHCYEM JepeBO BapuaH-
ToB. Ha nmepsom ypoBHe y Hac OyAyT CPEYMCIEHEI BCe UCXOAML 4, G,
a,; ..., @, _,, a, ucubrraiusa A. Ilocae KaxKaoro U3 y:ke BBIIMCAHHBIX
HCXO/JI0B BO3MOJKHBI BCE HCXOJBI bv bz, bs, vees bk_ - bk HcaeiTaHua B —
BeAb MCOLITAHUA IPEAIoarajoTcsl HesaBUuCUMBIMU. B pesysbkTare mo-
nyuurca kB + k+ k + ...+ k = nk ucxonos (puc. 132).

n

IIpaBuyio yMHOMEeHHA MOXKHO OOBACHUTS U IO-APYTOMY, C HCIIOJb-
30BaHHUEM Ta0IHMIILI BO3MOXKHEIX PE3YJIbTATOB IIPOBEAEHNUA ABYX HUCILI-
TaHui. IloACHEMM 3TO Ha HmpaMepe.
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P S

b b,..b, b b, ..b b b..ob, b, b,..b b b,..0b

Bcero: n pas no k&, T. e. nk ucxonos

Puc. 132

IIpumep 4. Ha zasrpak Bosa Mmoxer Bui6paTh IAIOLIKY, 6Y-
TepOpoJ, IPAHUK MM KEKC, a 3allATh UX OH MOYKET Kotde, COKOM KU
kedupoMm. CKOJIBKO BApMAHTOB 3aBTpPaKa ecTh y BoBh1?

Peme uue CobepeM BCce BAPDHAHTHI B TalJIUILY.

IThwwra Bymep6pod IIpanuk Kexc
Kodghe Kode, naromka | Kode, Kode, npaanrx | Kode, Kexc
6yTepbOpox
Cox Cox, niaonka Cox, Cok, IpAHUK Cok, Kekc
6yTepbpog,
Kegpup | Kepup, nmomika | Kedup, Ketdup, npanuk | Kebup, kekc
6yTepbpox,

Tak xak BBIOOD €ABl 1 HANWTKA IPOMCXOLUT HE3aBUCHMO, TO B
KaxJoM KJeTKe OYyJeT CTOATh OOUH M3 BO3MOMHBIX BAPHAHTOB 3aBT-
paxa. BepHo u obGpaTHoe: J1060i1 BapHaHT 3aBTpaxka OYAET PACIOJIO-
JKE€H B OJHOI U3 KJIETOK. SHAUUT, BCET'O BAPMAHTOB CTOJBKO K€, CKOJIb-
KO U KJEeTOK, T. e. 12.

OrteeT: 12,

3ameuanne 1. Beakuit pa3 B KOHKPETHOM 33gade coBcem He obsasa-
TENbHO pUCcoBaTb Tabnuuy M 3anNONHATL ee Lenukom. MOXHO NPoCTO Mc-
Nonb30BaTb Camo NPaBuro ymHoXeHus. B npumepe 4 pelenne moxker
BbIMMSAgeTb Tak: «Mcnbitanme A — BbiGOp epapl, Y HEro YeTbipe MCxopa, a
ncnbiTaHue B — soibop HanmTKa, y Hero Tpu ucxopa. Beibop eabl 1 Boibop

HanuTKa HesaBuCHMbl gpyr oT gpyra. [o npaBuny ymMHOXeHus nonydaem
otseT: 4 - 3 = 12».
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3ameuanme 2. Mpasuno ymMHOMEHUs BN 4BYX MCNbITaHWK ypobHo
OBDBACHATL, KAK Mbl BUOMM, MCMOMNL3YA NPSMOYronbHble Tabnuuel. Ho ecnu
NPOBOAATCA TPHM MCMbITaHUA, TO ANA MAMOCTPALMM HaAo MCMONb30BaTb #
ANWHY, M BLICOTY, M LUMPKHY. Ha KapTHHKE Nony4MTCs NPAMOYrofbHLIM Na-
pannenenunen, pasbutbit Ha Kybuku. 3aecb yme u pucyHok, u obbacHe-
HUA BbIFMSAAT CROXKHEe, NOCKOMbKY, Hanpumep, ByayT Hesuaumble Kybu-
ku. Ewe xyxe peno obctout ¢ verbipbms ucnbitaHnamu. [ins pucyHka B
3TOM CNy4ae Ham He XBaTUT M3MepPeHMH, MOCKOfbKY OKpyXalolee Hac
MPOCTPAEHCTBO BCErO fiMLb TPEXMEPHO. Tem He meHee NPaBuno yMHoXe-
HMA BEPHO M ANA Tpex, M ANA 4eTblpex M T. A. HE3aBUCUMBIX MCMbLITaHMIM,
Ans obbacHeHWAa QOCTAaTOMHO HAPMCOBATb HY}KHOE AEPEBO BAPHAHTOB M
NOACUMTATL KONMMHECTBO BO3MOXKHBLIX BApPHMaHTOB.

JLns cremylolero mpuMepa Mbl IPUBEZEM TPH cmocofa peleHns:
nepe6opoM, ¢ IOMOIILI0 AepeBa BaAPMAHTOB M IT0 MPABUJIy YMHOMKEHHUA.

ODOpumep 5. B xopugope Tpu namnouxu. CKOIbKO NMeeTCd
PasIVYHLIX BAPMAHTOB OCBEIIeHWA, BKJIOUAs ciaydail, KOrZa BCe JaM-
MOYKH He ropar?

P e m e v u e. IlepBuil cuocob (mepeGop BapuanTos). IIporymepy-
€M JIAMIOUKHK H OyJeM nmcaTs + HJIM — B 3aBHCHMOCTHM OT TOrO, roO-
pUT MJIKM He rOPUT ovepegHad JaMiouka. Torza Bce cmoco0Bl OcBellie-
HUs MOJKHO IIPOCTO IepeunciauTs. Bor ogu: + + +, ++ —, + — +, + — —,
-+ +, -+ -, ——+, — — —. Bcero BoceMh BapMaHTOB.

IlepBas maMmouka

+ —_
Bropas aamnouka Bropas maMmouka
+/\_ +/\_
Tperes Tpersa Tperba Tperba
JIaAMIIOYKa JIAMIIOYKA JIaMIIOYKa JIaMIIOYKa
+4++ Tt +-+ +-- -+ + —+- --—+ ---
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Bropoii ciocob (aepeBo BapmarToB). Ha puc. 133 HarnagHo mpea-
CTaBJIeHLI BOCEMb BaPDMAHTOB OCBEIEHUS KOPHAODA.

Tpermii cnocob (mpaBuio YMHOXKeHNA). [lepBad JaMmouKa MOMKeT
UIN TOPeThb, UJIM He IOPeTh, T. €. UMEEeTCA JBa BO3MOYKHBIX HCXOJA.
Ho To xe camoe OTHOCHUTCA KO BTOPO#l M K Tperheiél saMmouxe. Ml
IpejnojaraeM, UTO JAMIOYKH I'OPAT MJIN HET HE3A8UCUMO LPYT OT
Zpyra. Ilo nmpaBujly YMHOMKEHHSA MOJyYaeM, YTO YHUCJIO BCEX BapHWaH-
TOB OCBElIEeHNs paBHoO 2 - 2 - 2 = 8,

OTrBerm: 8.

Y KakJ0To M3 3THX TPEX CHOCOOOB PEIIeHMs B KamXAOM KOHKDeT-
HOM CJyvyae eCTb M NMpenMyIIecTBa, ¥ HeJAoCcTaTKH. BrIGop cmocoba
pemermsa — 3a Bamu! OTMeTHM BCe JKe€, UTO IPABUIIO YMHOMKEHHA
TIO3BOJIAET IPAKTUYECKH OGHUM CIOCO0OM pelaTts caMele pagHOoOOpas-
Hpie 3agauu. Hampumep, 0HO mMPMBOSUT K KpaiiHe Ba)XHOMY B Mare-
MaTHUKe HOHATHIO aKkmopuand.

DIpumep 6. BceMbe IIecTs 4EJI0BEK, a 32 CTOJIOM B KYXHe
IIeCTh CTYJILEB. DHLIO pelleHO KasKALIH Beuep IIepe], Y:KHMHOM pacca-
SKMBATHCS HA 9TH IECTh CTYJbEB [MO-HOBOMY. CKONBKO AHeH 4YjieHbI
CeMbHU CMOTYT AejaTh 370 0e3 moBTOpeHMT?

P em e v n e. OrBer oKa3nIBaeTCsA HEOXKHUAAHHO OOJNBINNM: IIOUTH
aBa ropa! OopacHUM ero. Ona ymoGcrBa paccy:XaeHnil IPOHyMepyeM
crynpa Nel, Ne 2, Ne 3, Ne 4, Ne 5, Né 6  OyzeM cUMTATBL, UYTO YIEHBI
ceMmbu (Daldymika, Aegyiika, MaMa, Iaila, JOYb, ChIH) 3aHMMAIOT MecTa
o ouepean. Hac mHTEpECYeT, CKONBLKO BCEI'O CYIIECTBYET PasiMYHBIX
cnoco00B paccakuBaHuUs.

IIpeamonosxum, uro mepBoil cagurca 6abymixka. ¥ Hee MMeEETCA
1ecTh BapMAHTOB BHIOOpa cTyJja. BTODHIM caguTcsa AedVIIKA U He3d
8ucuMo BLIOMIDAET CTYJ U3 ISATH OCTaBIIMXCA. MaMa JenaeT cBO# BuI-
G6op Tperneil, u BLIOOP Y Hee OyAeT M3 YETHIPEX CTYJILEB. ¥ mamsl Oy-
JEeT yiKe Tpu BapHaHTa, ¥ JOUKH — JBa, HY a ChIH CAJAeT HA
eIVHCTBEHHEIN He3aHATHIHA cTya. [Io mpaBUAy YMHOMKEHHS IOJyda-
€M, 4TO Bcero mmeercst 6 - 5-4-3 -2 -1 =720 pasnnuHsIx crrocobos
paccaxuBaHusa, a 720 JHe#t — 2TO W eCTh IIOUTH ABA I'0OJA.

O rBeT: 720 gueil.

Onpegenexue. TIponsseaeHne NOAPAN MAYITUX HEPBBLIX N Ha-
TYPaJbHBIX uHces 0603HAUAIOT n! U HA3LIBAIOT «3H (haKTOpPHAI»:

nl=1-2-3-...-(n—-1)-n.
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OngHO M3 3Ha4YeHU# aHrIUHACKOI'O CJIOBA factor — «MHOMKHTENbL».
Tax uTo 3H (paxmopua/ IPUMEPHO IIEPEBOANTCA KaK «COCTOAINUI U3 n
MHOXKmTE el » . [IpuBegeM HECKOJILKO IEPBRIX 3HauYeHWH ans nl.

nil 2 3 4 5 6 7

nl|1|1-2=22!-83=6{31'4=24(41-5=120|5!-6 =720 | 6!-7 = 5040

3uauenusa nl oueHr OBICTPO BO3PaCTalOT ¢ yBeauueEueM . Hampu-
Mep, 10! 6oanie, uem 3,5 Mmunannona, a 15! npumepso passo 1,3 Tpun-
JHOHA.

Ina momcueToB, CBA3aHHEIX C¢ n!, ObiBaeT yZOOHO HMCHONB30BATH
CIeAyoINy0 GopMyay.

Pdopmyaa O0BacHenne
nl=(n-1l-n nl=1-2-3-..-(n-1)-n=
=(1-2-83-...-n=-1)-n=(n—-1)"-n
7. 4]
Hanpnmep, AJNA BRIYHCIAEHHUA 3HaAUYEHHUA 61. 51 coBceM He 00dA3a-

TeJLHO HAXOAUTH BCE YeThIpe PaKTopHaa U IIOTOM IPOU3BOAUTEL BHI-

yrCcIeHnA. YAoOHee CHauaja IPOBECTH COKPAIeHUA:
7141 61.7-41

7
= =1 =14
6! 51 61-41.5 5

IIpumep 7.

a) CronpxumMy crocobaMu ueThIpe BOpa MOTyT IO ofHOMY pasbe-
JKaThCA Ha BCE YeThIpe CTOPOHBI?

6) B 9 «A» Kiacce B cpely ceMb YDOKOB: ajrebpa, reomerpud,
JIATEPATYPA, PYCCKUN A3HIK, AHIVIMNCKUHN A3BIK, OMOJIOrua 1 GUSKYIb-
Typa. CKOJIBKO BAPHAHTOB PACIUCAHUA MOYHO COCTABUTH HA Cpexy?

Pemernue.

a) ITycrhk Bopwl pasberawoTca moouepesHo. Torza y mepBoro ecrth
yeTwIpe BapuaHTa Belbopa HalipaBJe€HUA, Y BTOPOr'0 — TPHU BapHaHTAa,
Yy TpeThero — pABa U y IOCJHeJHEeTr0 — OZWH BapuaHT. [Io nmpaBmay
YMHOKEHHUA moaydaem orBeT: 4 * 3+ 2+ 1 =41 =24,

6) Hna anxreOpsl €CTh ceMb BAPHAHTOB PAaCIOJIOXKEHNA B pacIimca-
Huu. Ecau gna anrebpsl BEIOOD cAeaH, TO AJA MeOMETPHH OyIeT yiKe
mecTs BapnanToB. Ecam anrefpa 1 reoMerprus 3aHAJNN B PACIUCAHUK
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CBOE MECTO, TO JJIA JIUTEPaATyphl OCTAETCS NATH BAPWAHTOB M T. A.
IIo mpaBuay yMHOMKeHHUA nosydaem: 7°6-5-4-3-2-1= 7! = 5040.

O1Ber a)24; 6)5040.

Mg1 BuAMM, YTO YCIIOBHS 3a4aY BBINVISAAT [I0-PasHOMY, a PELIAIOTCS
9TH 3a4a4H [IOUTH OJHMM M TEM e crmocofoM. S3HAUWNT, €CTh KAKOE-TO
o0lilee IPABMIIO AJIA PELICHWs TAKOro Tuma 3agad. MuI chopmMynupyeM
€ro B BUfie TEOPEMEI O IIEPECTAHOBKAX 3JIEMEHTOB KOHEUHOI'O MHOJKECTBA.

Teopema n Pa3nuduHbLX INEMEHMOE MONCHO PACCMAEUML RO
O00HOMY Ha T PA3AUUHBLX Mecm po6HO n! cnocobamu.

Hcropuueckn CI0KHUIOCE TaK, 4TO Goaee ynoTpebHTeNIeH HE TEp-
MUH «PacCTaHOBKa», & TEPMUH «IIEPECTAHOBKAa», M [I09TOMY 3Ty Teo-
pemy uaie Gop:MyaupYIOT Tak: «Hucno 6cex nepecmaHo8ox MHOMNCe-
cmeéa u3 n aremenmoé pasro n!». CoOKpallieHHO 2TO 3aINCHIBAIOT B

BUge GoOpMyJInl

B arom coxparrernn 6ykBa P COOTBETCTBYET IiepBOii GyKBe aHT-
JAUNACKOr0 riaroJia (CyIeCTBUTEJNLHOTrO) permute (permutation),
KOTODEIH U HEePEeBONUTCA KaK «IIepPecTaBJATh» («mepecTaHoBKa»). Ha-
upunmep, P, =3! =6, P, =71 = 5040 r T. n.

§19. cramcImka —
AM3AMH MHDOPMALIMM

Haunem ¢ xoHKpeTHOro npumepa. onycrum, uro B 9-x Kiac-
cax «A» u «B» uamepunu pocr (8 caErumerpax) 50 yuenuxos. Iloay-
ymica Habop ua 50 gmcesn. Bpan i1u camoe MaleHBKOE M3 HUX GyAer
meHbIIe 140, a camoe Oonwmioe — OGosnine 200. Mosxuo, cobmronas
OYEPESHOCTh N3MEpPEeHMUil, BhINCATh BCE JAHHEIE B CTPOYKY Yepes 3a-
oaATyio. MOKHO PACIONOKUTh UX B JBE KOJOHKH B COOTBETCTBHU
¢ KJIaCCHBIMHU cnucKaMu. MOKHO KaK-TO 3amIiCaTh UX B BUAe Ta0aMILI
5% 10 u 7. u. B urore 6yger cobpaHa mojHasa MHPOPMAIUA O IIPOBE-
JeHHOM m3MepeHnu. K COXalleHHIo, TpaKTUYeCKH IpH JIioboM crocode
PACIIOJIOMEHUSA abCONIOMHO 8Cex NAaHHBIX 3Ta HHpOpPMAamUA TPYAHO
4UTAETCA: OHA HE HAIVIANHA, 3aHHMAaeT MHOIO MecTa, HUKaK He yIIopda-
JOYeHa U T. [I.

A 1npexacraBeTe pesysabTaThl, cocrosmue He n3 50 naHHEBIX, a B3
500, 5000 mnu m3 MuIMOHOB pasanyHbIX uucesa! Haopumep, umcio
U pasMephl BKJIaJoB B COepbaHKe 3a TeKyIIuil rog UJHU JaHHbLIE
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0 TIPOM3BOJUTENLHOCTH TPYAA Ha NPEeJUPUATHAX Kakoi-HUOYAL oTpac-
JI TIO Bceil cTpaHe, Pe3yabTaThl rOJIOCOBAHMS 110 BCeM M30upaTensb-
HBIM y49acTKaM M T. I. EZMHCTBEeHHBIHM PasyMHBIHM BBIXOJ — KaKHM-
T0 0oOpasoM npeobpasceéamdb TEPBOHAYAJILHBIE HAHHLIE M3MEPEHUS, B
IIEPBYIO OYepeihb 3aMETHO YMEHBIINB UX o0liee KoamdecTBo. OgHa U3
OCHOBHBIX 3aJa4 CTATHCTUKH KaK pa3 M COCTOUT B Hajjexarmei
obpabdomre uHpopmayuu. KoHedHO, Y CTATHCTHKM €CTh MHOTO ZPY-
Ir'UX 3afad4: IoJydyeHNe ¥ XpaHeHNe WH(popManuy, BEIpaboTKa pasany-
HBIX IIPOTHO30B, OLEHKA MX JOCTOBEPHOCTH M T. 4. Hu oxHAa u3 atmx
nejyeil He mocTHmKHMa 0e3 0O0pabOTKY HaHHLIX.

Hrax, B mepBy0 ouepesb 3aiiMeMCs CTATHCTHUYECKHMH METOLAMHU
obpaborkm mHpopManun. Kax npasmio, mopsifzoK mpeobpasoBaHuUM
[IEPBOHAYAJNBHO NOJYYECHHOH MHGOPMAIMH TAKOB:

1) cHavaJsa AaHHBIe UBMEPEHU ynopadoiusaom U zpynnupyiom;

2) sareM cocTaBAAIT Mabauybl pacnpedenenus OaHRbLY;

3) Tabnmupl pacupesesieHusa NePEBOJAT 6 2paduru pacnpedenenus;

4) HaKOHeI], IOJYJalOT CBOETO POAA Nnacnopm 0aHHbLX N3MEPEeHNs,

B KOTOPOM cOOpaHO He0oJIbIIoe KOJUYECTBO OCHOBHEBIX YUCJLO-
BbIX XAGPAKMePUCMUK TONYUeHHON nHDopManyu.

3aduKkcupyeM OfHO KOHKPETHOE M3MEPEeHWEe M IIPOCJEN UM IIar 3a
maroM, Kax €ro JaHHEIe IIpeobpasyioTca B mporecce 00paboTku uH-
dopmarun.

Nsmepenue (). ¥V 50 paboTHNKOB rOPOACKOT0 IPEAIIPUATHA
TONPOCUNH OIEHUTH BPEM#A, KOTOPOe OHM B CPEeJHEM TPaTAT Ha IIPo-
e3x oT goMa Zo pabotel. ITonyuminch ciaeayiomue JaHHBIE B MHUHYTaX
(c TrournocTsiO 0 10 MuHYyT).

20 100 20 30 40 50 30 80 90 40
30 50 20 50 30 30 50 60 60 50
30 40 60 50 100 60 90 10 20 50
920 80 20 40 50 10 50 40 30 40
60 120 30 40 60 20 60 10 50 60

1. 'pynnupoBka undopmanmmuu. Ilepsoe, UTO cilegyer OEHUTD, ~—
3TO PAMKH, B KOTOPBIX BOOOIIE MOTYT HAaXOAUTLCA JaHHBIE H3Mepe-
Husa. Menee 10 muryT (T. . 0 MEHYT) HUKTO He 3adBHI (TEepPPHTODH-
ajgpHO oM 1 paboTa — 3TO He OZHO U TO e), a Oosee 180 MumyT
(Gonee Tpex uacoB) Ha IPOE3J O TOPOAY B OZHY CTOPOHY BPSAX JU
KTo-TO Oyzer TpaTUTh KaKJblil JeHb., 3HAUWUT, B OPUHIHIE B 3TOM
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M3MEpPEHnN MOIVIM IoJyuuThea umcaa 10, 20, 30, ..., 160, 170, 180.
Mz cocraBunu o6wuil pad danubix. JaHHBEIe pacmonaraoT, Kaxk mpa-
BUJIO, 8 nopadKe 603pacmanus.

HUrax:

Hamepenue O6uIuii pAx XaHHBIX
Bpewmsa npoespa (MuH) 10, 20, 30, ..., 170, 180

Il pmmep 1. Bunucats o0muil pAL JaHHEIX CIAECIYIOIIAX HM3Me-
peHmii:

a) MecdAl PoKAeHUSA YUYEeHUKOB Balie#d IMKOJwI; 0) ol posKIeHUs
BallMX POACTBEHHMKOB M 3HAKOMBIX; B) TOJOBOIl IIPOLEHT HAUYUCIIE-
HUY IO BKJAaJaM B DaHKe; I') HauaJbHEIE OYKBEI B IEPBOii CTPOKE CTH-
XOTBOPEHHUS.

P em e H ue. a) Bcero moxker moayuursca 12 mecanes. Ecau
IepeYnCcauTh UX He II0 HAa3BAaHHUAM, a II0 HOMEpPam, TO IOJYYUM
o0muil pag KaHHLIX:

1, 2,3,4,5,6,7,8,9, 10, 11, 12,

6) Bpag au y Bac ecTh POACTBEHHHKHM WJIH 3HAKOMBIE, KOTOPBIM
MHOT0 60asire 100 seT, a BOT HOBOPOMKACHHLIE BIOJHE MOI'YT BCTpe-
TUTHCS. SHAUUT, OOIUMH PAX LaHHBIX BeIradzur tax: 1900, 1901,
1902, ..., 2005, 2006, 2007, 2008.

B) Hukaxoit ysaxatomuii cebsa 0aak Ooxee 15 % romoseix He Aacr.
Yro xacaercs HuKHEH OLEHKH, To TyT MeHee 0,1 %, xoToprie maer
Coepbark Poccuu 1mo BKJIagam 40 BOCTPeOOBAHMA, HEBO3MOMKHO Ipe-
CTaBHUTb. 3HAUNT, B 9TOM CJAydYae OOINui psaj SAHHBIX BREIIVIAAUAT TAK:
0,1; 0,2; ...; 0,9; 1; 2; 3; ...; 14; 15.

r) B nepBoit cTpoKe CTHXOTBOPEHUS B IPHUHINIIE MOT'YT BCTPETHUTHCH
Bce OyKBH pycckoro amdasura or A go . Ciregyer HCKIIOUUTEH He-
peansubie cayuan (b, b, bl). OcraBmuecs OGyKBsl MOXKHO, HAaIpUMep,
TIepeHyMEePOBATEH IO MOPSAZKY M HepedTH K YHNCJI0OBOMY O0IeMy pazny:
1, 2, 3, ..., 29, 30. (]

IToguepkHeM, YTO OHNpPEAEACHUS B CTATHCTHUKE HE BCErZa HOCAT
CTOJIb K€ TOUHEIA XapakTep, KaK, CKaXKeM, OIpPede/IeHNs B reoMeT-
pum uau anredbpe. Hanpumep, B nyHKTe 0) npumepa 1 or goGaBiaeHus
1899 k mocaemoBareasHocru 1900, 1901, 1902, ..., 2008 ona He e-
pecraueTr ObITEH OOIMM PAZOM AAHHEIX. B nyHKTE B) BCe rOZOBLIE IIPO-
IEeHTHI MOKHO OBLJIO M3MEPATH C TOYHOCTBHIO AO AECATHIX, U TOLAA
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5. 3JIEMEHTBI KOMBUHATOPHKU, CTATUCTMKU U TEOPUM BEPOSITHOCTEM

obmuil pAx AaHHBIX cocraBuau Owl uumeaa 0,1; 0,2; ...; 0,9; 1; 1,1;
ey 14,9; 15.

IIpu npoBeZeHNM KOHKPETHOI'O M3MEPEHUs BIOJHE MOJKET CJIY-
YHTBCA TAK, YTO KAKME-TO JaHuble u3 0o0Iero paga Boobiie ue BCTpe-
TATCA. S3HAYUT, HAJO OTJINYATE PEabHO NIOJYUCHHLIC Pe3yIbTaThl U3Me-
peumsa or obiero pAga maHuablX. Hampumep, B msmeperun (M) Ham
BCTPETWINChL TOJBKO Takue pesyasrarsr: 10, 20, 30, 40, 50, 60, 80, 90,
100, 120. Kaxgoe w3 3THX UNCEJ] HA3BIBAIOT 8QAPUAHMOI U3MEPEeHU
(:2eCKONbKO HENPHBBLIYHO, HO B CTATHCTUKE HMCHOJIb3YIOT CJIOBO UMEH-
HO JKEHCKOI'0 pPoja).

Bapuanra usmepeHusa — o00uH u3 pe3yabmamos 3mozo usme-
peHua.

Eciu Bce BapMaHTH M3MEPEHMA [EPEUNCANTH [0 HOPAAKY (U Oes
[IOBTOPEHMI), TO NONYIUTCH pad OanHbLX udMmepernus. B HameM namepe-
mun (U) pag ganuaeix — aro 10, 20, 30, 40, 50, 60, 80, 90, 100, 120.

HUrax:

Hsmepenue OG1mii pax JaHHBIX Pag naHHBIX M3MEpeHUusd

Bpewms mpoesza | 10, 20, 30, ..., 170, 180 10, 20, 30, 40, 50, 60,
(Mun) 80, 90, 100, 120

IT puwmep 2. Bunucars pan SaHHBIX U3MEPEHUs, COCTOSALIETO
13 BCEX pa3HbiX OYKB IEPBHIX ABYX CTPOK CTHXOTBOPEHUMH:

a) «He roeopu HuKoMy / Bcé, 4T0 Tl BuAen, 3a6yab...»";

6) «Iro mepeBo cocHa, / U cyanba COCHBI SCHA...» .

Pemenwue.a)a,6,8,20,e ¢ 3, u,k, 1, M,H,0,D,C, M, Y, 4,
b, b. TyT ucnons3oBana 21 6yxkBa Ha 33 MecTax M DOBTOPEHHI OYKB
O4EHb MAJIO.

6)a,6,8,0 e u, K0 p,C, MY, bt, b, 9, . SEECh UCIIOIH30BAHBI
16 6yxs ua 30 mecTax, IOBTOpeHHi GoJblne, 1 B OCODEHHOCTH 3TO
oTHOCUTCS K OyxBe ¢«c» (6 mosTOpeHMI). =

Kak Mbl BUAUM, He BCe BAPHMAHTH KOHKPETHOI'O M3MEPEHUA HaX0-
ISTCSA B OMHAKOBOM II0JIOMKeHMH. Kakue-To BCTpedaloTca MHOTO pas,
KaKHe-TO peke, a HEKOTOPLIE BCTPEYAOTCA 10 OSHOMY pasy.

* 3 ctuxorsoperna O. Mangeabinrama.
" Ua ctuxorsopenus 0. Munepaiosa.
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5 - SNEMEHTHI KOMBUMHATOPUKM, CTATUCTMKM Y TEOPMM BEPOSITHOCTEN

OnpeaeneHue. Ecnu cpenu Becex SaHHBIX KOHKPETHOTO H3Me-
PEHHsA OZHA U3 BAPHAHT BCTPETUJIACh POBHO E pas, TO YMCJIO K HA3HI-
BAIOT KPATHOCTBIO 3TOil BAPDMAHTHEI M3MEPEeHHU.

Hanpumep, B namepenun (M) Bpema 60 muHyT BCTpPETHJIOCH BO-
ceMb pas, a Bpemsa 120 MuayT BCTPETHIOCH OAHAKALI. JHAUUT, KpaT-
HOCTh BapmaHTh 60 paBHA BOCEMM, a KPaTHOCTH BapmaHThH 120 pas-
Ha egunnue. Ilepea ganpHelimeil o6paboTKOM NaHHBIE M3MEPEHUA
yzobHo czpynnuposams. Henaercs aTo Tak. I{na yaobGeTBa sanuiem
JaHHBle n3mepenusa (M) B gecATKax MUHYT.

2 1w 2 3 4 5 3 8 9 4
3 5 2 5 3 3 5 6 6 5
3 4 6 5 10 6 9 1 2 5
9 8 2 4 5 1 5 4 3 4

6 12 3 4 6 2 6 1 5 6

Byznem gBuUraThes no CTPOUKAM U 3aUEPKUBATEH OUEPEAHBIE DE3YIIb-
TaThl, 4 KajKJoe 3auepPKHBaHIE KONMPOBATh HUMKE COOTBETCTBYIONIEH
BapUAaHTHI B PALY AaHHBIX. IlepBele Tpu pesyastara 2, 10, 2 B mep-
BOJ CTPOKE 3a4epPKHYTHI B 3HAK TOTO, UTO MBI UX yiKe yuiu. JIuawmn,
KOTOPLIMH 3TH PEe3yJIbTaThl IEPEUYEPKHYTHI, IIOBTOPXM B BHIIIHCAHHOM
3apaHee o0IeM pANe AAHHBIX:

1 2 3 4 5 6 7 8 9 10 11 12
// /

Bor uTo moayumnred mocie DPOXOMKAEHUA IIEPBOH CTPOKU: B HEl
IO ABa pasa BCTPETH/MCH BAPHMAHTH 2, 3, 4 U IO OJHOMY pasy — Ba-
puauTe 5, 8, 9, 10.

1 2 3 4 5 6 7 8 9 10 11 12
AV /ol

PesynsraT mocsie IpoxXoxKAEHUSA HEPBHIX ABYX CTPOK BEIMVISALUT
TaK:

1 2 38 4 5 6 7 8 9 10 11 12
/17 TR 1T TR 7T /T

Ons yoo6cTBa IIOACYETOB BMECTO KasKAOi IATON UEPTOUKH LIPO-
BOAAT JIMHUIO ¢ APYT¥M HAKJIOHOM, KOTOPad IlepeuepPKUBAET UeTBIP:
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5. 3NEMEHTbI KOMBUHATOPUKM, CTATUCTUKM Y TEOPUM BEPOSITHOCTEN

npenslAyinNe YepTouKkM. Ha mpakTuxe, KOHEYHO, BCE IIOACUYETHI IIPO-
U3BOASAT B ONHOM MECTE: BeIb IIPOMEKYTOUHLIE PE3YJILTATHI HE HYK-
HBl. Bor KaK B HTOre 6yAEeT BHIMNIAAETH PE3YJbTAT IIOACUETA KDPATHO-
creil B HallleM IIPUMEpE:

1 2 3 4 5 6 8 9 10 12
[ TR THL T HH 1D TR TR D1 70 T

Temeps MOKHO COCTABUTHL CZ2PYNnuposarHHtuiii pad danHnsvix., B HeM
KayKjasd BapuaHTa IOBTOPEHA MMEHHO CTOJIEKO Das, CKOJLKO OHA
BCTpETHJIACH B M3MEPEHUHN, T. €. UUCJIO MOBTOPEHUIT KaK 0# BapHaH-
THI PABHO KPATHOCTH 3TOH BAPMAHTHI:

1,1,1,2,..,2,38,..,38,4,...,4,5,...,5,6,...,6, 8, 8, 9,9, 9, 10, 10, 12
—— N — —

[
6 8 7 10 8

Ha sroM sakamumBaeTCs NMEePBHIH mar o6paboTKM mHMDOpMALTN —
ee ymopAAoYuBaHUe W IPyNNHPOBKA.

2. Ta6anunoe npeacrasienue mHpopmMannu. Brecem B Tabauiy
pfAL JaHHBIX H3MEPEeHHA M KPATHOCTH COOTBETCTBYIOIIMX BapHaHT.
Monyuum mabauyy pacnpedesenus nawHsIX. BOoT Kak 3TO BHIIANUT
B uamepenun (U).

Bapuanra
1 2 31| 4 5 6 | 8 9 | 10 | 12

Cymma

KpatrrocTs | 3 6 8 7 10 | 8 2 3 2 1 50

Ecnm cnoKuTbk BCe KPAaTHOCTH, TO HMOJAYUYMTCA KOJHUYECTBO BCEX
JaHHBIX H3MePeHus — ofsem u3mepenus. Tak Kaxk onmpamuBaIun
50 paGoTHHKOB, T0 00 beM namepernus (1) paser umensno 50. Ha npak-
THKe [JJIA KOHTDPOJIA BCerfa CKJIaAbIBAIOT HAUJeHHBbIe KPAaTHOCTH Ba-
pHAHT: CyMMa JOJIKHA PaBHATHLCA O0BEMY M3MEPEHUA.

Hanee, npu o011ieil OlleHKe pacupeeseHusA JaHHBIX He OYeHb BaXK-
HO, 4TO, HAIPpUMEpP, BapuaHTa 1 mMMeeT KParHOCTh, 3 cpeiu Bcex 50

3
mauaeix. Tax Kak 30 = 0,06, To ynobuee cKazaTs, UTO 9Ta BapUaHTAa

3aHUMAET IIeCTh COTHIX 00ImEero o6bemMa uameperua, TaK M mOCTyIaror,
T. €. BEeJAT KPAaTHOCTH BApHaHTHl Ha 00beM M3MEPEHHA W I10JyYaloT
YaCTOTY BAPHUAHTEHI.
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Kpamnocmv esapuanmuot

YacroTra BAPUAHTHI =
Ob6sem usmepenus

Yacrorsl Bcex BapuaHT yAOOHO IPUNMCATH CHAEAYIOMIEH CTPOKOH
K y2Ke cocTaBiieHHOi Tabaune. IlomydyeHHyI0 Tabauily Ha3sIBAIOT Mmas-
auuell pacnpedenenus wacmom uaMepeHUA. BOT KaK 9TO BRITVIALUT B
usmepenuu ().

Bapuanra
1 2 3 4 5 6 8 9 10 § 12

Cymma

Kparaocts| 3 6 8 7 10| 8 2 3 2 1 50

Yacrora |0,06/0,12|0,16/0,14}0,2(0,16/0,04{0,06{0,04(0,02 1

CymmMa Bcex 4acTOT Bcerga paBHa 1 — Bejb 3TO cyMMa apobeii
C OAWHAKOBBIM 3HAMEHATEJEM, ¥ KOTOPHIX CyMMa BCEX YUCIHTEJeH
KaK pa3 ¥ paBHA 9TOMy 3HaMeHaTe0. [ja yrobeTBa cueTa M HOCTPO-
eHusa rpapUKOB YaCTOTHI MEPEeBOAAT B IPOIEHTH OT 00beMa u3mMepe-
HudA. Torga Tabauny pacnpefiefieHHsA AONOJHSAIOT elle CTPOKOM dac-
Tor B npoueHrax. OHa moJy4YaeTcda u3 NpeABIAYINEeH CTPOKH
ymHoxkeHueM Ha 100 % . Urax, naa usmepenusa () monydaeM Takyio
Tabaumny.

Bapuanra
1 2 3 4 5 6 8 9 |10} 12

Cymma

Kparnocers | 3 6 8 7 10| 8 2 3 2 1 50

YacroTa 0,06/0,12|0,16|0,14| 0,2 (0,16/0,04|0,06|0,04|0,02 1

Yacrora, % | 6 | 12 | 16 | 14 | 20 | 16 | 4 6 4 2 100

CyMMa Bcex 4acCTOT B IIPOLEHTAX, KOHEUHO e, pasHa 100.

3. Ipadwuueckoe npeacrasienune ungopmannu. Urax, pacopene-
JeHNe JaHHBIX M3MepeHusa yAoOHO 3amaBaTh ¢ momomibio Tabmuir. Ho
MBI 3HAEM, 4YTO U AJA QPYHKOUI eCTh mabiuvHblil cmocod mX 3ama-
Huda. Tabmauisl 06pa3yioT « MOCTUK», ITI0 KOTOPOMY OT pacIipeeseHus
JaHHBIX MOJYKHO IepeiiTu K (QPyHKIHAM u rpaduxam.



5. SNEMEHTbI KOMEMHATOPKKW, CTATUCTVKU 1 TEOPMM BEPOSITHOCTEN

OrnoxuM o ocu abenyice 3HAYEeHHS U3 IEPBOM CTPOKH TaGJMIIBI
pacIpeAesieHns, a [0 OCH OpAMHAT — 3HAYeHUA U3 ee BTOPOI CTPOKH.
ITocTpouMm cOOTBETCTBYIOIINE TOYKHM B KOOPAMHATHO 1iocKkocTH. Ilo-
JyumM rpaduyeckoe ma3obpakeHue nMmeromeiica napopmManuu — 2pa-
dur pacnpedenenus 6oi60pru. llocTpoeHHble TOUKH AJIA HATVISIAHOCTH
COeIMHAIOT OTPe3KaMu. Bor Kak 3To BeiriaAauT B usmepenuu (M), gan-
Hhle KOTOPOTO MBI yiKe IIPeACTaBMJIN B TaOJMYHOM BHAE.

IIo ocm abeumce 1 2 3 4 5 6 8 9 10 | 12

IIo ocu opaunar | 3 6 8 7 10 8 2 3 2 1

Ha xoopguHaTHOI IJIOCKOCTM MbI HOJYUYMJIHN JOMAHYIO JUHHUIO
(puc. 134}, KoTopasa aABaAeTcA rpa@HKOM HEeKOTOPOil KyCOUHO-JINHEeH-
HO# (yHKINuM. Ty JOMAHYI0 HA3LIBAIOT MHOZOYZO0NbHUKOM HJIHN
noauzonom pacnpedenenus paHabIX. CoOCTBEHHO, polygon # IepeBo-
JUTCA KaK «MHOTOYTOJLHUKS,

TouHO Tak e cocTaBjieHHble TAGJHILI paclpexesleHUs 4acToT U
pacrnpejesieHNA YaCTOT B IPOIEHTAX IO3BOJIAIOT IIOCTPOUThL MHOZO-
Y20lbHUK Yacmom U MHOZOYZOAbHUK wacmom & npouenmax. IIna na-
TJISAHOCTH B INPAKTHYECKHX IPUJIOKEHHAX yAobGHee MCIOJL30OBAThL
MHOTOYIOJILHAKH 4acTOT B IIPONEHTAaX: B HMX M3MEHEHMS II0 OCH Op-
auHat oT 1 xo 100 Gosiee BoIpasuTesbHLI, yeM uaMenenus oT 0 go 1.

Y
10+
0 1 :
8 1 I
' ! |
7 4 , !
6 + ! . l
| I ! |
54 : ' ! ! 1
1
4 R T
{ 1 | 1
3] Co
241 ! ! I ! i !
i 1 ] \ | | |
1-} | 1 1 : 1 1 1 1
—_— : N S S SN ——
Ol 1 2 38 4 5 6 7 8 9 10 11 12 %
Puc. 134
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HOCTpOHM MHOTOYTOJIBHHAK YaCTOT B NPOLEHTAX MJiAd HM3MEPEeHnA

1) (puc. 135).

ITo ocu aGceimcc

1

2

3

4

5

6

8

9

10

12

ITo ocu opaumar

6

12

16

14

20

16

4

6

4

2

Me1 BUAuM, 4YTO AasKe JJs HeGOJBIIOTO 00beMa M3MepeHU aKKy-
paTHOe «IpHdYechlBaHME» HHGOPMAIMM — JOBOJHHO KPONOTJIUBASA
pabora. IIpu omepupoBauum ¢ GoasmIMMU oOBbeMamMu HHOOpManuu
HNCIIOJBL3YIOT METOAb IPUOIMKEeHHON IPDYNIINPOBKY AaHHEIX. B Takmx
clydadax BapmaHTON M3MepeHUA ABJAAETCA He ONHO YHCJIO, a UHCIO-

BOHl HpPOMEKYTOK.

Hanpumep, B uamepennn (M) Bcex paGOTHMKOB NpPefIDHUATHAA
MOJKHO pasfeJHThb Ha TPH rpyniel. Bo-mepBhIX, 9TO TE, KTO MKHUBET
O0smsko or pabGoTel. OHM TpaTaT Ha gopory 10, 20 mau 30 muuyr.
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Bo-BTopHIX, 3TO TE, KTO KHBeT Hemaseko. IX nyTh 3aHmmaer ot 40
zo 60 musyr. Bece ocTanbHEIE KHBYT JajieKO M IIPOBOAAT B AOpoOre
6osiee yaca. Tem caMbIM MhI Pa30MIN MPOMEKYTOK MEXXKAY caMoil Ma-
JIEHbKOH ¥ camoil Gosblloil BapmaHTOil Ha IpoMeXyTKHM 1—3; 4—6;
8—12 (B mecATKax MHUHYT). BMecTo AecATH NepBOHAYANLHBLIX BapH-
aHT MNOJIYYMJIOCH BCETO TPHM HOBLIE: OJAM3KO, HEAAJIEKO, AAJIEKO.

s xaKkaoro MpoMesKyTKa MOMKHO HaHTH KOJIMYECTBO De3yJihbTa-
TOB M3MEPEHMs, IOIABIINX B 3TOT IPOMEXKYTOK. IlosyumM KparTHOC-
TH U TabJuIy pacIipeejeHNs HOBLIX BapHUAaHT.

Bapuanra
Cymma
OJIM3KO0 HEeNAJIeKO [AJIEKO
KparuocTts 17 25 8 50

Pasymee'rca, MOJKHO COCTaBHUThL M TaGJIHMIILI pacipeneseHnsa 4yac-
TOT U IIPOLEHTHHIX YACTOT HOBLIX BAPDHAHT. Bor uyto IOJYHHUTCA.

Bapmanra

Cymma
O/m3K0 HEJAJIEKO JAJIEKO

KparaocTs 17 25 8 50

YacroTa, % 34 50 16 100

TIpu Taxoii rpy6oii orfeEKe MEI KOE-YTO yTe-
pany U3 NepBoHAYAAbHOHN nHbopmanyn. Hampn-
Mep, Teneph HEeM3BECTHO KOJMUecTBO paboTH-
KOB, IIyTh KOTOPHIX COCTARIAET MMeHHO 60 MuHYT.
Ho MBI yTO-TO I mpmoOpenu: mHGOpPMALMA IIO-
Jyuma Gojiee scHOe U yAo0HOe A 00BACHEHUA
mpeacTaeieHre. Bor Kak 9To0 BRIMIAANT, HATPH-
Mep, Ha KpyroBoil auarpamme (puc. 136).

IIpu rpaduyecKoM IpeacTaBIeHUN GOJIBIIIAX
o6beM0B MHPOPMAIMY MHOTOYTOJBHUKHM pacIlpeieseHNsa 3aMeHAIoT
zucmozpammami, AN cmoabyamoimu duazpammanmu. Bel mo3Hako-
MHUTECh C HUMH B cTaplueil IIKoJe.

50%
HEAAIEKO

Puc. 136

4. Yucaonble XapaKTEePUCTUKH JAHHBIX H3MepeHua. Kayxapiil ue-
JIOBEK, KpOMe CBOMX (POpPMaJLHEIX NACIOPTHHIX AAaHHLIX, 0GJagaeT
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paaoM APYrUX CBOMCTB M KauecTB. KTO-TO Jyullle Bcex pelnaer 3aja-
YH{, KTO-TO OpIOHET, KTO-TO 3aMeYaTebHO HrpaeT Ha rurape u T. I.
OpHaxo cpaBHMTEALHO HeboJbImas macrnoprHasa mHpopmanusa (PHO,
Jara POMKAeHMsA, HOMEP M JaTa BhIGAYM HACIIOPTA) HO3BOJIAET OZHO-
3HAYHO OIpEJIeIUTh YeJIOBEKA, BLIAEJANTh €T0 Cpeiy APyTuX. ¥ JAaH-
HBIX M3MepeHHWH TOXKe eCTh CBOEro poja KPaTKWi Haciopr, CO-
croamuili 13 Habopa OCHOBHEIX XUCJA08blx xapaxkmepucmuk. Ilo-
ACHUM HEKOTOPhIe M3 HMX Ha yyKe SHAKOMOM HaM HpuMepe M3Mepe-
Hus (H).

PasHoCThs MEKIY MaKCHUMAJbHON M MHHUMAaJbHOI BapuaHTaMM
Ha3BIBAKOT pasmaxom usmepenus. B mamepennu (M) pazmax paBeH
120 - 10 = 110 munayram. Ha rpaduxe (cm. puc. 134, 135) ato gnuna
00JIacTH OmpeleseHuss MEOTOYIOJLHNKS PaclpeiesieHusa JaHHBIX WK
pacrpefeneHua 4acToT.

Ty BapmaHTy, KOTOpas B M3MEPEHMH BCTPETMJIACHL YaIlle APYTHX,
Ha3bIBAIOT MO000l usmepenus. Eciun namHble maMepeHnd ysxe cobpa-
HEI B ABYXCTPOUYHYIO TaGJaMIly pacupefeseHUsA, TO AJf HAXOMKJICHUA
MOABI CJEAYET:

— BO BTOPOil cTpoKe (KPaTHOCTh) BHIOpATh HamboJbIIee YHCJIO;

—~ OT HaWAEeHHOrO YNCJA IOAHATHLCA HA KJETKY BBIINIE: HOJYYeH-
HOe 4HCj0 U 6ygeT MoAoil.

Ecnu nannnie n3MepeH#A IPeCTaBICHLI rpaduecK B BULe MHO-
royTOJbHUKA pacipefejieHud, TO MOAA — 3TO TOYKA, B KOTOPOHA J0-
CTHUTaeTca MaKCHMMYM MHOTOYroJILHUKA pacupefnenenua. Hanpmmep,
B nsmepesnu (M) moza pasna 50 muryram — Haubosabliee YUCIO pa-
6orEHKOB (10) MMEeHHO TaK OLIEHMBAIOT BPeMA CBOEro IIpoesza.

HaunbGonee Bamuoil XapaxTepuACTHKON YHUCIOBOrO pARA HAHHBIX
ABNAETCA cpedHee 3HAYeHue (cpedHee apudmemuyeckoe, WIN TPOCTO
cpednee).

Hdas naxoxmdenus cpeOHezo 3HaxveHus caedyem:

1) npocymmuposams 6ce OanHbie U3MeEPEHUS;
2) noayuenuyio cymmy pazdenrumo HA KORUYECME0 JAHHBLX,

Ona noxcuera cpegHero 3HauyeHHs YAOOHO HCIIOIL3OBATL CrpyIl-
HYPOBAHHLIA DA AaHHBIX. BOT KakK aTO BRIMIAZUT B usMepenuu (U1).
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CrpynnupoBaHHBIA PAX XAHHBIX M3MEPEHK:

1L11,2..,23,..3,4..45,..,5,6,..,6, 88, 9,9,9,
[ N = R NS S S — ——
3 6 8 7 10 8 3
10, 10, 12

Haiinem cpeaHee 3HaUYeHUE:

1-3+2.6+3-8+4-7+5-10+6-8+8-2+9-3+10-2+12-1 _
50
_3+12+24+28+50+48+16+27+20+12 _
50

HyT). 3HAYHUT, cpeaHee BpeMA IIpoesza IJisd ONpPOLUeHHBIX PaGOTHUKOB
cocraBiaaetr 48 MuUHYT.

Ecam tabiaunma pacnpezielleHNsa 4acTOT JAHHBIX YKe M3BECTHA, TO
cpefHee 3HaYeHMe MOJKHO BREIYMCIATH IIPAMO o Heit. CMorpure:

1.3+2-6+3-8+...+12.1 3 6 8

=1-=+2.—+3. . =+..+
50 50 50

4,8 (mecAaTKOB MU-

1
+12 -53.

Bcee npobu B nmociaegueit cymme — 9TO 4aCTOTHL BApHAHT, KOTOPHIE
CTOAT Ilepel dTHUMH APOGAMH B KauecTBe MHOKHTeNel. 3HAYHUT, B
Tabaulle pacnpeAeeHNs YaCTOT MOKHO IPOCTO IePeMHOMKHUTEL YHCAA
B Ka’K/JOM CTOJIOIE U 3aTEM CAOXKHUTH BCE IIOJTYyYEHHEIE IPON3BEAEHUS.

Bapuanra
1 2 3 4 5 6 8 9 10 | 12

Yacrora | 0,06 (0,12|0,16|0,14| 0,2 {0,16|0,040,06|0,04|0,02 1

IIposepsitre: 1 - 0,06 +2-0,124+3-0,16+4-0,14+ 5. 0,2 +
+6-0,16+8-0,04+9-0,06+ 10 0,04+ 12 - 0,02 = 4,8,
ChopmynaupyeMm oblmee mpasuio.

das nHaxonOenus cpedrezo 3HaAYEHURL OAHHBLX U3MEPEHUR MONCHO:
1) kaxnclyro sapuanmy YmMHONCUMb HA €e HaCcmomy;
2) croxcums 8ce NORYYeHHbLe NPOU3BEOeHUA.

MEI 3aKOHYMM JTOT maparpad eme OJHMM KOHKPETHRIM IpHMe-
poOM M3MepeHUs, KPAaTKO HNOBTOPHUB AJNS Hero Bce maru 1)—4) obpa-
60oTK; maHHHX (cM. c. 183).

7 Mopaxoeuy, 9 xi., 9. 1 193



5. MEMEHTbI KOMBMHATOPMKK, CTATUCTUKM U TEOPUM BEPOSTHOCTEN

II pumep 3. Ha scrynuresbHOM NHCEMEHHOM SK3aMeHe II0 Ma-
TeMaTHuKe MOXKHO noay4uTk oT 0 go 10 6anmoB. Copok abuTypueHTOB
TOJNYYNIN TAKFE OLEHKH:

6 7 7 8 9 2 10 6 5 6
7 3 7 9 9 2 3 2 6 6
6 7 8 8 2 6 7 9 7 5
9 8 2 6 6 3 7 7 6 6

a) CocTaBUTL OO PAJ JAHHBIX; YIOPALOYNTE ¥ CIPYIIINPOBATD
TIOJIyuYeHHbIE OLEeHKH.

6) CocTrasuTh TabJMIEI pacIpee/eHus JaHHbIX M paclupeneseHus
YacToT.

B) ITocTpouTs rpaduKHu pacupeleseHNA JaHHBIX M pacupeneeHns
YacToT.

r) Haitru pasmax, Moxy M cpeiHee M3MeDEeHUA.

P e e H ue. a) B npunnune Bo3aMoKHEL Takue oueHku: 0, 1, 2,
3,4,5,6,7,8,9, 10. 3to o6uiuii psd danHbix. B KOHKPETHO IpeJIo-
KeHHOM HM3MePEeHHM BCTPeTHJIHCh TOJABKO Takwue oueHkm: 2, 3, 5, 6,

7, 8,9, 10. 310 pad danrnbix, BCce UuCiIa B HEM — 8APUAHMbL U3Mepe-
Hus. Hakome,

2,...2,3823,3,55,6,...,6,7,...,7,8,...,8, 9,...,9,10 —
5 11 9 4 5
3TO C2PYNnupoBarnHbulit pad GaHHbLLX.
6) Bcero BeictrasieHo 40 onenok. 3uaunt, 40 — aTo 06%eM JaHHO-

ro uamepeHusa. CoGepeM KpaTHOCTH BCEX BOCLEMM BapMaHT B TaGJIHILY;
TIOACYNTAEM M BHECEM B TY Ke TabJNIly Bce YaCTOTHI.

Bapuanra

Cymma
2 3 5 6 7 8 9 10

Kparrocts 5 3 2 11 9 4 5 1 40

Yacrora 0,125/0,075! 0,05 {0,275|0,225| 0,1 |0,125|0,025 1

Yacrtora, % | 12,51 7,5 5 27,5 122,5¢ 10 {12,5| 2,5 100
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5. 3NIEMEHTbI KOMBMHATOPUKI, CTATUCTUKM U TEOPMM BEPOSTHOCTEN

MHOroyroJipHUK pacipefeieENa JaHHBIX
KparHocTh
BapWAHTEI

i |
11l
104

©

= N W s oty

+ —
10 Bapuanra

O

e SR S U P o
R, T
O+ - m - - -

o
N G- = -

w +-

[N

ot 4 — —

[0 TS N

Puc. 137

MBHOroyroJIbHMEK pacnpegeJeHus YacCTOT
YacroTa
BapUAHTEI

v

t B

10 BapuanTa

[ T
O 4= = =

I
I
1
1
1
]
1
|
6

Puc. 138

—
N+ -
0 4+~ =
[N

ot
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5. 3JIEMEHTbl KOMBMHATOPUKW, CTATUCTMKMU U TEOPMU BEPOSTHOCTEN

MHOroyroasHHMK pacnpeaeieuus yactor (%)
YacroTa

BapHaHTLI, %
y
30 “

25 +

20 1

15+

t — X

10 Bapuasnra

o] Fm - m = = = = - -
oo
O d- = — — —

(928
-y
I
|
|
|
|
[}
}
}
F N S P O U U

Puc. 139

B) Ilonyuennaa tabamuma pacupefesieHHA IO3BOJAET IIOCTPOUTH
TPU MHOTOYTOJBLHHUKA PaclpejesieHua: JaHHBIX, YaCTOT M YacTOT B
npoueHTax (puc. 137—139).

ITo cyuiecTBy, pasiamumsa B 3THX I'PadyKax COCTOAT TOJBKO B BHI-
Oope eaMHNI] n3MepeHuaA U MaciuTaba 1m0 OcHM OPAUHAT.

r) BepHeMcA K NEepBOHAYANBHBIM AAHHBIM. Pasmax msMepeHUdA
paBeH 10 — 2 = 8. Moda paBHa 6 — 3Ta OLEHKA BCTPETHJIACH dalle
Apyrux. HaxoHen, BEIYUCIHM cpedHee 3Hauenue:

2-5+3-3+5-2+6-11+7-9+8-4+9-5+10-1 _
40

=245 _
=£2=612. @&

§ 20. NPOCTEMLME BEPOSITHOCTHBIE
3AAYM

C HeKOTOPHIMM KOMOMHATOPHEIMHM 3aAadaMy MBI yiKe
BeTpevanuch B § 3 u 18. B xampoii n3 HUX MBI IOACUNTHIBAIN KOJIW-
YeCTBO BCEBOSMOJKHEIX KOMOMHanmii, KOTOphle TeM HJIM HWHBIM CIIO-
co060M MOYKHO COCTABUTH, MCXOASA M3 YCJOBUA KOHKPETHOH 3azauil.
Hanpuwmep, u3 nudp 1, 5, 9 MOXKHO COCTaBATH POBHO IIECTH TPEX-
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5. 3JIEMEHTbI KOMBUHATOPUKK, CTATUCTUKM U TEOPMM BEPOSITHOCTEN

3HAYHBIX yuces Oe3 moBTopAmomuxea mudp: 159, 195, 519, 591, 915
n 951. A Kaxyio 4acTh M3 HUX COCTABJIAIOT, HAIPUMED, YHUCJIa, KpaT-
Hble 0ATH? BUAHO, YTO M3 3THX LIECTH YHCEJ TOJBKO ABa YMCJIa Je-
JATca Ha mATh: 195 n 915. 3mauwmT, uncaa, KpaTHHE IATH, COCTAB-
JIAI0T 00HY mpemsp OBLIETO YHCA BCeX COCTABJEHHBIX Yuces. B Teopun
BEPOATHOCTE TOBOPAT B 3TOM CJydae TakK:

1
§ — MmO 6epoAmMHOCcMb Mozo, “mo mpex3HaiHoe vucjao, cocmas-

JleHHOoe u3 nenosmopsawuxca yugp 1, 5 u 9, 6yldem Kpamuo namu.
PaccmoTpuM ele HECKOJBKO NPUMEPOB, CBA3AHHBIX ¢ NMOAOOHOI
curyanueii.

IIpumep 1. Us uudp 1, 5, 9 cayuaitueiM o0pa3oM COCTABJISIOT
Tpex3HauHOe YNCJ0 Oe3 moBropaloniuxcd uudp. Kakosa BepoATHOCTE
TOr0, YTO HOJYUYHTCH UNCJIO:

a) coaswmee 500; 6) KBagpaTHHHA KOpPeHb U3 KOTOpPOro He 0oJbLie
24; B) KpaTHOe TPEM; I') KPaTHOE AeBATHT

Pemeunune.

a) U3 mecrn BosMoXkHEIX umcen 159, 195, 519, 591, 915, 951
nepBrle ABa umciaa 159, 195 menpme 500, a mocrenume YeThIpe YHC-
aa 519, 591, 915, 951 Goxsmie 500. 3maunt, yucaa, Goapmue 500,

4_2
COCTaBJIAIOT ABE TPEeTH (6 = § OGH.IBI‘O YHCJa MCXO0A0B M MCKoOMasa

2
BEPOATHOCTL PaBHAa E .

6) Tax Kak 242 = 576, To XKBagpaTHEIe KOpHHU M3 uucex 159, 195,

519 meHbmIe 24, a KBajpaTHBIE KOPHU N3 uncen 591, 915, 951 Goas-
me 24. 3HauUMT, HYKHbBIE HAM YHCJA COCTABJAIOT IOJOBHHY OOIIEro

1
YyHncia UCX0A0B M HCKOMadA BEPOATHOCTH PABHA E-

B) Cymma mudp Kamamoro us mectu umcesa 159, 195, 519, 591,
915, 951 paBHa 15, T.e. geaurca Ha 3. IloaTomMy Kamaoe U3 MIECTH

6
YuceJ KpaTHO 3. Tax kax E = 1, TO NCKOMAasa BEepPOATHOCTH paBHA 1.

r) Cymma nudp Kaxaoro ua umcesa paBHa 15, T.e. He Jeamtcs
Ha 9. IloaToMy cpefiu 3THX IIECTH uUMceJ BOOOIe HeT uuces, Kpat-

0
HEIX 9. Tak Kakr ri 0, To mcKoMas BepoATHOCTH paBHA 0.

OrBem a) %; 0) —;—; B) 1;r) 0.
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5. SJIEMEHTHI KOMBUHATOPUKM, CTATUCTUKU U TEOPUM BEPOSTHOCTEM

ITpoananusupyem pemienye npuMepa 1. B myHKTe B) oTBeT MOX-
HO OBLJIO IIOJIYYUTh, He BHEINMCHIBAA U JasKe He MOACUUTHIBAS BCe BO3-
MOXKHBIe Tpex3HauHBle uynesaa us mudp 1, 5, 9. Ilpocto npu mepecra-
HOBKaXx uudp ux cymma 15 He MeHsercs, T. e. Bce Unca GYAYT KpaTHEI
TpeM. 3[ech MBI UMeeM [eJI0 ¢ docmosepHbim cobbimuem. OHO IPOU3O0H-
JeT mpu JoboM crocode COCTaBJIeHUA TPeX3HAYHOro yucaa us mudp 1,
5, 9 6e3 moBTOopAOUINXCA Hudp. B IyHKTe T') HMKaKoe U3 YHUCeJ, KOTO-
Phle BooOIIe MOKHO COCTaBUTh U3 udp 1, 5, 9, He genmTea Ha 9. 3gech
MBI BCTPETHJINCH C He803MOMCHblM cobbimuem. OHO HUKOTAA He IIPO-
M30#AeT IpM COCTABJICHNM TPeX3HavHOro umcja us mupp 1, 5, 9 Ges
nosropeHnit. B nyukrax a) m 0) mHTepecyompe Hac COOBITHA MOTJIH
KaK NPOM30MHTH, TaK X He NPOM3OHTH IPH CIAYyUYAHHOM COCTABJICHUU
Tpex3HayHoro uucia. Taxue coOBITHA Ha3HIBAIOT CAYYAUHbIMU.

IIpocreitmuit 1, HaBepHOe, HaubOJiee N3BECTHBIN MCTOYHUK CJIY-
YafHBIX cOOBITMH — 37O Mrpa «OpJaAHKa»: MOHETKY NOAGpPachIBaloT
U CMOTPAT, KaKafd U3 €€ CTOPOH, «OpeJi» MM «PEeIlKa», BHIIAJET.

O6paTuTe BEMMaHMe Ha HOBEIe TEPMHUHEI: CcJydaiiHoe coObITHe,
IOCTOBEPHOe COOLITHE, HEBO3MOMKHOE COOHRITHE.

Il p n m e p 2. MoseTy moa0pacEIBalOT TpY pa3a. KakoBa BepoAT-
HOCTb TOTQ, UTO:

a) Bce TPH pasa BHIIAJET «pelIKa»; 0) «pelIKa» BBHIMAAET B ABA
pasa uaime, YeM «Opeji»; B) «Opej» BEIIDAAET B TPH pasa daiie, 4yeM
«pPenIKa»; r) Ipu MepBOM M TpeThbeM INoAOpachiBAaHHW De3YJbTaThi
OyayT pasjuyHbBI?

Pemenwune. CocraBum gepeBo BapuaHToB, 0603HaYMB O — BEI-
najgeHue «opJya» U P — BoimaseHue «pemin» (puc. 140). Mur sugum,
YTO BCEro BO3MOXXHEI BoceMb HMcxomos: 000, OOP, OPO, OPP, POO,
POP, PPO, PPP.

a) «Pemxka» BeIIazeT TpH pasa TOJBKO B OJHOM M3 BOCBMH HCXO-

1
JOB. 3HAUNT, HCKOMAas BEpOATHOCTH PaBHA i 0,125.

6) 13 BocbMHK BO3MOKHEIX MCXOJ0B TOJBKO B TPEX CAYyJaAX «pell-
Ka» BBIIAjeT B ABa pasa uaire, ueM «opei»: PPO, POP, PPO. 3ua-

YNT, ICKOMAasa BEepPOATHOCTHL pPaBHA % = 0,375.

B) Ecam «pemka» BBIIIasa XOTH Pas, TO «OPJIOB» NOJIKHO OBIThH He
MeHee Tpex. Ho Torma nmoaOpaceiBaHui OyJeT HUKAaK HE MeHbIIe YeThi-
pex, a UX II0 YCJIOBHIO BCEro TPH. S3HAUMT, YKA3AHHOE COOLITHE HEBO3-
MOKHO. Brpouem, MOXHO mpocTo nepedpaTh Bce BOCEMB BO3MOMKHBIX
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5. 3NEMEHTbI KOMBMHATOPUKW, CTATUCTMKA Y1 TEOPMW BEPOSTHOCTEM

V2 NN
"/\T "/\T T/\T /)

000 OOP OPO OPP POO POP PPO PPP
Bcero: 8 ucxonos

Puc. 140

HMCXOJ0B ¥ YBUJETh, YTO HM OJAWH K3 HUX He noaxoauT. Tak, HCKO-
Mas BepoATHOCTH pasHa 0.

r) U3 BocbMy BO3MOKHBIX MCXOAOB MHTepecylollee HAaC COOBITHE
npougoieT B CJeAYIOIINX deThIpex caydaax: OOP, OPP, POO, PPO.

4
3HauuT, ICKOMaA BEepOATHOCTh PAaBHA 3 =0,5.

OrserT: a)0,125; 6)0,375; B) 0; r)0,5.

B peasbHOCTH MOHETKA MOXKET He TOJBKO YIIACTh HAa OZHY M3 CBO-
MX CTOPOH, HO M NPUCJOHUTLCA K CTEHe MM HOMKE CTyJa, MOMKeT
VKaTUTLECA AOBOJBHO AAJIEKO, €e MOKET KTO-TO CXBATUTh M yOerKaThb
H T. II. flcHO, YTO IpK NOACUYETAX BEPOATHOCTEH HEBO3MOIKHO MJIH, IIO
Kpaiimeil Mepe, 04eHb CJIOMKHO yUeCTh Hoao0HuIe cayuyan. Ilosromy 3a-
paHee AOrOBapMBAIOTCH, UTO IIPH IOAODACHBIBAHMM MOHETKH BO3MOMK-
HBI TOJIBKO ABa CIydasd — «Opeji» WIK «pelIKa» ¥, 0oJjiee TOro, 4TO
3TH CJIyYay PABHOB03MONCHbL MeXIY co00i. 3TO 03HA4YaeT, YTO Bepo-
ATHOCTDH BHINAJEHHUA «OpJia» NPH OAHOM IoaGpachIBAHMY MOHETKH 3a-

. |
paHee npeano.naeaemc;z pasHou E U COOTBETCTBEHHO BEPDOATHOCTH
BBRIINIAJEHNA <«PEIIKH» IIDH OAHOM nouﬁpacmBaHnn MOHETKH TaK&Xe

|
npe&nonaeaemca pasHou E . I'Ionyqae'rca HeKada «HujeajibHadg» MO-
HeTKa, NN npoc'reﬁmaa 8ePOAMHOCMHAA modenn peaJIbBHBIX MOHET.
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5. SNEMEHTbI KOMBMHATOPMKW, CTATUCTMKU Y TEOPM BEPOSTHOCTEH

Pasauune TyT mpuMepHO TaKoe 2Ke, KAK MEKAY PEAJLHBIM aBTOMO-
OuseM ¥ MaIIMHOM, KOTOpad, KaK 5TO OLIBaeT B TEKCTOBBIX 3ajadax,
Ha NMPOTAMKEeHNH HEeCKOJBLKHX YacOB eJeT ¢ IIOCTOAHHOM CKOPOCTHIO 10
npamosinHeifHOMy 11occe. KoHeuHo ke, ¥ nmpaMoJimHeiHOCTS Imocce,
M PAaBHOMEDHOCTh JBUIKEHMA, Aa ¥ IPOCTO «PACCTOAHMNE MEXKAY IYHK-
TamMu A u B> — 310 TOJBKO MoOeAu peanbHBIX curyanuii, OpHaro
IJIA TIPOCTEMIINX, [IEPBOHAYAJIBHBIX IIOACYETOB KaK pa3 U HYKHEI IIPO-
CTBIe MOJEJIM: BeAb AeCTBOBATh B CJAO0MKHEIX MOAEAAX HAMHOTO CJIOMK-
Hee!

WUrax, MBI NPUXOAUM K CJEAYIOLIEMY cHOCOOY IOACUYETa BEpOAT-
HOCTH CJIy4ailHOTO COOBITHA. ClenuaIbHO MOAUEPKHEM, YTO dTOT CIIO-
Cco0 IPUMEHHUM MOJbKO B Te€X Caydasdx, KOrAa BCe MCXOALI HEKOTO-
POTO MCIIBEITAHUSA PAGHOBO3MONCHDYL.

( KJACCHYECKAA BEPOATHOCTHAA CXEMA )

Has Haxoxdenusn seposmuocmu caAy4aiinozo cobbimus A npu npo-
8e0eHUU HEeKOmOp0zO UCNLLMAHUA caedyem:

1) naitmu yucao N acex 803MOMCHBLX UCX0008 DAHHO20 UCNLLMAHUS,

2) nHaitmu woauvecmao N(A) mex ucxo008 ucnvlmanus, 6 KOMo-
poix Hacmynaem cobvimue A;

(4)
3) Haiimu uwacmnoe N > OO U 6ydem pasHO 8ePOAMHOCMU

\co6btmuﬂ A, )

IIpunaro sBepoATHOCTL coObITHA A 00o3HauaTh P(A) (00bACHeHUE
Takoro 0003HAaYE€HHUA OUYEHBb IIPOCTOE: «BEPOATHOCTH» INo-GpaHImys-
cxu — probabilité, mo-auraumiicku «BepoATHO» — probably). Urak,

[P(A):—N(TAl.]

HJoBosbpHO yacTo NyHKTH 1)—3) IprBeAeHHOH KaaccHyecKoil Be-
POATHOCTHOM CXEMEI BBRIPAMKAIOT OAHOM JOBOJIBHO IJIMHHON (pasoii.

KJACCHYECKOE OIPEAEJIEHHUE BEPOSATHOCTH
Bepoamnocmoio cobbimus A npu nposedenuu HeKOMOPOZO UCNbL-
MAHUA HA3bIBAIOM OMHOULEHUE YUCAA meX UCX0008, 8 pe3yibma-
me Komopbuix Hacmynaem cobbimue A, K o0wemy wucay écex (pas-
HOB03MONCHBLX Mexwdy co00il) ucxofo8 amozo ucnblmanus.
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5. DEMEHTbHI KOMBAHATOPUKN, CTATUCTMKU U TEOPWW BEPOSTHOCTEA

B uyactHOCTH, ecam coOblTHe A HeB803MONCHO TIPM IPOBEACHHUA

HEeKOTOporo ucnuitauua, To N(A) = 0 u mosromy P(A4) = iv(—]\f-)- =
= % = 0. Hanporus, docmosepHocmby coOHITHS A NpU IPOBEAEHUH

HEKOTOPOTO MCHEITAHKMA O3HauaeT, uTo N(A) = N u nostomy P(4) =

IIpunmep 3. B npaBunsHOM geBaTuyronbauke ABCDEFGKL
cIydyaiHBIM 00pasoM IIPOBEJH OAHY M3 guaroHaneii. Kakosa BepodAT-
HOCTB TOTO, YTO:

a) no o0e CTODOHEI OT Hee JIE)KHT OAMHAKOBOE KOJHUYECTBO Bep-
LI¥H;

0) 10 OAHY CTOPOHY OT AMAroHaJM OyAeT JexaTh Oojiee IBYX Bep-
TIMH;

B) J¥IaTOHAJIL OTPE3AeT OT AEBATHUYIOJABHMKA KAKOM-TO TPeYTOJAbHIK;

r) OAWH M3 KOHIIOB AMATrOHAJM — BepinuHa L wau BepmuHa D?

Pemenue.

a) Bue sr000it guaroHanu gexuT ceMb BepIyH. Tak Kak 7 — 4KCIO
HeueTHoe, TO 10 00e CTOPOHEBI He MOXKET JIEXKATh OAMHAKOBOE KOJIIIECTBO
BepIIMH. 3HAYHUT, 3T0 HEBO3MOYKHOE COOBITHE, €T0 BEePOATHOCTDL paBHa 0.

6) Ecau o ogHy CTOPOHY OT AMATOHAJIM JIEKUT OZHA BEDPIIHHA, TO
IO APYTYIO CTOPOHY — IIECThb BEPILIMH; €CJX IO OAHY CTODOHY JIeKAT
ABe BEepIIMHEI, TO IO APYTYI0 CTOPOHY — IATH BepmiuH (puc. 141a);
HaKOHell, ecJI¥ II0 OAHY CTOPOHY JIeKaT TPH BEePILIMHEI, TO II0 APYTYI0 —
yeTwsipe (puc. 1416). Mm Buamm, uTo B J1000M Cjydae XOTA OBI C
OAHOIl CTOPOHH JexuT 6Gojee ABYX BepIINH. S3HAYHUT, MBI MMEEM JAEJI0
C JOCTOBEPHBIM COGHITHIEM, €r0 BePOsATHOCTH paBHa 1.

Puc. 141a Puc, 1416
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5. JIEMEHTbI KOMBMHATOPHKW, CTATUCTAKM U TEOPMM BEPOSTHOCTEH

Puc. 142 Puc. 143

B) CHavuaJya IpHAeTcA MOCYUTATh KOJIMYecTBO N BCeX AWaroHaJe.
Hauano guaroHanm MOMKHO BEIOpaTh AEBATBHIO cmocobaMu, a KOHel —
HIECThI0 cOnoco0aMM: BeAbh HPH yiKe BRIOPAHHOM Hauaje AHAroHajb
HeJIb3s [IPOBECTH HU B 5Ty BEPIIHHY, HA B JB€ COCEIHHE BEDPUIMHBI.
Ilo nmpaBuny ymMHOKeHua noiydaerca 9 - 6 = 54 gmaromanu. Ho
IPH TaKOM MOACYeTe KAaXAYI0 AMArOHAajl b, Hanpumep DG, MBI moc4H-
TN ABAMKABI: KaK AUMATOHANBL ¢ HAaYaJoM B D M KOHIOM B (G U Kak
AHAaroHaJb ¢ HauajJoM B G M xoHNoM B D (cm. pmc. 141a). 3maunr,
Bcero nposegeHo N = 54 : 2 = 27 gmaronaJeii.

JduaroHanan, orpesaromye TpeyroJsEuKN, — aro AC, BD, CE, DF,
EG, FK, GL, KA, BL (puc. 142). Ix peBATh — CTONBKO, CKOJIBKO Bep-
9 1

muH Yy ABCDEFGKL. 3raunT, HICKOMAasA BePOATHOCTH pPaBHA 27 = 3

r) U3 Bepmmesl D MOXKHO OIPOBECTH HIeCTh AuaroHasei (puc. 143)
u u3 BepmuHsl L — croapko xke. Iloayuaercss 12 mmaromaseii, HO
OAHY W3 HUX, 4 UMEHHO AuaroHaib LD, Mbl nocuudTaayu Asaxani. Oc-
TajdbHEIe AECATh AUATOHAJel MocYMTaHbl IO OAHOMY pasy. 3HAUYUT,
MHTepecylolee Hac cobOuITHe npomsoiizer B 11 ciyuanx, a moromMy Hc-

KOMas BEePOATHOCTH PaBHA -;—;
1 11
OTrBeT:a2)0; 6)1; B) =; 1) —.
)05 6) 15 ) 25 1) =

HNmeerca TecHaA CBASL MeKAY, C OAHOH CTOPOHBI, MHOMKECTBAMH,
HX 3JIeMeHTaMH M HOAMHOMKECTBAMHU U, ¢ APYTrO# CTOPOHBI, HCHBITA-
HUAMH (OOBITAMH, DKCIEPHMEHTAMH), UX HUCXOAAMH X CAYYaHHBIMU
COOBITHAMH.

HdomycTuM, Bbl KaKMM-TO 06pasoM mepeuymcauay Bce N BO3MOMK-
HBIX HCXOAOB HEKOTOPOI'O OIKITA, MCOBITAHUA, 9KCIepUMeHTa. MOodkeT
OBITH, BBl BEIOMCAJNH STH MCXOALI B OAHY CTPOKY, Uepe3s 3aIlATYIO.
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5. SNEMEHTbI KOMBUHATOPHKK, CTATUCTMKM U TEOPMM BEPOSITHOCTEW

Bceero: N ucxonos N3 Hux: N(A) 61aronpHATCTEYOLIAX

coGrITHIO A

Puc. 144a Puc. 1446

Mooker OBITH, KaXKbIM MCXO7 3aNKCAJIN B OTAEJIBHYIO CTPOKY H CTDO-
KU IpoHyMepoBasnu. MoeT OBITh, BBl H300Pa3HIM HCXOAB KaKMMHU-
TO 3HAYKAMHK Ha JHCTe OyMard AW pPasMeCTHU/IM HX IIOZ PasHBIMHU
ApJLIYKAMM Ha SKpaHe MOHHUTODA H T. II. Ba)XH0, uro Bce N MCXOAOB
BBl PacCMOTpeJIH KaK eJUHOe MHOKEeCTBO, IEPEUNCIIeHHOe II0dJIeMeH-
THO (puc. 144a).

Teneps BaC HHTEpPECYeT BePOATHOCTH HEKOTOPOro CIAY4YaNHHOro Cco-
OBITHA A, KOTOpPOE MOXKET IIPDOM30ITH, a MOMKET M He IIPOH30HTH B
pesyJbTare IIPOBEAEHHOTO UCILEITARUA. JTO 03HAYAET, UTO COObITHE A
IPOHUCXOAMT IPH HACTYILJIEHHH MOJLbKO HEeKOMOpbLX U3 BCEX BO3MOIK-
HeIX N mcxogoB. OrMeruMm ux (3Be3zjouxku Ha puc. 1446). Torxa B Ba-
IOIeM CIIICKE BCeX MCXOZOB BO3ZHMKAET HEKOTOPOEe MOAMHOKECTBO, CO-
crodaiee u3 N(A) aieMeHTOB.

Ilonygaercd, uro caydaiiHoe coObITHe A — 3TO IIPOCTO IIOAMHO-
JKECTBO MHOJKECTBA BCEX HCXOJOB, 8 BEPOATHOCTH COOBITHSI A — 3TO
JOJN UCXOLOB, Oaazonpuamcmayiowux A, cpeiu MHOXecTBa Bcex N
BOSMO)KHBIX HCXOZAOB. B uacTHOCTH, BePOATHOCTH KAXKJOTO OTHEILHOIO

1
HCX0Za paBHa F, T. €. BCé OHH DAaBHOBEPOATHEI.

B En:xenpuBenernoi Tabinile MBI IIOKa3EIBaeM CBA3L MEMXKAY TEP-
MHAHAMH TEOpHH BEPOATHOCTEH M TEOPHH MHOXKECTB.

HcneiTanue ¢ N Mcxogamu

MHoOxecTBO U3 N 2J1€MEeHTOB

OTaebHBIA HCX0J HMCOBITAHUS

OJIeMEHT MHOMKECTBa

Cayuaitnoe cobrrrue

ITogmHOMxECTBO

HesoamoskHoe coORITHE

HYCTOG OOAMHOXECTBO

HocToBepHOE COGHITHE

HOAMHOJRECTBO, COBIIagamwiIiee
CO BCEM MHOMKECTBOM

BepoarHocTr COGBITHSA

,IIOJIH 9JIEMEHTOR IIOAMHOM eCTBa
Cpean BCEeX 3JIEMEHTOB MHOXXECTBa
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5. SJIEMEHTbl KOMBUHATOPUKM, CTATUCTMKM Y TEOPMW BEPOSATHOCTEN

Oba cronbma B aToi Tabauiie MOIyT OBITH IPOZOJIMKEHEI: HOBBIX
IOHATHN K B TEOPHUM BEPOATHOCTEli, M B TEOPHM MHOMKECTB XBaTaer.
Kax mopm 9T0M «II€pexXoguTh» IO CTPOYKAM — BeChMAa CJIOMKHBIH BO-
mpoc. MH orpagauuMcs TOJIBKO HeOONBIINM IPOABMIKEHNEM M HAYHEM,
Kak oOLIYHO, ¢ IpuMepa.

IIpumep 4. 17 rouek u3 50 moxpamensl B CUHUI IiBer,
a 13 Touek M3 OCTABIIMXCA IOKpalleHH! B OpaHyKeBHI 1Ber. KaxoBa
BEPOATHOCTH TOTO, UTO CAYUIANHBIM 00pa3oM BRIODAHHAS TOYKA OKaMKeT-
csa: a) cuHell; ) He OpaH)KeBoif; B) OKpAIIeHHOI; I') HEOKpalIeHHOH?
Pemenue.

N(cunue moyru) 17

P = = =— = 0,34.
2) N 50
6) P = N(ne opanicesan mouka) _50-13 _ 0,74.
N 50
N(cunsaa unu oparniesas mouika
5) P = ( /4 )=17+13=0,6.
N 50
50 - (17 + 13
r) P = _(T” = 0,4. 1|

OnpeaeneHue. CobriTre B Ha3LIBAIOT NPOTHUBOIOIOMKHBIM CO-
ObITHIO A, ecau cOOBITHE B IPOMCXOZMT TOTZA M TOJBKO TOIZAA, KOTAA
He npoucxogut cobnitve A; obosnauenue: B = A. Cobuitusa A u B Ha-
3BLIBAIOT HECOBMECTHRIMHM, €CJIM OHH He MOI'YT MPOHMCXOLHUTH OZHOBpE-
MeHHO.

HecoBmecTnbie coORITHsS M300paKaloTCsa HellePeCeKAIOUIMMUCH
IIOAMHOXKeCTBAMM MHOJKECTBA BCeX MCXOAOB ucmbiTaHuA (puc. 145).

A

A u B HeCOBMECTHBI
Puc. 145
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5. JJEEMEHTbI KOMBAHATOPUKW, CTATUCTMKW Y TEOPMU BEPOSTHOCTEN

Tunuunblif npuMep HeCOBMeCTHHIX COOBITHIi: Ji00oe cobniTme A m
NPOTHBONOJIOXKHOE coObITHE A.

JloKa3aTesbCTBO CJAEAYIOLIe#l TEOPEMEI, II0 CYLIeCTBY, IIOBTOpSET
pelleHne puMepa 4s).

Ecau cobimus A u B Hecoémecmrbl, mo éepoam-
Teopema 1 HOCMb Moz0, Ymo Hacmynum uiu A, uau B, pasna
P(A) + P(B).

HoxasarenbcTBo. O6o3naunm OyxBoi C MHTepecylollee HAC COOBI-
tre. CobnlTHe C HACTyIIaeT TOrjJa M TOJBKO TOTJA, KOI'ZAa IIPOUCXOAUT
xoms 6vl 00HO u3 cobvimuii A unu B, Taxk kax A u B HeCOBMECTHEI, TO
N(C) = N(A) + N(B). Paggenum o0e uacTm 3TOr0 paBeHCTBA IOUJICHHO
Ha N — 4YHCJIO BCeX BO3MOKHEIX MCXOAOB HCHBITAHHA. Ilomyumm:

N(C) _ N(A)+ N(B) _ N(4) + N(B)
N N Y N
Teopema moxasaHa.

P(C) =

= P(A) + P(B).

Jlia Toro uTo0bl TeopeMy 1 3anmmcaTh ¢ HCIOJL3OBaHNEM (HOpMyI,
HYXHO KaK-TO HA3BaTh U O003HAYUTH COOBITHE, COCTOAILIEE B HACTYII-
JIEHHHM XO0Ta ObI OJHOI'0 M3 JBYX AAaHHEIX coOnituit A m B. Takxoe co-
OnITHE HAaSLIBAIOT cymMoll coOsiTuit A 1 B u obosHauaior A + B. Ilpn
nepeBoOJie ONePAIUY CIOMKEHNS CIyJailHbIX COOBITHH Ha SA3LIK TEOPUH
MHOJKECTB I0JIy4YaeTcs onepanud o0beAHHEHUA MHOMXKECTB: COOTHOIIIE-
HUe x € A U B Kak pas 1 03Ha4aeT, UTO UJIK X € A, uiau x € B.

Hrar, Bor Kparkas GopMyaIHpPOBKa TeopeMbI 1:

(Ecnu A u B necoemecmuwn, mo P(A + B) = P(A) + P(B). )

Ana naxoxdenuna eepoimHocmu nPomMueoOnonLoHc-
Teopema 2 HO20 cobvimus credyem u3 eduHUYBL GbLHecmb Ge-

POAMHOCMY CAMOZ0 COOGLIMUA: P(;l) =1 - P(A).

Ioxasarenncreo. CobeiTie A + A XOCTOBEPHO: IPH JIOG0M HCXOAE
NCOBITAHHA DpOUCXoAuT aub0 cobbiTne A, Tu6O cOOBITHE A. 3HAUHUT,
P(A + A) = 1. Co6eTHe A W IPOTHBOMOJOMKHOe COGbITHE A Heco-
BMecTHBI. SHauut, P(A + A)=P(4A) + P(A). losromy 1 = PA + A) =
= P(A) + P(A) u P(A) = 1 — P(4).

Teopema AoxasaHa.
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5. DNEMEHTbI KOMBMHATOPHKM, CTATUCTMKM 1 TEOPUM BEPOSITHOCTEN

JOBOJIBHO YacTO yAOOHO MCIOJL30BATH M CHUMMETPHYHYIO (hopMy-
ay P(A) =1 — P(A). D9ro GhiBaer B TeX CIy4adx, KOTJa IOCYUTATH
BEPOSITHOCTEh IPOTHBOIOJIOMKHOIO COOBITHA IpOIe, YeM HATH Bepo-
ATHOCTBL caMoro co6errusd. TunuuHoi curyanmell sBIAIOTCA COOBITHSA,
onmucanie KOTOPhLIX UCIOJB3YET 000POT «XOTA Obl OAMH Pas3» MJIU aHa-
JIOTUYHLIH eMy.

IIpunmep 5. KakoBa BePOATHOCTH TOTO, UTO MPY TPeX IIOCIELO0-
BaTeJbHBIX OPOCaHHMAX UTPAJBHOTO KyOuKa Xora Obl OAMH pa3 BhINA-
get 67?7

Pemenwne. Ilpu ogapom 6pocannu KyOuKa PaBHOBO3MOKHBEI
Bblllagenuda 1, 2, 3, 4, 5 wanm 6 ouxoB. Ilpuz BropoM OpocaHuu, BHe
3aBHCHMOCTH OT MCXOAa IpeAbLIAyIIero OpocaHmus, BO3MOMHBI Te e
peayJabraTrbl. A Tpex OpocaHuil 10 NPABHMIY YMHOMEHUS IOJIYUaeM,
yT0 BCero Bo3MoKHO N =6 - 6 - 6 = 216 ucxozos. O603Haumm OyxBoii A
HHTepecyloee Hac coGulTHe, T. €. BBIIajenue X0Ts ObI OAHOI IecTep-
Ku. B ueM jKe COCTOMT IpPOTHBONOJOMKHOE COOBITHE A? Ono osnauaer,
YTO IIeCTePKA BOOOIe He BHINAAET HHU B IEPBLIM, HU BO BTOPOi, HH B
Tpetuii pa3. Ho Torga Bce Tpu pasa Ha KyOuKe BHINAJET OQHA K3 IATH
mubp 1, 2, 3, 4 unu 5. [IpuMeHuM elle pas IPABWIC YMHOKEHUS U

maiinem, uto N(A) =55 5 = 125. Suaunr, P(A) = 125 0,5787

216
u P(A)=1- P(A) = 0,4213.

MEI MO3HAKOMMJINCEL C BEDOATHOCTHHIMHM 3aJadyaMu, B KOTODBIX
MHO;KECTBO MCXOAOB MOJKHO TeM WM HHBIM CIOCOOOM INOACUYHTATH.
JApyruMu cjioBaMu, MHOKeCTBO N BCeX BOBMOJKHBIX MCXOAOB HOHEUHO.
Ho Berpevatores ucnsiTaEus u ¢ 6eCKOHeYHbLM MHOMKECTBOM HCXOJO0B.
K HEM KJaccudecKas BepOSTHOCTHAS CXeMa yKe HellpHMeHHMA.
Paccmorpum mpumep.

ITpume p 6. CaryuaiinpiM o0pasoM BHIOMPAIOT OAHO U3 pellle-
HUI HepaBeHCTBA |x - 1| < 3. KakoBa BepOATHOCTH TOT'O, YTO OHO
OKa)XeTCA M pellleHueM HepPaBeHCTBAa |x - 2| > 32

P e 1 e v u e. Pagymeercd, ciegyeT Aja HAYAIA PELIUThL 06a He-
paBeHCTBA. BCIOMHMM reoMeTpuYecKMil CMBICI MOAYJIA DPa3sHOCTHU
la - 5| — aro PaCCTOSIHHE MeXKAY TOUYKaMU @ ¥ b 4ucIoBOHA mpAMOL.
ITosToMy HepaBeHCTBO lx-1]<3 03HAYAaeT, UTO PACCTOAHUE MEXKIY
ToukamM# X ¥ 1 He Gonsmie 3. 3uauur, [-2; 4] — pemieHue 3TOro He-
paBeHcTBa. OTMETHM 3TOT OTPe3OK ANuHOM 6 mTpuxoBKoii (puc. 146a).
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5. SNEMEHTbI KOMBMHATOPMKM, CTATUCTMKM U TEOPMA BEPOSITHOCTEM

A B
e L LBl il el ey SN\ p @O\
-2 0 4 x -1 0 5 x
Puc. 146a Puc. 1466
ANB
—
-2 -1 0 4 %

Puc. 1468

Bropoe nepaBeHCTBO lx-2|>3 O3HavaeT, YTO PACCTOAHUE MEX-
Iy ToukaMu x X 2 "He meHbwie 3. 3"auut, (—o0; —1] U [5; +o0) —
pellieHne 3TOro HepaBeHCTBa (puc. 1466). OTMeTHM 2T0 MHOMKECTBO
ApPYyroi ImMTPpUXO0BKOH. B mepeceueHNn mHONyYUTCA 0Tpe3ok [—2; —1]
(puc. 146B).

Mz! BAMM, YTO U3 BCEeX PelleHMi HepaBeHCTBa |x - 1] < 3 romexro
00HY Wecmyio “acMb COCTABJAIOT PellleHus HepaBeHCTBa [x-2]>83.

1
3HauYUT, NICKOMadA BePOSATHOCTHL PaBHA R ]

IIpumep 7. Tpaduueckuii pefakTop, yCTaHOBJEHHEIH HA KOMIIb-
[oTepe, cAy4afiHO oTMeYaeT OAHY TOUKY Ha MOHHTOpDe — KBajpare
ABCD co croponoit 12 cm. KakoBa BepOATHOCTE TOT0, UTO 3TA TOUKA:

a) OKaKeTCcsA B BepXHell mOJIOBHHE MOHHTODA;

6) oxamercsa ONHOBPEMEHHO B HIDKHEH M B JIeBOM HOJIOBHHAX
MOHUTOpA;

B) Oyzaer yaasiena ot Bepuiuasl D me Gosiee ueM Ha 11 cm;

r) 6yger GiamKe K LEHTDY MOHHTOPA, ueM K Beprmuse C?

Pemenue. a) [Inomags Bcero morutopa pasua 144 cm?, ILio-
IIaAb BepXHe# [IOJIOBMHEI MOHUTOpA paBHa 72 cM?, 3HAauuUT, HCKOMasA

BEPOATHOCTH DaBHA % = 0,5 (puc. 147a).

0) B aToM ciyuae pefaKTOpP MOMKET OTMETHUTH JIOOYI0 TOUKY U3
JIeBO# HIKHe# uerBepTH MoumTopa (puc. 1476). IlosTromy BepodAT-
HOCTb yKasaHHOro co0wlTus pasua 0,25.

B) Hapucyem xpyr paauycom 11 cm ¢ meHaTpoMm B Touke D. B ne-
pecedyeHun ¢ KBaapaToM ABCD mojy4yuTcs 4eTBEPTH JTOro Kpyra

(puc. 1478B), ee miomaas paBHa %n - 112, 7, e. 30,25x. BeigcHuM,
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5. SNEMEHTbI KOMBMHATOPUKM, CTATUCTUKM W TEOPUM BEPOSTHOCTEM

KaKylo 4acThb HaligeHHasd ILJjomaae COCTaBJAAET OT IJOIAAN BCEro
MOHHUTODA:

30,25n _ 30,25 3,14 _ 94,985

144 144 1 - 066

OrHOmeEHMEe muomajeli Kax pas U AaeT UCKOMYIO BEPOATHOCTE.

r) Coeguannm orpeskoM BepmuHy C ¢ nesTpoMm O MoruTopa. K aro-
My OTPe3Ky IOCTPOMM CepPeAUHHEIH NepHeHZWKYJAAp m. Ero Touxm
paBHOyAaneHsl or Touek C u O, a TOuKuU, JeKaliue BEIIOIe M, HAXO-
aarca bamxe ¥ C, yem ¥ meHTpy O. [Tyets K =m N BC, L=m N CD
uM=m N OC. Torga AKCL COCTOAT U3 BCeX TOUEK MOHHTOPA, KOTO-

pele yaaneHs! or C He Jajblle, 4YeM OT IeHTpa MoHMTOpa (puc. 147r).
B .-'7//
o]

Puc. 147a Puc. 1476

Cc B c

>

B c B Cc

Y
11 \m

4 ¢

12
Puc. 1478 Puc. 147r
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5. DNEMEHTHI KOMBUHATOPUKM, CTATUCTUKU U TEOPUM BEPOSITHOCTEM

Nwmeem: BD =12 \/E , KL = %BD (cpepHaA JUHUA TPEYrOJbHUKA
BCD)=6+2,MC=3C0=1BD=32 . Bnaunr, S, = LKL MC=

AKCL~ 92
=% 64232 =18,

Tak xak IIoIagb S BECero MOHUTOpA paBHa 144 cm?, TO BePOATHOCTH

Sk _ 18
BeIbopa Touxku u3s AKCL paBHa S 144" 0,125.

I1o yconoBuio Ham ciexyeT HalTH BEPOATHOCTH COOBITHA, IPOTUBO-
noJyoskHoro monazaumio B AKCL. ITo gopmyne P(A) = 1 ~ P(A) noxy-
YyaeM HCKOMYIO BepoAaTrnocTs: 1 — 0,125 = 0,875.

OrsBer: a)0,5 6)0,25; B)~0,66; r)0,875.

ChopmynupyeMm o0miee IIPABHJIO JJIA HAXOMKICHHS IeoMeTpHUe-
cKUx BepoATHocTed. Ecau naowadv S(A) duzypur A paszfeaumb Ha
naow,ade S(X) guzypur X, xomopas uyeaukom codepicum puzypy A,
Mo NOAYUUMCA B8EPOAMHOCMb MO2Z0, LMO MOYKA, CAYLAUHO 6bLOPAH-

S(A
Haa u3 guzypsl X, oxasxcemces 6 Quzype A: P = Ezf; .

AHanoruuHo HOCTYyHaioT 1 ¢ MHOYXECTBAMHU Ha YHCJOBOH HpHMOfI,

M C IPOCTPAHCTBEHHBIMM TejiamMu. Ho B 9THX cayyadax IUIOIALH CJIe-
AyeT 3aMEeHUTDh WK Ha AJUHY YKCJIOBBIX MHOMKECTE, MU Ha 00BEMBI
IPOCTPAHCTBEHHEIX TeJ.

§ 21. SKCMEPHUMEHTAJIbHBIE JAHHBIE
M BEPOSITHOCTM COBbITUH

B zaxmrounressHOM nmaparpade IVIaBBI 5 MBI DACCKaXKeM O CBABHM MEXIY
BeDOATHOCTAMU cAyJaiHbix coOurruit (§ 20) ¥ sKcmepuMeHTANIbHBIMU CTaTH-
cTuyeckuMu JaHHHIME (§ 19). HamoMHIM, 4TO cTaruCcTUYECKUEe HaHHBIE, KaK
TPABUJIO, IIPEACTABISIIOT cO00H JaHHEIE KaKOTo-iaub0 KOHKDPETHOI'0 MaMepe-
HUS, IIPOBEJEHHOIO 6 PeasibHOCMU, a IPY BBIUUCIEHUHM BEPOATHOCTEH Ciay-
YaHHBIX COOBITHI MBI MMeeM AeJIO C TO WJIM WHOH M0Jenvbi0 pealbHOCMU.
Kax xe cBazansl Mexay coboil peasbHOCTDL ¥ Mojeinb peanbHocTu? Hackons-
KO TOYHO HAIY TeopPeTHYeCKHe IPeACTaBJIeHUs 00 OKPyIKaiolleM MUpe COOT-
BETCTBYIOT TOMY, UTO MPOMCXOLUT Ha IIPaKTUKe?
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5. SNEMEHTH KOMBMHATOPMKN, CTATUCTMKM K TEOPUM BEPOSTHOCTEM

PaccMoTpuM KOHKDeTHEHIE ImpuMep, CBASAHHLIN ¢ Hambojiee M3BECTHLIM
HCTOYHUKOM CJIYYaiHBIX COORITHE — noaOpachlBaHMEM MOHETKH.

IIpumep 1. Ha mpaktudeckux saHATUAX 0 06paboTKe ZAHHEIX KaK-
Ierd w3 20 IIKOJILHUKOB NOAGPOCHI py0iaeBy MoHETKY 50 pas, HOACUMTAN
KOJMYECTBO B BRIMageHNH «opJia» ¥ 3anycaj 3T0 KOJMYECTBO B MPOIEHTAX OT
obmiero uucaa 6pocanuit. Ilonyuennsie ganuble OBIIM cOOpaHH! B TabIHILy.

N |1]12(8i{4|5|6(7(8]9]10(11|12|13{14|15(16{17|18[19|20

k 124|27(23(26(28125(24|25(26{22|23|28122(26|27(24(23({29(30)21

% |48(54|46]52(56|50|48|50(52(44]|46(46(44152(54)48146|58|60(42

Mzr BUOMM, YTO BCTPETHAMCH NOCTATOUYHO pasbpOCaHHEIE Pe3YJILTATHI: OT
21 mo 30. Ecou 4acTOTy IOSBJEHUA «OpJia» NEepPeBeCTH B NPOLEHTHI, TO IIO0-
aydarca pesyasrarsl oT 42 ao 60% . C ogHOH cTOPOHSI, po6HO nortosura (25)
OT 4yKcia Bcex GpocaHW moNyyuiach TOJBKO B ABYX cayuasax. Ho ¢ mpy-
roii cTOPOHBI, OTKJOHEHHUS OCTAJLHBIX DPe3yJBTATOB OT 25 He Tak Yy H
BeJHMKM: camMoe GOJBIIOE OTKJIOHEHUE PaBHO 5, T.e. cocrasnser 10% or o6-
miero KojuuectTea 6pocanuil MoneTKu. OGBEIUHUM [OJIYYEHHLIE PE3YJIHTATHI
B Goslee KpynmHEIe rpynnsl. ByaeM cuutarb, 4TO cyMMa DesyJuasTaToB Ne 1 m
Ne 2 — aT0 omuH peaynsrar aaa 100 Gpocanuii, cymma peayasTaToB Ne 3 u
Ne 4 — aro Bropoil pesyabtar Mg 100 6pocamnmit u T. n. IToay4uM HOBYIO
Tadbaumy.

N [1-2|3~4 |5-6 |7-8 |9~10 |11~12|13-14{15-16[17~18 | 19~20

k 51 | 49 | 53 | 49 | 48 46 48 51 52 51

IlepeBog B MpOIIEHTH! TYT MOXKHO He [leJIaTh: Begb nosapieHue 51 «opsas
npu 100 6pocanuax Kak pas ¥ O3HAYAET MOSBJEHHE «opia» B 51% ciayuaes
ot obigero ymcia 6pocanuii. Teneps posro norosura or 100 Gpocanuit BooG-
uIe He BCTPETHIACh, HO 3aTO OTKJIOHEHUS OT 3TO HOJOBUHEI B IPOIEHTHOM
M3MepeHNN YMeHBIIMJINCh U COCTABIAIOT yoKe He Gostee 4 % . [Ipogo/mxumM yK-
pynaerue. JTocMmorpumM, uwro BEIfizeT npu rpynnupoBke no 200 Gpocanmii.

Ne 1-4 5-8 9-12 18~-16 | 17-20
k 100 102 94 99 108
% 50 51 47 49,5 51,5
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5. JSIEMEHTbI KOMBUHATOPUKW, CTATUCTUKU U TEOPUM BEPOSTHOCTEN

Mps! BUANM, YTO IPK YBEJINUYEHNH KOJHUYecTBa 6pocaHmnii MOHETKH JacTo-
Ta HNOfABJEHUA «OpJa» NpUONHKaeTcs K IOJOBUHe OT ofmlero ymcia OGpoca-
Huit, Oco6eHHO 3TO 3aMeTHO, eCH PACcCMOTDETh BCe NMpPOBeAeHHBIe OpOocaHus
MOHETKHM — BCe IIOBTOPEHHS OZHOI'O H TOTO e NPOCTeHIIero 3KCIeprMeHTa
co cayuaiinerm mexomoM. Beero B npoBegennoit 20 - 50 = 1000 6pocannit Mmo-
HETKH «O0pej» moaABuJicH B 498 cayuasx:

100 + 102 + 94 + 99 +103 =500+ (0 + 2 -6 — 1 + 3) = 498.

IIponenTHAA YacTOTa NOABIEHUS «ODJIa», TakuM 06pasoM, paeHa 49,8 %,
¥ OTKJIOHEHHE OT IOJOBHHEI, T. €. oT 50 %, cocraBnger Toasko 0,2%. @

Boobule mpoBeseHne 3aMETHOrO UHCJIA dKCHEPHMEHTOB IOKA3LIBAET, YTO
YACTOTA BRIIIAAEHHUA «OpJas» IPU AOCTATOYHO GOJBIIOM Unc/ie Opocanmit mpax-
TrdecKu Heoramynma ot 0,5, man ot 50% . Hanpumep, B G0JBIINHCTBE yuebd-
HHKOB IO CTATHCTHKE MJU MO TEOPHH BEPOSTHOCTEH IIPHBONAT Pe3YJIbTATHI
aKcnepuMeHTOB bpaHnyscxoro yuenoro K. Broddona (XVIII B.) u anrimii-
ckoro maremaruxa K. IInpcona (kormen XIX B.). Onu 6pocanm MOHETY COOT-
BetcrBenHo 4040 u 24 000 pas, u «opea» Bbiman 2048 u 12 012 pas. Ecau

HOCYMTATh YACTOTY BEINAJIEHAA «0pJa», TO IOTYyYMUTCH 2048 _ 0,50693...
12012
y Broddora u 21000 = 0,5005 y ITupcoxna.

Onpegenexue. Ilpy HeorpaHMUEeHHOM yBEJINYCHHH YNCJI8 HE3aBUCHMEIX

TIOBTODEHHNH OFHOTO M TOTO K€ ONEITA B HEM3MEHHBIX YCJOBHUAX NPAKTHUECKH
JOCTOBEPHO, YTO YacToTa LOABRJEHHsS (DMKCHPOBAHHOTO CIAy4YaiiHOTO cOOBITHS
cOnmKaeTCA ¢ HEKOTOPEIM IIOCTOAHHBIM YHCJIOM. OTO ABJNEHUE HASHIBAIOT CTA-
THCTHYECKOH YCTOHYMBOCTBIO, & YKA3AaHHOE YNCIO — CTATHCTHYECKOH Bepo-
ATHOCTBI0O COOGRITHA.

IToguepkHeM, YTO ANA KAXKAOTO KOHKPETHOr'O YHCJA IOBTOPEHHH ONBITA
YacTOTa NOABJEHUA COOBITHA CKOpee BCEro OTJIMUAETCHA OT BEePOATHOCTH CO-
ObrTusa. fBneHue crarmcTHuecKOM yCTOHUYHBOCTH rapaHTHDPYeET JHIOb, YTO C
yBeJId4YeHNneM YHUCJa IIOBTOPEHNH ONBITA BEPOATHOCTL 3aMETHOTO OTIHNYMAA Ya-
CTOTHI COOBITHS OT €ro BePOATHOCTH CTPEMUTCHA K HYJIO.

Taxas ycTOMUYMBOCTE MMEEeT MeCTO He TOJIbKO A1A OpocaHHil MOHETKH, HO
¥ AJIA BHITACKWBAHUA KapT, BBIIAJEHUSA ONpPefeJeHHOTO UHCIa OYKOB HA HI-
panbHHIX KYOHKax, onpefeseHHs CPegHECYTOUHOH TeMIlepaTyphl W BooGiie
Ui GONMBIIMHCTBA CAYYalHBIX coOniTuii. fIBMEeHMe cTaTHCTHYECKOH ycToitum-
BOCTH COEQUHIET DEaJIbHO IIPOBOAMMEBIE, 3MNUPUYECKUE HCIIBITAHUSA C Teope-
THUECKUME MOZJEeNAMA BTUX HCILITAHUI,
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5. SSIEMEHTbI KOMBMHATOPUKM, CTATUCTUKM U TEOPHMU BEPOSITHOCTEN

Il pn me p 2. CraTucTuvyecKHe KCCIEROBAHUA GOJBIIOTO KOJUYECTBA
JUTEPaTyYPHLIX TEKCTOB NOKA3aJIW, YTO YACTOTH! NMOSBJIEHUA TOM WM WMHOM
O6yKBbI (Mau mpoGesia MeKZAY CJIOBaMK) CTPEMATCA IPH YBEIWYEeHWH o6bema
TEeKCTA K HEKOTOPHIM ONpelesIeHHBIM KOHCTaHTaM. TabJIunsl, B KOTOPHIX CO-
O6paHbl 6YKBEI TOTO WX MHOTO S3bIKA ¥ COOTBETCTBYIOIME KOHCTAHTHI, HA3HI-
BAIOT Yacmomubimu mabauyamu a3sika. IIpuenrem Tabauny BCTpeuaeMOCTH
OYKB PYCCKOTO f3bIKa (YaCTOTH NMPUBELEHB! B IPOLIEHTAX).

Byxaa A|B|B|T|IO|]E|®E]|3|1n|n

YJacTora 62143881125 |72]0,7]|1,6(6,2]|1,0

‘

Byxkea K|lJ|M H||O |II|P C T V|

Yacrora 2,813,56(12,615,319,0]2,3(4,0|4,515,312,1{0,2

Byxsa X |o|yu|m|m|er]b |5 |O|a]|-

YacToTa 090,410,406 10,3|1,6 |1,410,3 (0,6 |1,8 [17,5

¥ ramzoro aBrTopa ecThb CBOJA YaCTOTHAs TaGJWIA WCIIOIL3OBAHUA GYKB,
CJIOB, CIeqU(UIECKUX JUTEPaTyPHLIX 060pOTOB U T. II. I1o aToit yacToTHOI Ta6-
JHIe MOMXHO ONPeAeNATH aBTOPA IPUMEPHO TaK JKe, KaK M N0 OTHedYaTKam
nansnes. Bor gBa nmpuMepa u3 Hameil HemapHe#l ucropuu. o CErogHAIIHETO
AHSA He YTUXAIOT crops! 06 aBTopcTBe «Tuxoro Hona». MHOrMe CUMTAIOT, UTO B
23 roga Takyo MIyOOKyI0 ¥ BOMCTHHY BeanKylo Kaury M. A. Ilonoxos Hamu-
caTh IIPOCTO He MOT. BrigBUraanch pasHble apryMeHTHI X DasHble KaHIUZATHI
B apTOpH. OcobGeHHO JKapKUMU OBLIN CHODPB! B MOMEHT NpHcyKaeHusa emy Ho-
6esreBckoi mpeMuu no Jgureparype (1965). CratucTudecKkuil aHaIN3 TEKCTOB
¥ cam4eHUe ¢ Texcramu, rae astropcteo M. A. ITomoxoea He BBISBIBAJIO CO-
MHEHUH, TOATBEPIUIN BCe JKe M'HIIOTe3y O HeM KaK 06 UCTMHHOM aBTope «Tu-
xoro [oHa»,

Bropas ucropua HocHT moauTHuecKUil xapaxTep. B Hauane 60-x rogos
«Ha 3amafe», Kax rosopuau rorga B CCCP, onyG/iMKoBaIy JUTEPATYPHBIE IIPO-
M3BEJIeHU, «OUePHSAION[He [POTPECCHBHBIN XapaKTep COMMATHCTIIECKON CHC-
TeMEl...». ABTOpoM saBisicsa A. Tepn, u 270 GblI, BHE BCAKOro COMHEHHS,
IceBAOHUM. B COOTBeTCTBYIOIIMX OpraHax IIPOBEJIH CPABHUTENLHBIN aHAIU3
ONy6IMKOBAHHBIX «BPeIUTENBCKUX» TEKCTOB M DPe3YJILTATHI CIAWYMIN ¢ MMe-
IOIIMMUCA TEKCTaMM DAJA BOSMOMKHLIX KaHJULATOB B aBTODHI. Tak GHLIO yc-
TAHOBJIEHO, YTO HACTOAILIVMM ABTOPOM fABJISeTCA JuTepaTyposen, Auapeil [o-
naroBuy Cunapckuil. OH, B o0LIEM-TO, B UTOre M He OTINHPAJICA, U Ha CyAe
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5. JEEMEHTBI KOMBMHATOPHKM, CTATUCTUKM U TEOPUU BEPOSITHOCTEN

B 1966 rogy («IIpouecc CuHaBcKOro u JJaHusnd») mMOIyYus ceMb JeT HaKasa-
HUS B KOJOHUHK 00Imero pekrma. BoT Takasd CTaTHCTHKA.

TIpuseneM mpuMep MCHOJb30BAHUSA CTATHCTUKH HIPY PaciiudpoBKe 3aKO0-
OUPOBAHHBIX TeKCTOB. OAWH U3 MePBBIX U3BECTHBIX CI0COGOB IMIN(POBKH TEK-
CTOBBIX coolwieHmit cocTouT B ciepyiomeM. Kaxayio 6ykBy andaBura sa3bl-
Ka, Ha KOTOPOM MuieTcs coobilleHne, 3aMeHSIOT Kakoii-To Apyro#l G6ykBoil
aroro xe axdapura. Ilonyuaerca nepecmanosexa 6ykB axdaBura. Hanpumep:

A|/B|B|T|O|E|jE|E|8|H|K|A|M|{H|O|..|l4Aa
A|B|E|lX|3{M|o|I[|O|IO|P|T|C|U |l A

Toraa caoBocoueTaEre «MWUJIasg MaMa» Iocje IUH(MPOBKU GyaeT BHITIA-
JeThb TaK: ¢«cloTAa cacd». Afpecar MocnaHus, y KOTOPOro ecTb TaGauia mnepe-
CTaHOBKHK OYKB, 0e3 TpPyZAa CMOXKeT IIPOBeCTH 00paTHBIM IIepeBoj 3arafouHoro
clIoBa <«THDLKIOPA». Ecnm e mociaHue epexBatieHo, a IMu(hpPOBANBHBII KO,
HeM3BECTeH, TO HIPpH pacmndpoBKe MOMKeT NOMOYb CTATHCTHKA. omycTum,
YTO TEKCT HOCIaHUsA A0CTATO4YHO Goinbimoit. Hanmpumep, 0KoI0 cTpaHULBLI Ma-
muHonucHoro Tekcra. Ilonyuurca 30—40 crpouex mo 60—70 Oyks, T.e.
Becero oxkono 2000 «mubposaHEEIX» 6yKB. COCTaBUM A HUX YACTOTHYIO Tab-
JHULY BCTPEYAEMOCTH B TeKcTe IMudpPOBKHY U CPaBHUM ee ¢ Tabnuieil BcTpeua-
€MOCTH «HacTOAIIUX» OYKB pycckoro andasura (cM. Beime). Eciau gnsa ka-
xo#i-To GyKBRI, cKameM Ata Y, momcumramnas uyacTora mpeBricuT 9%, To €
3aMeTHOH HoJeil yBEPEeHHOCTH MOYKHO YTBepPXKAaTh, YTO dToH GyKBOi# 3ammud-
poBaHa GykBa O HepBOHAUAJBHOTO TeKcTa. Ecau e dacToTa GYKBBI, CKaKeM
M, B mmppoBKe OKa3ajgach paBHoO# HpuMepHO 7% , TO CKOpee Bcero aTo mudp
6ykepl E. KoHeuHo, Tak IIONYYUTCA TOJNBKO NPUONUSHTENbHAsA DacIuppPOB-
Ka, IOTOMY 4YTO, CKaykeM, GYyKBbl A 1 U uau I u Y Hepasnu4uMbI IO 4acTOTe
BeTpeuaeMocTi. Ho IOTOM MOMKHO GYZeT yYecTb IPAMMATHKY PYCCKOTO S3BI-
Ka, TaGauIbl BCTPEYaeMOCTH HE TONBKO OYKB, HO ¥ YCTOAUYMBBIX COUETAHU
6yxs (CT, IIPO), coo3bl, peAsIory, o0uIrii CMEICT MOCJaHUA U T. I, ¥ B UTO-
re ycrelrHo pacirudpoBaTh MMeIOUIUiCA TEKCT.

Taxoil cratucrTmyeckuil Metox paboraer m NpH 3amMeHe OykB ajadaBuTa
TMPOU3BOJBHEIME 3HAYKAMHM, HAIpUMep:

A|B|] B |r|an|E|E|EK|3]|..|4da
W | { [opGen| ! | Q | @ | 5 | © | @ §

SIBneHue cTaTHCTHYECKON YCTOMYMBOCTH IO3BOJAET HPUOIM3UTEILHO
OIEHHBATh BEPOATHOCTH COOBITHIH Jake B TeX clydasaX, KOTJa 9TH BepPOATHO-
CTH MH 3apaHee He 3HaeM. JleficTBUTeNbHO, IyCTh TpebyeTcs HaiiTm wau
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5. SNEMEHTbI KOMBMHATOPKKM, CTATUCTMKM U TEOPMU BEPOSITHOCTEN

OIEHUTL BEDPOATHOCTH COGBITUSA A NPK IPOBEJEHWH HEKOTOPOTO HCHLITAHUA.
Byzem mpoBoauTh HesaBMCHUMBIE NOBTOPEHWS 9TOTO MCHBITAHWA B HEM3MEH-
HBIX ycJoBuAX. OTMETHM Te W3 IIOBTOPEHHU, B KOTOPLIX HACTYNHJIO MHTEpe-
cyouee Hac coObITHe A, ¥ NOZCUUTAEM YaCTOTY HACTYILUIEHUS cOOBITHA A.

CraTUCTHYECKAas YCTOMUMBOCTDG O3HAYAET, UTO IPH OPOBeeHuN GOJILIIO-
IO YuCcJa DOBTOPEHMIU MCIBITAHMA IHOACUMTAHHAS YaCTOTA NPAKTHYECKH CO-
BHAJAET C HeM3BECTHON HAM BEPOSTHOCTHIO HACTYIJeHu:A cobpiTua A. Suavwur,
HalileHHaa 4acToTa HpubiusuTeIbHO PaBHA BePOATHOCTH cobbtua A. Cuaeny-
€T TOJHBKO TOYHO HOHHMMATH, UTO YACTOTY HACTYILIEHWA MBI NOACUYMTHIBAEM
BJIA peanvbHbiX COOBITHI, a BePOATHOCTb — AJIA Meopemuieckoil modenu aTux
coObITHiA.

IMIpumep 3. Kaxxaorit us gecsatu Urpokop 50 pas IOAPsA HOBTOPWI
O HOBPEMeHHBIe 6POCAHUSA TPEX UTDAJIbHBIX KOCTEH PasjuMyHOTO IIBeTa ¥ IOA-
CUHTAJ KOJUUecTBO k£ Tex OpocaHuii, B KOTOPEIX He Bhimalta miecrepka. Ilo-
JYYUJINCh TaKWe Pe3yJbLTaThl:

Ne 1 2 3 4 5 6 7 8 9 10

k 28 | 32 |24 {30 |31} 25| 29 | 29 | 27 | 28

a) CocTaBUTD TAOIMILY YACTOT (B IIPONEHTAX) HEBBINIALEHUSA IIeCTEPKY JJIA
KaXXJoTo HUIpoKa.

6) CocraBuTh TAOIMILY YACTOT (B IPOLEHTAX) HEBRINAAEHUS IIIECTEPKY AJIA
pesyJasraroB urpoxos 1—2, 3—4, ..., 9—10.

B) KaxkoBa uacTora HeBeImaZeHUs IecTepky Ais Beex 500 IpoBeZeHHBIX
OpocaHmii?

r) HaiiTu BepOATHOCTL HEBHINAZEHUsA LIeCTePKM NpH OpocaHUM Tpex ur-
PAJIBHBIX KOCTEH.

Pemenue.

Dl e |1l2]s8lals|6|7]8]09]10

k 28 132 (24 )30 (31|25 |29 |29 |27 | 28

% 56 | 64 | 48 | 60 | 62 | 50 | 58 | 58 | 54 | 56

| » |1-2|3-4]56]|78]9-10

% 60 54 56 58 55
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5. SJIEMEHTbI KOMBMHATOPMKM, CTATUCTHKV U TEOPMW BEPOSITHOCTEA

B) Bcero us 500 npoBeaeHHBIX GpocaHMIl ITecTepKa OTCYTCTEBOBaJia B 283

ciayuyaax. SHAUUT, 4ACTOTa DABHA % = 0,566, unun 56,6%.

r) IIpoeegeM mozcueT Mo KjaccHYecKoil BepoATHoCcTHOI cxeme. ITo mpa-
BUJIY YMHOMKEHUA IPKU OpocCaHMM TpeX PasJIMUYHBIX HIDAJLHBIX KOCTeil BOs-
Mo:XHO N =6 ¢ 6 + 6 = 216 paBHOBO3MOKHEIX MCcXOZOB. IIycTs A — cobuiTHE,
COCTOsIILlee B HEBBUIAAEHWH IIECTePKH, DTO 3HAYHUT, YTO JJIA KaKIOH KOCTH
€CTh TOJBKO IIATHh PABHOBOSMOYKHEIX Mcxofos: 1, 2, 3, 4, 5. CHOBRa mo npaBu-
Iy YMHOMKeHNA nojaydaem, yro N(A) =5+ 5 - 5 = 125, 3nayur,

P(a) = XA _ 125 _ ¢ 57,
N 216

Wrak, MBEl BUGUM, YTO MeopemuiecKas BePOATHOCTb HEBBINANEHUA IIec-
TepKH, BHIYMCIEHHAA IO KJIACCHYECKO# BepOATHOCTHOHN Modeau, COCTaBIAET
npuMepHo 57,9%, a craTHcTUYecKaA 4aCTOTa, BRIYMCIECHHAA NPAKMUYLECKU,
pasHa 56,6 % . PacxoxxaeHve, KOHEUHO, IMeeTCH, HO He CIMIUIKOM CYIeCTBEH-

HOE. @



5. JJIEMEHTbI KOMEMHATOPUKM, CTATUCTMKM M TEOPMW BEPOSTHOCTEM

OCHOBHDBIE PE3YJIbTATDI

BrbI mosHAKOMHINCE C OCHOBHEIMH METOAaMy DEINEHM HpOCTEﬁMHX

KOMOMHATOPHBIX 3aJa4:
nepeGop BapHUAHTOB;
IIOCTPOEHNE AEpeBa BADHMAHTOB;
IIPABIJIO YMHOMKEHHUS.

Mg BBesin HOBoe moHATHE: DaKTOpPHUAT.

Bbl 1o3HaKOMMIMCE ¢ HOBOM MaTeMaTHUYecKO MOZEeJIbIO, KOTOpada

CHYKHUT OIIMCAHMEM MHOTHMX BeDOATHOCTHBIX 3ajad, — KJaccuue-
CKOH BEpPOATHOCTHOH cxemoii. Hjsi moacuyera BepPOATHOCTH B 9TOI
N(4)

Mozean ucuosibayercs gopmyna P(A) = N

Bu1 y3nanu 00 OCHOBHBIX BHZAX CIYYAHHBIX COOLITHI:
LOCTOBEDHOE M HEBO3MOYKHOE COOBITHS;
HECOBMECTHEIE COOLITHA;

CcO0OBITHE, IPOTHBOMOJIOKHOE AAHHOMY COOBITHIO;
CyMMa ABYX CHIyJYaliHBIX COOBITHIA.

M= foxasany Tpu TEOpPeMBI:

0 uucJIe NEePecTaHOBOK MHOYKECTBA, COCTOSIIEr0 U3 N 3JIeMEHTOB!
P =nl

0 BEPOATHOCTH CYMMbI ABYX HECOBMECTHEIX COOBITHIA;

O BEPOATHOCTH IIPOTHUBOIOJIOKHOIO COOBITHS.

Muzr o6cyzuIy mpocTeiinine MeTOARI CTATHCTHYEeCKO0l 00paboTKu pe-
3yJbTATOB M3MEPEHHI, [I0JYYEeHHBIX IIPHM IIPOBEAEHUH TOTO HJIH
MHOTO 9KCIEDUMEHTA.

Brl y3Hasu HOBBIE HQHATHA Y TEDMHHBI:

o6mmit pAZ AaHHBIX M PAJL JAHHEIX KOHKDPETHOrO M3MEpPEHU;
BapHaHTa PAJa ZAHHBIX, ee KPATHOCTh, YaCTOTa U NMPOIEHTHAdA Ya-
cToTa;

CTrPYIIIVDOBAHHELIM Psf LAHHEIX:

MHOT'OYTOJILHUKHY paclpejesIeHus.
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5. DJIEMEHTbl KOMBUHATOPUKN, CTATUCTUKU U TEOPUM BEPOSITHOCTEN

e BRI mM03HAKOMMINCEH C IPOCTEHMINMMN YHCIOBBEIMM XADAKTEDHCTH-
KaMy MHGOPMAIMH, IIOJYIeHHON NpH IPOBeAEHUH SKCIepPHMeHTa,
KOTOpBIe 00pasyioT CBOEro POAA IACIIOPT Pe3yabTaToB 3TOrO JKCIie-
pHUMeHTA:

00BeM,
pasmax,
Moza,
cpeaHee.



APUMEPHOE TEMATUYECKOE NJAHUPOBAHUE

3 4 B Hegenio, Bcero 102 4y B rog

Hayuaemsril MaTepuasi

Koxa-Bo
4acoB

I'nasa 1. HEPABEHCTBA H CHCTEMbI HEPABEHCTB

§ 1. JIuneiinsle ¥ KBaApaTHLIE HEPABEHCTBA

§ 2. PammonanbHbIe HepABEHCTBA

§ 3. MuoskecTBa ¥ OIepaluy Haj HUMHU

§ 4. Cucrembl palfuOHAIBHLIX HEPABEHCTE

Koumpoavrhas paboma Ne 1

= WOt W

Hroro:

T'nasa 2.CHCTEMBI YPABHEHHH

§ 8. OcHoBHBIE TOHATHSA

§ 6. MeTozb! peIeHNs CUCTEM YPABHEHMI

§ 7. Cucrembl ypaBHeHHH KaK MATEMATHIECKHE
MOZEJTH PeaJbHBEIX CUTYAaIHii

Kornmpoavnas paboma A 2

Hroro:

15

T'nasa 3.9HCJOBBIE ®YHKIINN

§ 8. Omnpenenenue uncaopoit pyrKIUR. O6IaCTH
oIpenesieHNs, 00JIACTb 3HAUCHNH QyHKITUN

§ 9. Cnoco6ul 3agarus GyRKIMA

§ 10. CegoiicTea QyHKIMIA

§ 11. Yernsle u HeueTHbIe PYHKINA

Kornmpoavhas paboma Né 3

= [ D

§12. ®Dyuxuyn y = x" (n € N),
X CBOHCTBA U rpamuku

§ 13. Dyuknum y=x"(n€N),
HX CBOMCTBA U rpadhuiu
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Oxonuanue maba.

HNsyuaemriti maTepuan If{(;g;};o
§14. DyrKIUA Y = i’/;, ee CBOMICTBA U rpadhuK 3
Konmpoavnas paboma Né 4 1
Hroro: 25
Tanasa 4.TPOTPECCHH
§ 15. Yuciosble ocaea0BaTeIbHOCTH 4
§ 16. ApundmernuecKas nporpeccus 5
§ 17. TeomeTpuuecKas IpoOrpeccus 6
Konmpoavnas paboma Ne 5 1
Wroro: 16
Taxnasa 5.3JIEMEHTBI KOMBHHATOPHKH,
CTATHCTHKH U TEOPMH BEPOATHOCTEMH
§ 18. Kom6uHaTOpHEIE 3a7a4Yl 3
§ 19. Cratuctuka — nusaiiH mEGOPMALIMH
§ 20. TIlpocreiinne BEPOATHOCTHBIE 3aJaUH
§ 21. DKcneprMeHTAJBHEIE AAHHBIE 9
¥ BEPOATHOCTH COOBITHIL
Konmponwvnas paboma N 6 1
Hroro: 12
Hrorosoe noBropenne 17
Hmozosas ronmpoavHas paboma 1




MPEAMETHbLIA YKASATE/b

A

AprymenT 86
AcumnToTa BeprukasbHas 126
— ropuaoHTanbHas 126

B

Bapuanra uameperusa 185
Bepoaraocts 200
— cratuctudeckas 211

r

T'paduk ypaBHeHusa 55
— dysknun 88

A

HepeBo BO3MOXKHHX BapuaHTOB 175

3

3HaK BKJOUeHHS 32

— mpuBaQJIexKHOCTH 29

— BSKBUBAJIEHTHOCTH 128
3HaMeHaTeJb nporpeccun 156
3rauenne pyHKyy Haubosmbmee 100

— — naumeHbliee 100

K

Kopenp kybuueckwmit (Tperbeit cre-
nexn) 128

Kparsocrs uamepenusa 186
KpnBas smaxos 18

M

Metoz asmeGpardeckoro cioxesns 69
— BBeJeHMA HOBHIX IIepeMeH-
HeIx 71
-— wmHTepBaJ0oB 11
— MaTeMaTH4eCKOil MHAYKIMHN 148
— mnepebopa BapmaHTOB 173
— MOACTaHOBKH 68

MHoroyronsHUK (IIOJIMTOH) pacnpe-

AeJeHusa aaHHBIX 189

220

MnoxecTBO ImycToe 26
— cummerpuuHoe 111
— unejoBoe 25

H

HenpepriBHOCTE QYHKIIMK HaA IIPO-
mexyTe 102
Hepasencrsa
— paBHOCWJILHBIE 6
HepasencTtso
— nBoitHoe 41
— KBaZpaTHOe ¢ OJHOH IepeMeH-
HOKt B
— JuHelHOe ¢ OfHOU IIepeMeH-
HOH b
— HecTtporoe 20
~—— panHMOHAJLHOE C OXHOI Iepe-
MeHHOi 12

o

ObsiacTh 3HaveHuit QyHKIUKH 88
— ompeaenennsa ¢oyaknuu 86
— — — ecrecTBeHHad 87

O6nenuHEeHNe MHOMXKECTB 36

O6beM mameperua 187

OKpy’KHOCTH Ha KOOPAMHATHOU

mwiockoctn 60

II

ITapaGosa ky6uueckas 119
IlepemenHas 3aBucumas 86

— HesaBHcUMaa 86
Ilepeceuenme mHOMKecTB 34
IlepecranoBka 182
IToamuOMXKecTBO 32
ITocaemoBaTeJBLHOCTE BO3pacTalo-
maa 144

— umejosass 139

— cranuoHapHaa 140

— yOuBamoman 144

— Oubonayun 144



IIpaBmno ymuoxeBua 177
TIpeoOpasoBaBue
— HEpaBeHCTBa DAaBHOCWJIBLHOE 6
IIporpeccust apudbmeruueckan 145
— reoMeTpuueckaa 156
TIpoMe:XYTKH 3HAKONOCTOSHCTBA
dyaknun 134

P

PasHocTh mporpeccun 145
Paccrosiamne mexay Toukamm 57
Pemrerne

— HepaBeHCTBA C JBYMSI IlepeMeH-

HEIMEH 63

— — c ogHOil mepeMeHHOH 5

— o0iee HEpaBeHCTBa O

— — cucTeMHl HepaBeHCTB 41

— cucremsl HepapeHeTs 41, 66

— — ypaBHeHHi#i 61

— ypaBHEHHs C JBYM#A IepeMeH-

HEIMH 51

— yacTHOe HepaBeHCTBa 5

— — cumcTeMHI HepaBeHCTB 41
Pan panapix 194

C

CBo#icTBO XapaKTepHUCTHYECKOE
apudmeTriecKoi mporpeccuu 155
— — reoMeTpPHYECKON Iporpec-
cun 167
Cucrema HepaBeHCTB ¢ AByMs Iepe-
MeHHbIMU 66
— — — opHo nmepeMeHHOH 41
— ypaBHeHH#l 61
CucremMbl ypapHeHHH pPaBHOCHJIb-
HBle T4
Cob6riTe gocToBepHoe 198
— HeBo3MoXKHoe 198
— cJayuyaitHoe 198
CoOulTua HecoBmecTHEHIE 204
— mpoTHBOHONMOXKHBE 204
Cpennee sHaueHHe JaHHEIX M3Mepe-
g 192, 193

y

VpaBHeHue auodaHTOBO 52
— paumoHaJBHOE C ABYMSA IEpe-
MeHHBIMH 50
— HeolpezenerHoe (cm.Ypasne-
Hue Juogarmoso)
YcroiuuBocTh cTaTcTRUECKaa 211

L]

®axropuan 180

dopmyia IpOCTEIX NporeHToB 170
— CJIOMKHEIX IIponeHToB 170
— CYyMMBI IEepBHX N YJEHOB
apu(pMeTUYecKoil NPOrpeccHu
152, 153
— — YJIeHOB KOHEYHOi#l reoMer-
puveckoit nporpeccun 165
— n-ro 4JeHa apupMeTHIeCKOH
nporpeccuu 147
— — — TeoMeTPHYECKOH mpo-

rpeccun 158
dyrrnua 86
— BO3pacTaiolas Ha MHOYECTBE
97
— BBINYKJas BBepx 102

— — BHH3 102

— MOHOTOHHaa 97

— HaTypaJbHOTO apryMeHTa (CM.
ITocaedosamenvrocms 4uca06a)
— HeueTHada 110

— orpaHnueHHas 99
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